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Foreword 

The purpose of this compact modeling monograph series is to provide an archival 
reference on each specific MOS transistor compact model as described by the originators or the 
veterans of each compact model. The monograph idea came about when this editor was 
looking into the literature to prepare for a keynote address, invited by the Founder of the 
Workshop on Compact Modeling, Professor Xing Zhou of Nanyang Technology University, and 
his program committee, to be presented at its 4 th Workshop on May 10, 2005. The topic was on 
the history of MOS transistor compact modeling, a subject this editor could not find a reference 
or book that provided the descriptions of each of the dozen or more MOS transistor compact 
models, which had been extensively developed for the first-generation computer-aided circuit 
design applications during 1995-2005, such as the use of the Berkeley BSIM and SPICE. A 
second purpose is to serve as textbooks for graduate students and reference books for 
practicing engineers, to rapidly distribute the detailed design methodologies and underlying 
physics in order to meet the ever faster advances in the design of silicon semiconductor MOS 
and bipolar-junction-transistor integrated circuits, which contain hundreds or thousands of 
transistors per circuit or circuit function. I am especially thankful to the authors of the four 
startup monograph volumes who concurred with me and agreed to take up the chore to write 
their books in the very short time of less than six months in order to be published in one year, 
which we try as a rapid response to document the latest advances. It is also the objective of this 
monograph series to provide timely updates via website exchanges between the readers and 
authors, for public distribution, and for new editions when sufficient materials are accummulated 
by the authors. 

We are very pleased to publish the graduate course lecture notes taught by Professors 
Carlos Galup-Montoro and Marcio C. Schneider of the Federal University of Santa Catarina, 
Brazil, as the first monograph of original unpublished work of this series on MOS transistor 
compact modeling. It is the first textbook and reference book using the next generation surface 
potential approach to develop compact MOS transistor models by ways of the inversion charge 
in the surface channel of the conduction carriers, electron (hole) channel for the n-channel (p- 
channel) MOS transistor. It starts out with a concise definition of the inversion charge in terms 
of the integrals of the surface potential variable which no other publications have provided as 
the starting point. This provides the mathematical rigor on the meaning of the inversion charge. 

I would like to thank all the WSPC editors and this monograph volume's copyeditor 
Mr. Steven Patt (Singapore), led by Dr. Yubing Zhai (New Jersey) for their timely efforts, and 
Professor Kok-Khoo Phua, Founder and Chairman of WSPC, for his support, all of which have 
made it possible to attain a less-than-one-year turn-around time to print each monograph 
volume, in order to meet our intention of responding to the rapid advances of the state of the art 
of computer-aided integrated circuit design. 

Chih-Tang Sah 

Gainesville, San Diego, Singapore 

December 31, 2006 



vii 



This page intentionally left blank 



Preface 



Complementary metal-oxide semiconductor (CMOS) technology is the 
leading electronics technology and will continue to be for the next few 
years. The metal-oxide-semiconductor field-effect transistor (MOSFET) 
is the basic building block in CMOS technologies and, as a consequence, 
the predominant device of integrated circuits. Therefore, MOSFET 
modeling plays an important role in interfacing the circuit design 
community with the device and technology community. 

In order to be of practical usefulness for circuit designers, MOSFET 
models should be compact, i.e., they should provide efficient and 
accurate algorithms to calculate charges, currents, and their derivatives. 
The compact modeling of MOS transistors for integrated circuit design 
has, for many years, been driven by the needs of digital circuit 
simulation. However, the trend which started in the late 1970' s toward 
mixed analog-digital design generated the necessity for MOSFET models 
appropriate for analog and radio-frequency (RF) design as well. As a 
result, two types of advanced models are currently considered as 
adequate for circuit analysis and design, inversion charge and surface 
potential-based models. In the former approach, currents and charges are 
expressed in terms of the inversion charge densities at the source and 
drain ends of the transistor channel. In the latter, drain current and 
charges are related to the surface-potential at the ends of the channel. 

This book provides both an overview of the basic physics theory 
required to build compact MOSFET models and a unified treatment of 
inversion-charge and surface-potential models. The text presents a fresh 
view of compact modeling, having completely abandoned the regional 
modeling approach. Regional models are presented as asymptotic cases 
of the all-region model, with the main objective of developing the 
understanding of the reader regarding transistor operation in that 
particular region. Compact expressions for hand analysis or for automatic 
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synthesis, valid in all the operating regions, are presented throughout the 
book. Most of the accurate expressions for computer simulation used in 
the new generation compact models are derived. 

The book starts with a short introduction to MOSFET transistor 
modeling. Chapter 2 presents the two- and three-terminal MOS 
structures. Because it forms the basis of MOS compact models, the 
equivalent capacitive circuit of the MOS structure is carefully derived. A 
rigorous definition of pinch-off based on charge is given. Chapter 2 
includes a thorough treatment of the unified charge control model 
(UCCM) which is at the center of the so-called charge -based models. 
The long -channel MOSFET theory is the subject of Chap. 3. Compact 
drain current models based on either surface potential or inversion charge 
are rigorously derived from the exact Pao and Sah double-integral 
formula. The chapter finishes with the introduction of a current-based 
model appropriate for design and parameter extraction. 

In Chap. 4, the basic long-channel theory is extended to obtain 
practical compact models. Of particular relevance is the definition of 
saturation in terms of charge. Several small-dimension effects are 
presented and compact models are developed for them. Chapter 5 deals 
with stored charges and capacitive coefficients, taking into account short- 
channel effects. The complete small-signal model for quasi-static 
operation is presented. 

The book strongly emphasizes the modeling of fluctuations, 
introducing a unified approach for both space (matching) and time 
(noise) fluctuations. Chapter 6 is dedicated to mismatch modeling and 
Chap. 7 aims at giving the reader an in-depth understanding of thermal 
and low-frequency noise modeling. 

Non-quasi-static models for high-frequency applications are 
developed in Chap. 8. Compact models for gate and bulk currents 
originating from tunneling and high-field effects are developed in Chap. 
9. Advanced MOSFET structures with their specific models are 
presented in Chap. 10. A simple but accurate procedure for parameter 
extraction is introduced in Chap. 11. The approaches taken by the 
developers of the main next generation compact models are summarized 
in Chap. 12. Finally, some fundamental concepts essential for the 
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development of the theory behind MOS transistors are summarized in the 
appendices. 

This textbook has been organized to fulfill the needs of several types 
of audience. It is intended as a key reference on MOSFET modeling for 
graduate courses as well as senior level courses. For short courses, 
different selections of topics are recommended. A course emphasizing 
general principles should be based on Chaps. 1 to 5. A course for digital 
designers may cover Chaps. 1 to 6 and Chap. 9, plus selected sections 
from Chap. 10. Since RF circuits are the most demanding regarding 
models, a course for RF designers should cover the complete book, with 
the possible exception of Chap. 10 on advanced MOS structures. 

The authors would like to acknowledge those individuals who 
contributed to the writing of this book and to the research on which it is 
based. We are very grateful to Professor Chih-Tang Sah, who kindly 
requested that we write this book. A book chapter about the all-region 
one-equation MOS transistor that we wrote several years ago was the 
first step on this path. We are indebted to Professor Edgar Sanchez- 
Sinencio, who invited us to write that chapter. 

We are also very grateful to our former and current students who 
developed the research on MOS modeling: Dr. Ana Isabela Araujo 
Cunha, who made the first and fundamental contributions to the charge- 
based modeling approach in our group; Dr. Oscar da Costa Gouveia 
Filho, who developed the computer-implemented model, the Advanced 
Compact MOSFET (ACM) model; Dr. Alfredo Arnaud, who started our 
work on the unified modeling of fluctuations (noise and mismatch) and 
its application to low-power circuit design; Hamilton Klimach, who has 
been developing the modeling and characterization of mismatch in 
MOSFETs; Viriato Correa Pahim, who contributed to the comparison 
between the inversion charge and surface potential approaches and also 
to noise modeling; Marcio Bender Machado, for improving the 
parameter extraction methodology. 

We thank Dr. Siobhan Wiese, who reviewed the text to reduce the 
distance from our English to the language of her homeland. We are also 
very grateful to Paula Chakkour for preparing the figures. 
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Finally, the support of CNPq and CAPES, Brazilian agencies for 
scientific development, was invaluable to the research in our laboratory 
that resulted in this book. 

Florianopolis, April 2006 



Carlos Galup-Montoro and Marcio Cherem Schneider 
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Vadibl Drain induced barrier lowering (DIBL) V 

component of the Early voltage 

V c Channel voltage V 

V D Drain voltage V 

v d Drift velocity cm/s 

Vnssat Drain-source saturation voltage V 

V FB Flat-band voltage V 

V G Gate voltage V 

V P Pinch-off voltage V 

V s Source voltage V 

v sat Saturation velocity cm/s 

v tn Thermal velocity cm/s 

V T0 Equilibrium threshold voltage V 

W Channel width cm 

x Distance in direction perpendicular to the cm 

surface 

Xf Inversion channel depth cm 

Xj Junction depth cm 

y Distance along the channel cm 
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a Saturation coefficient ( Q' VD I Q' vs ) None 

a e Scattering constant cm/V 

7 Body effect factor V 1/2 

Af Bandwidth Hz 

AL Channel length shortening cm 

S D Time fluctuation of the drain current A 

e ox Permittivity of silicon dioxide F/cm 

(=3.45xl(r 13 F/cm) 

£ Permittivity of silicon F/cm 

(= 1.04xlO _12 F/cm) 

C Short channel parameter ( (j> t l(L.F c ) ) None 

V (to+l)/fe+0 None 

9 Mobility degradation factor V" 1/2 

fx e ff Effective mobility cm 2 /V-s 

fi n Electron mobility cm 2 /V-s 

fjp Hole mobility cm 2 /V-s 

// 0 Low field mobility cm 2 /V-s 

p Charge density C/cm 

a j Squared standard deviation of the drain A 
current 

r Channel transit time s 

T\ Main time constant of the non quasi-static s 
model 

<f> Electrostatic potential V 

<ft bi Built-in potential of a pn junction V 

</> F Fermi potential V 

<fi„ Quasi-Fermi potential for electrons V 

<t> p Quasi-Fermi potential for holes V 

<t> s Surface potential V 

<fi s0 Surface potential at source V 

<ft sa Surface potential deep in weak inversion V 
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<f> sL Surface potential at drain V 

(f) sp Surface potential at pinch-off V 

<p, Thermal voltage (kT/q = 26 mV @ 300K) V 

u> Angular frequency rad/s 

uj t Intrinsic transition angular frequency rad/s 



Chapter 1 
Introduction 



In this chapter, compact models for the metal-oxide-semiconductor 
(MOS) transistor are briefly introduced and their evolution since the late 
1960s is summarized. 

1.1 MOS integrated circuits 

During the initial years, from the early 1960s until the late 1970s, the 
design of integrated circuits (IC) was the domain of circuit designers 
working within semiconductor companies. This paradigm started to 
change in the early 1980s, after the introduction of the text "Introduction 
to VLSI Systems", by Carver Mead and Lynn Conway [1]. The Mead- 
Conway text was written to fill a gap in the literature and to introduce 
electrical engineering and computer science students to integrated system 
architecture and design. Instrumental in the wide diffusion of the IC 
design capabilities were the multiproject chip initiatives which began in 
the 1980s. The access to fast prototyping of chips has allowed engineers 
other than those working within semiconductor companies to design 
VLSI chips. 

During the 1970s, nMOS was the dominant technology for highly 
complex digital circuits. In the early 1980s, CMOS became the 
technology of choice for general-purpose integrated circuit applications 
[2]. Advantages of CMOS technology include low static power 
consumption, simple laws of scalability, and stability of operation [2]. 
Finally, the CMOS technology has proven to be useful not only for 
digital circuits but also for analog and RF circuits; as a result, many chips 
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today are complete systems thanks to the flexibility and scalability of the 
CMOS technology. 

As a consequence of the explosive growth of the IC business, 
including fab and fabless companies, a large number of circuit designers 
work without having regular interaction with the process and 
manufacturing engineers. The designers rely on the simulation of their 
design before building a prototype. To simulate a circuit, simulators 
make use of element models, which provide a mathematical description 
of the element behavior in the circuit. The compact MOSFET models 
provide most of the designers with the essential information concerning 
electrical properties of the components associated with the 
manufacturing process of the chip. 

1.2 Compact MOSFET models for circuit analysis and design 

Computer aided design (CAD) tools are essential elements for circuit 
design. The productivity of circuit designers is intimately associated with 
the efficiency of the available arsenal of CAD tools. One of the most 
useful IC design tools is the circuit simulator, which allows users to 
enhance the understanding of a circuit and some fine details of its 
operation. The judicious use of electrical simulators allows the quick 
evaluation of the circuit performance without the burden of a costly 
integrated prototype. One must bear in mind, however, that the accuracy 
of the results provided by the simulator depends on the quality of the 
circuit element models. Thus, MOSFET models, which serve as the 
critical communication vehicle between circuit designers and silicon 
foundries [3], play a crucial role in chip design productivity. 

At this point, we differentiate between two categories of device 
models [4], [5], namely numerical device simulation models and 
compact models. Numerical device simulators are used to study the 
device physics and to predict the electrical, optical, and thermal behavior 
of a device. Numerical device simulators solve a set of (partial 
differential) equations associated with the physics involved in device 
operation; their requirements of intensive computation and huge amounts 
of memory prevent them from being used for circuit simulation. On the 
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other hand, compact models or equivalent circuit models describe the 
terminal properties of the device by means of a simplified set of 
equations or by an equivalent circuit model. Of course, device simulators 
can be very helpful in the task of determining the equivalent circuit of a 
device. 

This book deals with compact models of the MOS transistor for 
circuit analysis and design. The purpose of a compact model is to obtain 
simple, fast, and accurate representations of the device behavior. 
Compact transistor models are needed to evaluate the performance of 
integrated circuits containing a large quantity of transistors, sometimes 
several thousands. MOSFET compact models fall into three categories: 
(1) Physical models, based on device physics, (2) Table lookup models, 
in the form of tables containing device data for different bias points, and 
(3) Empirical models, which represent the device characteristics through 
equations that fit data. Physical models take considerable time to develop 
but once they become mature, their advantages are significant: 
parameters have physical meaning, effects of device geometry, 
technological parameters, and temperature can be accounted for, 
statistical modeling can be applied to predict ranges of expected 
performance [6] and, in many cases, the model can be applied to 
different generation technologies by simply changing parameters. 
Throughout this book, we will mainly deal with physical models. We 
strongly believe that circuit designers who have a background in the 
physical phenomena behind transistor operation are more capable of 
quickly analyzing a circuit topology, understanding its limitations, and 
more easily interpreting simulation results, besides being more ingenious 
and creative in their designs. 

1.3 A brief history of compact MOS transistor models 

In the late 1960s and early 1970s, simulation programs aimed at 
analyzing nonlinear circuits began to be developed. The purpose of this 
development was mainly to test new circuits made available by the 
nascent field of integrated circuits. SPICE (Simulation Program with 
Integrated Circuit Emphasis), released in 1972, is the most tangible result 
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of the effort in developing simulation programs at UC Berkeley [7]. 
Since its beginning, SPICE or one of its many derivatives has been an 
invaluable resource in evaluating IC performance prior to its integration 
[8]. 

Essential to SPICE-like simulators are the element models, and, in 
particular, a compact model for the MOS transistor. 

The first MOSFET model for the SPICE circuit simulator, the Level 1 
model, often called Shichman-Hodges model [9], is a simplified first- 
order model suitable for long-channel transistors only. Level 1 describes 
the current dependence on voltages for gate voltages greater than the 
threshold voltage; the sub-threshold current is assumed to be zero. In 
addition, the terminal capacitances, which are described by the Meyer 
model [10], are not charge-conserving. 

The Level 2 model addresses second-order effects associated with 
small-geometry devices. Unlike in Level 1, the sub-threshold current is 
not equal to zero. The capacitive model can be either the Meyer model 
[10] or the Ward-Dutton model [11], the latter conserving charges. Level 
2 is computationally very complex and convergence problems are often 
encountered [5], [12]. The many drawbacks of Level 2 are extensively 
commented on in [3]. 

The Level 3 model is a semi-empirical model developed to address 
the shortcomings of Level 2. It runs faster than Level 2 and convergence 
problems are seldom encountered. The capacitive model of Level 3 is the 
Ward-Dutton model. Failure to properly model the sub-threshold current 
and the output conductance are two of the major drawbacks of Level 3. 

The rapid evolution of the MOS technology in the 1980s showed that 
the Level 1, 2, and 3 models were clearly not appropriate to simulate 
efficiently circuits with a large number of ever-smaller transistors. A 
different modeling philosophy to that employed for first generation 
models was then adopted. BSIM (Berkeley Short-Channel IGFET 
Model) [13] inaugurated a second generation of MOS transistor 
modeling, which put less effort into developing physical models but 
instead concentrated on mathematics for faster and more robust circuit 
simulation [3]. Convergence problems and negative output conductance 
were some of the problems that inhibited the use of BSIM for analog 
designs. Two later developments, BSIM2 and HSPICE Level 28, with 
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comprehensive modifications of BSIM, made second-generation 
simulators suitable for analog IC design [12]. The most important 
shortcomings of second-generation models are their empirical and 
complex implementation, which incorporates several parameters without 
clear physical meanings [12]. 

BSIM3 and its extension BSIM4, along with MOS Model 9, brought 
into the public domain by Philips, began the third-generation approach 
[12] of the 1990s, which reintroduced the physical basis into the models. 
The use of smoothing functions in third-generation models provides 
continuous and smooth behavior of device characteristics across all the 
operating regions. Even though it follows the general trend of third- 
generation models, the EKV model [14] is a fully symmetrical model 
which uses the bulk voltage as the reference. 

The first, second, and third-generation models previously mentioned 
were the most used for integrated circuit design over the 30-year period, 
from 1970 to 2000. In these models, the current and charges are 
approximated by explicit functions of the terminal voltages. The 
approximate solutions are obtained by interpolating models that are only 
valid in particular regions of operation. This leads to inaccuracy between 
operating regions and, thus, inaccuracy in the simulation of circuits 
where transistors operate between these regions [15]. A considerable 
effort in academia and companies has been made in the last few years to 
provide the design community with better compact models that can lead 
to more accurate simulation results. The development of more accurate 
models, together with the physics behind them, and a review of some 
landmark papers concerning compact MOSFET models will be the main 
subjects of this textbook. 
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Chapter 2 

The MOS Capacitor 



The metal-oxide-semiconductor (MOS) structure is the core of the MOS 
technology. The two-terminal structure is called the MOS capacitor and 
as a stand-alone device it plays a fundamental role in technology 
characterization and parameter extraction. Also, it is sometimes used as a 
circuit element to implement a varactor. Important as they are, these uses 
are not the subject of this chapter. Here, we will focus on the operation of 
the MOS capacitor as the core of the transistor (four-terminal device). 
The two- and three-terminal MOS structures are presented. 

Because it forms the basis of MOS compact models, the equivalent 
capacitive circuit of the MOS structure is carefully derived. A rigorous 
definition of pinch-off based on charge is given. This chapter includes a 
thorough treatment of the unified charge control model (UCCM), which 
is at the center of the so-called charge-based models. 

2.1 Equilibrium electron and hole concentrations 

The first step in the development of a model for the current or the 
charges in a semiconductor device is the calculation of the carrier 
concentrations in the device. The interest in the equilibrium condition 
derives from the fact that it not only serves as a reference state, but often 
semiconductor devices can be considered to be operating in a quasi- 
equilibrium regime. 

In equilibrium (also referred to as thermal or thermodynamic 
equilibrium) electrons and holes in an ideal crystalline semiconductor 
behave as ideal gases if the doping concentrations are not too high 
(typically of the order of 10 19 cm" 3 or less), as is the case for the bulk 
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material of MOS devices. Consequently, electrons and holes follow 
Boltzmann's law [1] and their concentrations (number per unit volume) 
are proportional to 

^{ Energy I kT ) (2.1.1) 

where &=1.38xl0~ 23 J/K is the Boltzmann constant and T is the absolute 
temperature in Kelvin. Equation (2.1.1) is one of the fundamental 
principles of statistical mechanics: the concentration varies exponentially 
with the negative of the energy divided by the thermal energy kT. 

It follows that the electron and hole densities in equilibrium, 
designated here by the symbols n and p, respectively, are related to the 
electrostatic potential (j) by 

= e kT (2.1.2) 



^lL = e kT (2.1.3) 

where g=1.6xlO~ 19 C is the electronic charge. Because of their negative 
charge, electrons are attracted to regions of higher electric potential. The 
opposite is true for holes. From equations (2.1.2) and (2.1.3) it follows 
that, in thermal equilibrium, the pn product is constant. This result, valid 
for both homogeneous and inhomogeneous material, is a specific case of 
the mass-action law [2]. 

Calling Hi the concentration of electrons (and holes) in an intrinsic 
semiconductor, the mass-action law is written as [1] 

np = nf. (2.1 .4) 

For MOS compact models the case of a homogeneous substrate 
(constant doping concentration) is the most important. Calling n 0 and p 0 
the equilibrium electron and hole concentrations, respectively, deep in 
the bulk of a homogeneous semiconductor, where charge neutrality 
holds, and choosing the potential reference 0=0 in the neutral bulk, it 
follows that 

_«* 

P = P 0 e kT =P 0 e~" (2.1.5) 
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n = n 0 e kT =n 0 e" (2.1.6) 

where u = (j)l (j) t is the normalized electrostatic voltage and <j) t =kT I q 
is the thermal voltage. 

The charge density inside the semiconductor results from an 
imbalance between positive and negative charges. Four types of charges, 
electrons, holes, ionized acceptors (negatively charged) and ionized 
donors (positively charged) must be considered (Appendix B). Thus, the 
charge density p is given by 

p = q(p-n + N D -N A ) (2.1.7) 

where N D and N A are the ionized donor and acceptor densities, 
respectively. 

Deep in the bulk of a uniformly doped semiconductor, where charge 
neutrality holds, the carrier concentrations at equilibrium are obtained 
from charge neutrality 

p-n + N D -N A =0 (2.1.8) 
and the mass-action law described in equation (2.1.4). 

2.2 The field effect in bulk semiconductors 

Field effect is the name given to the experiment in which an electric field 
is applied to the surface of a semiconductor. In the case of a metal the 
electric field does not penetrate at all in static conditions, while in the 
case of an ideal insulator the electric field lines pass through it. A 
semiconductor is an intermediate and important case, in which there is 
some penetration of the field into the material under static conditions 
leading to a modification in the conductance of the sample. 

2.2.1 Fundamental considerations 

The applied field should vary sufficiently slowly, so that the 
semiconductor is in thermal equilibrium. In addition, an idealized field 
effect model considers that the semiconductor doping is uniform and that 
the properties of the semiconductor are valid from the surface of the 
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semiconductor, i.e., electrons and holes occur only as free carriers and 
their densities are given by Eqs. (2.1.5) and (2.1.6). In fact, the effect of 
the surface is to create allowed energy states for the electrons in the 
proximity of the surface. The term trap is applied to these states to 
indicate that they are electronic bound states, i.e., electrons occupying 
these states are not free to move. Interface traps are a fundamental 
nonideality of a semiconductor surface (interface). For a high quality Si- 
Si0 2 interface, the interface trap density is so low that its effect can be 
disregarded and the idealized model presented in this section is 
appropriate. 

The effect of interface traps will be considered later, in section 2.5, 
because it is sometimes important, e.g., for stressed MOS transistors. 

2.2.2 Poisson-Boltzmann equation in bulk semiconductors [3], [4] 

Compact models for field effect transistors are based on the 
decomposition of the three (or two) -dimensional problem into two one- 
dimensional problems. Concerning the field effect, the applied field is 
assumed to be perpendicular to the surface so that the Poisson equation 
can be considered only in that direction. 

Let x stand for the distance along this direction, with x-0 at the 
surface, and x going positive inwards as shown in Fig. 2.1. The one- 
dimensional Poisson equation (Appendix A) relating the electrostatic 
potential <f> to the electric charge density p is 

dx dx £ s 

where F is the electric field and e s is the permittivity of the material. 

Substituting the charge density p from expression (2.1.7) into (2.2.1) 
gives 

= ± {p - n + ND - NA ). (2.2.2) 
dx £ s 

For bulk technologies, the semiconductor substrate is so thick that it 
can be considered of infinite depth for modeling purposes. Deep in the 
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bulk, charge neutrality holds, and the carrier densities n 0 and p 0 verify 
that 



p Q -n Q + N D -N A =0. 



(2.2.3) 
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Fig. 2.1 Energy band diagram in a p-type semiconductor. The potential <p is defined as 
zero in the bulk. <j> is the surface potential and (j> F is the equilibrium Fermi level (see 
equation (2.3.27)). The figure shows the case of positive (inwards) applied field. The 
maximum electron concentration occurs at the silicon surface, where the electron energy 
is minimal. The opposite holds for holes. The negative stored charge in the 
semiconductor results from both the excess of electrons and the lack of holes. (After [3].) 



Substituting (2.1.5), (2.1.6), and (2.2.3) into (2.2.2) we obtain the 
Poisson-Boltzmann equation for the potential 



dfy dF 



dx 



dx 



-( P( f~ u -n Q e u +n Q -p 0 ). 



(2.2.4) 



The Poisson-Boltzmann equation needs to satisfy the following 
boundary conditions 



' = 0, — = 0 for x = °° . 

dx 



(2.2.5) 



Deep in the interior of the material the potential approaches 0 V and 
the electric field vanishes. In general, it is not possible to integrate the 
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Poisson-Boltzmann equation twice using elementary functions. In 
particular cases, e.g. for an intrinsic semiconductor, an explicit 
expression for the potential profile <f> (x) in terms of elementary functions 
is available [5], [6]. As a consequence, the analysis of the field effect is 
based on the first integral of (2.2.4) as we will show in the following. 

Using now the definition of the one-dimensional electric field, it 
directly follows that dx = -d(j)l F . Differential equation (2.2 .4) can thus 
be written as 

1 dF ^ 

— — = -— ( Po e~ U -n 0 e u +n Q -p Q ). (2.2.6) 
2(p t du £ s 

Considering the boundary conditions (2.2.5) at x=co (u=0) for the 
potential and the field, and calculating the definite integral of the right- 
hand side of (2.2.6) we obtain 

F 2 = [ p 0 (e~ u +u-l) + nJe u -u-l)]. (2.2.7) 

Equation (2.2.7) gives the square of the electric field F = —d(j)l dx 
in terms of the normalized local potential. For a positive field going into 
the semiconductor, the potential decreases in the inward direction, and 
because the origin of the potential is at infinity, the potential is positive 
inside the semiconductor. Consequently, to calculate the electric field, 
the meaningful sign of the square root corresponds to F>0 when u>0 and 
F<0 when m<0. 

Eq. (2.2.7) is very general, and is valid for p-type, n-type and 
intrinsic semiconductors. A simple interpretation of (2.2.7) is based 
on the behavior of non-negative symmetric functions (e~ u + u - 1) and 
(e u - u-l) (Fig. 2.2). As expected, the squared electric field is never 
negative and goes to zero for <z)=0. The term in the right-hand side 
preceded by the factor p 0 corresponds to the contribution of holes to the 
electric field and that preceded by the factor n 0 corresponds to the 
contribution of electrons. Increasing positive values of the potential 
increase the electron concentration and decrease the hole concentration. 
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Fig. 2.2 Plot of functions ( ) (e " + u - 1) and ( ) (e" - u - 1) . 

Let us now consider the specific case of a p-type semiconductor 
(p 0 >>n Q ) that will be used throughout this book to develop the n-channel 
transistor model. The value of the electric field results from the 
contribution of the hole and electron terms, p Q (exp(-u) + u -1) and 
n 0 (exp(w) - u - 1) , respectively. For negative values of the potential 
(w<0), the contribution of holes to the charge is predominant, and the 
semiconductor is in accumulation, F ~e u/2 . For positive and small values 
of the potential F ~u 1/2 , because the predominant contribution to the 
space charge is the depletion of holes (j} 0 »n 0 ); in this case, the 
semiconductor is said to be in depletion or weak inversion. Finally, for 
values of the potential such that n Q e">pou, the semiconductor is in strong 
inversion and F~e u/2 . Fig. 2.3 shows a plot of the field function F against 
the potential. 

The traditional approach to transistor modeling has been to develop 
separate models for each region of operation. Up to four regions have 
been considered, accumulation, and weak, moderate and strong 
inversion. In this book we emphasize next generation models that avoid 
modeling each of the operation regimes with a specific equation. 
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Consequently, we will not emphasize specific approximations of (2.2.7) 
for each operation regime. 




*00 

Fig. 2.3 Electric field in the semiconductor as a function of the potential <f> for p-type 
silicon. (After [7].) 

2.3 The ideal two-terminal MOS structure [8] 

The MOS structure, consisting of a metal-oxide (Si0 2 )-seiniconductor 
(Si) sandwich, made the fabrication of the first practical surface field 
effect transistor possible in 1960, and until now it is the core structure of 
Very Large Scale Integration (VLSI) systems. 

The MOS structure (Fig. 2.4) functions as a two-terminal capacitor in 
which a metal plate is separated from the semiconductor substrate by a 
thin insulator of a thermally grown Si02 layer. The unique properties of 
the Si0 2 -Si system are the reduced amount of interface traps and the high 
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dielectric strength of the Si0 2 [9]. The most common metal plate 
materials are aluminum and heavily doped polycrystalline silicon 
(polysilicon or poly). A second metal layer along the back provides an 
electrical contact with the silicon substrate. 
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Fig. 2.4 The metal-oxide-semiconductor capacitor. 

The ideal MOS structure has the following properties [10]: (1) the 
metal gate is equipotential; (2) the oxide is a perfect insulator with zero 
transport current and no charge inside it or at its interfaces; (3) there are 
no interface traps at the Si02-Si interface; (4) the semiconductor is 
uniformly doped; (5) the semiconductor is sufficiently thick so that a 
field free region ("bulk") exists far from the interface; (6) the back gate 
contact is ideal (ohmic); (7) the structure is one -dimensional, i.e., the 
electric field lines are perpendicular to the surface; and (8) the potential 
contact between the metal and semiconductor is zero. The analysis of the 
ideal MOS structure is of great use because all the idealized properties 
are approached in many real MOS structures, except for property (8). 
However, the inclusion of the potential contact value in the model 
requires a simple voltage shift of the capacitive characteristics. The 
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inclusion of other nonidealities, such as the polydepletion effect, 
quantum effects, and interface traps, will be presented in section 2.5. 




Fig. 2.5 Illustration of a Gaussian surface enclosing the charge Q c stored in the 
semiconductor. Gauss' law (Appendix A) gives the relationship between the enclosed 
charge and the field F s in the semiconductor interface. 

For the ideal MOS structure with zero contact potential between the 
metal and semiconductor, any applied gate-to-substrate voltage V G 
appears partly across the oxide and partly across the semiconductor. 
Thus 

V G =* m +h, (2-3.1) 

where (j) ox and (j) s are the potential drops across the oxide and the 
semiconductor, respectively. For an ideal insulator (with no charge 
inside) the electric field is given by 




(2.3.2) 



where t ox is the oxide thickness. Assuming the oxide semiconductor 
interface to be ideal (with no interface charges), the continuity of the 
normal component of the electric displacement gives (Appendix A) 

£ F =£ F . (2.3.3) 

ox ox s s V ' 
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Finally, the electric field at the semiconductor interface is given by 
Gauss' law (Fig. 2.5) as 

^=~ — (2.3.4) 

where Q' c is the total semiconductor charge per unit area. The minus 
sign in (2.3.4) holds because the positive orientation of the field is in the 
inward direction of the Gaussian surface. 

The substitution of (2.3.4) into (2.3.3) results in an expression that, 
substituted into (2.3.2), gives the voltage drop across the oxide as 

*„=- — &=-%- (2-3.5) 

^ ox ox 

where C' ox = £ gx I t ox is the oxide capacitance per unit area. 

For the ideal MOS capacitor, the fundamental expression that relates 
the applied voltage V G with the surface potential (f) s and the 
semiconductor space charge Q' c 

V G =<l> s -%- (2-3-6) 

^ox 

results from the substitution of (2.3.5) into (2.3.1). 
2.3.1 Small signal equivalent capacitive circuit 

Because the MOS structure stores charge, its electrical behavior is 
capacitive. Due to the highly non linear charge-voltage characteristic of 
the MOS structure, the small signal capacitance as a function of the dc 
voltage is the commonly measured electrical characteristic of the MOS 
capacitor. For the ideal MOS, the insulator blocks dc current and, 
neglecting losses, the parallel conductance is zero. Let's start with the 
low-frequency or quasi-static characteristic, where the frequency is so 
low that the time-varying ac state can be considered as a succession of 
equilibrium (dc) states in the semiconductor. 

If Q'g i s tne § ate charge per unit area, then Q' G = —Q' c , and the 
small-signal capacitance per unit area is given by 
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c , ■ d& = _d& (23?) 
8b dV G dV G 

The substitution of (2.3.6) into (2.3.7) yields 

dQ'r 1 

c S b= ^r = — u r~ ( 2 - 3 - 8 ) 

9s C dQ' C 

ox >C-C ox 



or 



where C' = -dQ' c /d0 s is the semiconductor (space-charge) capacitance 
per unit area. Thus, the capacitance of the MOS structure is the series 
combination of the oxide and the semiconductor capacitances. The 
equivalent circuit for the ideal MOS capacitor is given in Fig. 2.6 (a). 

To calculate the semiconductor capacitance, the total charge per unit 
area in the semiconductor is obtained from Gauss' law (Fig. 2.5) and 
expression (2.2.7) for the electric field F as 



-Qc =£ s F s =sign(u s )^2q^ t£s <J p Q ( e ~ u ' + u s -l) + n 0 (e> - u s - 1) 

(2.3.10) 

where u s is the normalized surface potential and F s is the electric field at 
the semiconductor interface. 

Differentiating (2.3.10) with respect to the surface potential <f) s gives 
the expression for the semiconductor capacitance C c 

C:=f[ n o(e u '-l)+P 0 (l-e^)] = f{n s -n 0 + p Q -p s ) (2.3.11) 

s s 

where n s and p s are the electron and hole concentrations at the interface, 
respectively. The semiconductor capacitance can be separated into the 
electron and hole storage capacitances (see Fig. 2.6 (b)), given by the 
terms containing the electron and hole concentrations n and p, 
respectively. This separation has a clear physical meaning as can be 
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verified in the calculation of the total stored electron and hole charges 
[2]. The total charge density in the semiconductor is 



Q' c = \pdx = q 

o 



\(p- p Q )dx+ }(n 0 -n)dx 

o o 



= Q' P + Q' N - (2-3.12) 



C' 



-Qc 



1 




- i 










Qc 


C' Q p 


c 


c 


+ 


+ 


1 — u p 

















:q'n 
+ 



(a) 



(b) 



Fig. 2.6 Equivalent circuits for the MOS capacitor: (a) Two-capacitance model; 
(b) Splitting of the semiconductor capacitance into electron and hole storage 
capacitances. 



Changing the integration variable from length x to potential (f) gives 
Qc =Q' P + Q' N =ql ( -^^d0 + qi^^d0. (2.3.13) 



F o F 

Consequently, as expected, the hole and electron storage capacitance 
contributions to the total semiconductor capacitance are 
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The theoretical small-signal capacitance vs. voltage (C-V) curve can 
be calculated as follows. Substituting (2.3.10) into (2.3.6) we obtain the 
equation to determine the surface potential (j) s in terms of the applied 
bias V G . This nonlinear equation has to be numerically solved with high 
accuracy due to the exponential dependence of the carrier concentrations 
on the potential. A typical (f) s vs. V c characteristic is seen in Fig. 2.7. 



V G (V) 




-4 - 



Fig. 2.7 Relationship between surface potential (semiconductor band-bending) <f> s and 
applied gate voltage V G for the MOS capacitor. (After [10].) V T0 is the threshold voltage 
(see Eq. (2.4.52)). 

Deep in accumulation and inversion, the surface potential presents a 
reduced (logarithmic) variation with the gate voltage due to the 
exponential dependence of the dominant carrier charge on the surface 
potential. In accumulation, (f) s is usually above -8 (/) „ -200mV at room 
temperature. In inversion, (j) s is usually below IV. 
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Once the surface potential is (accurately) known, all the other 
variables are easily determined. Expressions (2.3.11) and (2.3.10) allow 
the calculation of the semiconductor capacitance in terms of the surface 
potential. The total gate capacitance is calculated from (2.3.9). The 
problem is numerically well-conditioned except under the flat-band 
condition (f) s =0, F s -0. The first order series expansion around (f) s =0 
for the electric field, given by equation (2.3.10), is 



F s = ^{Po + n 0 )u s . (2.3.15) 

For a p-type semiconductor, p 0 >>n 0 . Noting that, for u s -^0 we 

have p 0 - p s = p 0 (l - exp (-u s )) = p Q u s and n s -n 0 = n 0 u s , the 
substitution of (2.3.15) into (2.3.14) gives 



2_ f \ 

n 



r > _ msPo - V £ *Po ■ r' -C 
pfb V 0 V KT ' nfb pfb 



Po 



(2.3.16) 



The fiat-band capacitance is essentially due to the storage of majority 
carriers (holes in this case). The flat -band capacitance can also be written 
as 

C'^C'^^- (2.3.17) 

D 

where L D is the extrinsic Debye length (see Appendix B). 



2.3.2 Ideal C-V plots 

A plot of the theoretical MOS C-V curve calculated according to the 
procedure of the previous section is shown in Fig. 2.8. To develop an 
insightful understanding of the shape of the C-V curve, let us consider 
the case of a p-type semiconductor. When the gate voltage is negative, 
the semiconductor is in accumulation, exp(— u s ) » u s — 1 and 
p 0 exp(-w s ) » n 0 (exp(w s ) — u s —l); consequently 

-Q'^-pq^p^' 2 (2.3.18) 
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and 



C 2$, 



2</> t 



(2.3.19) 



In (2.3.19), Q' c was written in terms of the potential using (2.3.6). 
The gate capacitance obtained as the series connection of C' ox and C' c is 

20 t 



J_ 



J_ 



l+i 



(2.3.20) 



Expression (2.3.20) gives the asymptotic behavior of the MOS 
capacitance in accumulation. Deep in accumulation \V G —0] » 2<f) t , the 
MOS capacitance approaches the oxide capacitance because the holes 
concentrate at the interface. Considering a typical absolute value of — </) s 
below 200mV, the gate capacitance approaches the oxide capacitance for 
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gate voltages under -IV. The gate capacitance in accumulation is 
nonlinear and (2.3.20) is a useful design equation to calculate the 
distortion introduced by an MOS capacitor in accumulation in a linear 
circuit [11]. A default value of <j) s =0 can be used in (2.3.20) to assess 
distortion. For improved accuracy, the value of <f) s calculated for the bias 
point can be employed. (2.3.20) can also be used to predict the 
capacitance of an MOS capacitor employed as a varactor. Expression 
(2.3.20) is meaningless at flat-band, but we have already calculated the 
semiconductor capacitance for this case (see Eq. (2.3.16)). 

Consider now that (f) s is positive and greater than several (j) t , but not 
too large, so that the following inequalities characterizing 
depletion, exp(-w s ) <S u s - 1 and p Q (u s - 1) » n 0 (exp(w s ) - w s - 1) , 
hold. Neglecting </> t in comparison with (f) s we rewrite (2.3.10) as 

Gc=-V 2 ^M- ( 2 - 3 - 21 ) 

Consequently, the semiconductor capacitance is given by 



C = ^^ =J< (2.3.22) 



where 



r =^K (23 . 23) 
is the body effect factor. Substituting (2.3.21) into (2.3.6) we obtain 

Finally, substituting (2.3.24) into (2.3.22) and calculating the total 
MOS capacitance through (2.3.9) we obtain 

C = , C °* . (2.3.25) 




When the semiconductor operates in depletion, the capacitance 
decreases with the square root of the gate voltage. Equation (2.3.25) has 
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a limited range of validity. At flat-band, (2.3.25) gives a gate capacitance 
equal to the oxide capacitance, corresponding to an infinite value of the 
flat-band capacitance. The other limit of validity of (2.3.25) is for the 
semiconductor entering inversion, when the capacitance begins to 
increase due to the inversion layer near the semiconductor surface. 
Assuming that the inversion charge is dominant, an expression similar to 
that of accumulation is obtained [11], [12]. The strong inversion 
capacitance is also given by (2.3.20), but here the absolute value of the 
surface potential is higher than in accumulation. Even so, for values of 
the gate voltage above 2V the MOS capacitance approaches the oxide 
capacitance; the physical reason for this behavior is that, as the gate 
voltage changes, the electron charge varies in close proximity to the Si- 
Si0 2 interface, thus screening the depletion charge variations. As in 
accumulation, the gate capacitance is nonlinear and (2.3.20) is a useful 
design equation to calculate either the distortion introduced by an MOS 
capacitor in inversion or the voltage-dependent capacitance of an MOS 
varactor. 

The C-V curve gives direct information about the penetration of the 
field in the semiconductor (minimum in accumulation, maximum in 
depletion, etc.) and about the varying charges (majority and/or minority 
carriers) allowing a direct assessment of the field effect. C-V 
characteristics are widely used to characterize the semiconductor, oxide, 
and Si-Si02 interface [13], [14]. Test capacitors are customarily 
measured to monitor process lines, and a vast literature exists concerning 
the MOS capacitor as a technology characterization tool (see, for 
example, references in [14]). For technology characterization purposes, 
the inclusion of accurate models of the different non-idealities is 
paramount. To develop compact models of the MOS transistor we must 
keep the capacitive model as simple as possible. An example of this 
simplicity is the traditional strong inversion model, which is based on the 
assumption of a constant gate capacitance, equal to the oxide 
capacitance. 

The quasi-static model of the MOS capacitance is applicable if the 
carriers can follow the applied signal. For majority carriers, this is the 
case for frequencies as high as tens or even hundreds of MHz. For 
minority carriers, the response time depends on the generation rate of the 
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material and can be very long, particularly for very pure silicon samples, 
because the generation rate depends on the existing defects. 
Consequently, two limit C-V curves can be determined for MOS 
capacitors (Fig. 2.8). 

In some cases, the low-frequency curve must be determined for very 
low signal frequency, sometimes under 10 Hz. A typical frequency value 
for the high-frequency curve is 1MHz. The model of the high-frequency 
curve is easily obtained disregarding the minority carrier contribution to 
the capacitance, i.e., considering that the minority carrier number is fixed 
by the dc bias and the majority carriers follow the applied signal; 
consequently, the MOS depletion behavior extends into the inversion 
region, and the curve does not present a minimum, as seen in Fig. 2.9. 




20 



-5 0 5 

Fig. 2.9 The effect of measurement frequency on the capacitance-voltage characteristics 
of an MOS capacitor. (After [15].) 



For MOS transistor modeling the relevant C-V curve is the low- 
frequency one. In effect, minority carriers under the gate of the transistor 
follow the high frequency variation of the gate voltage because the 
source and drain regions are able to supply very quickly the necessary 
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number of minority carriers and, consequently, the response time is 
independent of the generation rate in the bulk. 



2.3.3 Effect of work function difference 

The energy of carriers inside a (semi)conductor depends on the material. 
When two different materials J! and J 2 are placed in (ideal) contact, 
carriers tend to flow to the material where their energy is lower. 

As carriers cross the junction, a charge imbalance between the two 
materials occurs, which in turn generates an electric field that counteracts 
the carrier flow. Eventually, when equilibrium is reached, an electrostatic 
potential difference (j) ]hJ2 is established between the two materials, 
called the potential contact (see Fig. 2.10), so that there is no more net 
carrier flow [16]. Conventionally, the contact potentials are expressed in 
terms of the work functions of the two materials. 

The work function W of a material is the energy necessary to remove 
an electron from the Fermi energy level to an infinite distance from the 
sample. The contact potential in terms of the work functions is 

rjv2 ~ • (2.3.26) 

q 

A straightforward definition of the Fermi potential of a 
semiconductor taken from the concept of contact potential is illustrated 
in Fig. 2.11 [16]: The Fermi potential of a homogeneous extrinsic 
semiconductor can be defined as the contact potential between the 
intrinsic semiconductor and the extrinsic semiconductor. The contact 
potential appears between the neutral extrinsic and intrinsic parts, where 
the electron (hole) densities are n 0 (po) and n { , respectively. It follows 
from (2. 1.2) and (2.1.3) that 



~<l>j=<l>F=—ln 

q 



( \ 
Po. 



—-^—ln 

q 



n 0 



(2.3.27) 
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0>) 

Distance, x 

Fig. 2.10 (a) Two different materials in contact (either can be a metal or a 
semiconductor); (b) potential vs. distance. (After [16].) 




Intrinsic 
silicon 



Fig. 2.11 Junction of a material J and intrinsic silicon; definition of the potential 0 y 
(After [16].) 
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For a p-type semiconductor the Fermi potential is positive and for an 
n-type material it is negative. 

Intrinsic silicon is used here only as a reference material; the potential 
difference between two conductors (semiconductors) is the difference 
between their contact potentials with respect to intrinsic silicon. For 
several materials in series (assumed to be at the same temperature), as 
depicted in Fig. 2.12, the electrostatic potential difference (j) J1Jn depends 
only on the first and last material [16] .In effect, 

0njn = " ^y 2 ) + (0J2 - ^ 3 ) + •• •(<*,„-, - = <t>n ~ 0j n • (2-3-28) 

For a homogeneous semiconductor in equilibrium, writing the 
electron and hole densities n 0 and p 0 deep in the bulk in terms of the 
Fermi potential, and normalizing all potentials with respect to the 
thermal potential (f) t =kT I q , (2.1.5) and (2.1.6) can be rewritten as 

p = n^-" (2.3.29) 

n = H,.e""" F (2.3.30) 

where u F = (f) F I (f) t is the normalized Fermi potential. 




Fig. 2.12 Several materials in series. (After [16].) 
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2.3.4 The flat-band voltage 

In equilibrium (with the two terminals shortened/open) the contact 
potential between the gate and the semiconductor substrate of the MOS 
structure depends only on the gate and substrate materials, being 
independent of any material in-between (see equation (2.3.28)). This 
contact potential is given by the difference in the work functions of the 
gate and substrate materials, as indicated in (2.3.26). For a nonzero 
contact potential, charges are induced in the gate and the semiconductor 
forV gb =0. 

By applying an external gate-to-bulk voltage opposite to the gate -bulk 
contact potential, the effect of the work function difference is 
counterbalanced, and zero charge inside the semiconductor (flat-band 
condition) is obtained, as shown in Fig. 2.13. This voltage is called the 
flat-band voltage V FB , because under this condition the semiconductor is 
equipotential; thus, the energy bands are flat. 

The existence of charges inside the insulator and at the 
semiconductor-insulator interface also induces a semiconductor charge at 
zero bias. For high quality Si-Si0 2 interfaces this effect can be almost 
negligible [12], but sometimes, for stressed devices, for example, it must 
be considered. The effect of the oxide charges on the semiconductor 
depends on their position inside the oxide. However, it is not possible for 
the user of the device to determine the location of the charges from 
electrical measurements. Consequently, the effect of the oxide is 
represented in compact models by an effective oxide interface charge 
Q 0 . The potential drop across the oxide is 

The flat-band voltage considering the effects of both the work 
function difference and oxide charges (Fig. 2.14) is 

c' 



V FB = </> MS -^r (2-3.32) 



where 

t 1 MS ^ bulk _material t gate _mate rial ' (2.3.33) 
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Fig. 2.13 Band diagram of an n + -polysilicon-gate p-type MOS capacitor biased at (a) zero 
gate voltage and (b) flat-band condition. (After [12].) 



The effect of the oxide charges and potential contact between gate 
and bulk materials is to shift horizontally the C-V characteristic by an 
amount equal to V FB , as can be seen in Fig. 2.15. 

The inclusion of the flat-band voltage in equation (2.3.6) yields 

V G -V PB =k-^-, (2.3.34) 
which is known as the potential balance equation. 
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Fig. 2.14 Flat-band voltage definition for an MOS structure showing compensation of the 
metal-semiconductor work function only and compensation of both metal-semiconductor 
work function and equivalent oxide charge. (After [16].) 
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Fig. 2.15 Influence of the metal-semiconductor work function difference and oxide 
charges on the high-frequency C-V curve for an MOS capacitor. (After [42].) 
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2.4 The three-terminal MOS with uniformly doped substrate 

The MOS transistor needs contact regions, necessarily of a type opposite 
to that of the substrate, to access the inversion channel. Thus, the 
modeling of the three-terminal structure or gate -controlled diode of 
Fig. 2.16 is an intermediate stage in the development of transistor 
models. 

The analysis of the 3-terminal MOS structure combines the MOS 
capacitor and p-n junction theory, and is conveniently formulated in 
terms of the quasi-Fermi potentials, the subject of the next section. 




(a) (b) (c) 



Fig. 2.16 Three terminal MOS structure on a p-type substrate and energy bands. The n + - 
p-substrate junction is reverse biased. The gate is biased at (a) flat-band, (b) depletion, 
and (c) inversion. (After [8].) V P is the pinch-off voltage (see Eq. (2.4.49)) and W d(m) is 
the depletion width. 

2.4.1 Quasi-equilibrium electron and hole concentrations 

The quasi-Fermi potentials <f> for holes and (j) n for electrons are defined 
in terms of carrier concentrations (p and n) and potential </>. In order to 
write the concentrations under non-equilibrium conditions, preserving 
the form of the Boltzmann equilibrium expressions, one simply replaces 
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the equilibrium Fermi potential with the quasi-Fermi potentials [17] as 
follows 



p = n t e 



n = n.e 



or 



and 



\ n iJ 



f \ 

n 



K n iJ 



(2.4.1) 
(2.4.2) 

(2.4.3) 
(2.4.4) 



In equilibrium, the quasi-Fermi potentials <j) n and^ p reduce to the 
Fermi potential (j) F . In terms of the quasi-Fermi levels, the current 
densities are written in a very compact form. For electrons, the total 
current density in one dimension (y), including drift and diffusion, is 
given by (Appendix C) 



qn/X n 



d£\ 
~dy) 



dn 
dy 



(2.4.5) 



Using the Einstein relationship (D n = jl n <j) t ) between the electron 
mobility \i n and the diffusion coefficient D n , (2.4.5) is rewritten as 



J n =-qnfl n 
Similarly, for holes 

J P = -<ipv p 



d(j) <f) t dn 
dy n dy 



r d(f> (f> t dp^ 



dy p dy 



= -qpM, 



dy ' 
dy 



(2.4.6) 



(2.4.7) 



Let us now consider a biased p-n junction, as shown in Fig. 2.17. 
From the definition of quasi-Fermi levels in (2.4.1) and (2.4.2), the 
differences (0 p -0) and (0-0 n ) in the neutral p and n regions, 
respectively, must be the same as in equilibrium, because the majority 
carrier densities are (almost) the same as in equilibrium. Given that the 
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applied reverse (forward) voltage appears as an increase (decrease) in the 
potential barrier inside the semiconductor, the quasi-Fermi levels must 
split by an amount equal to the applied reverse (forward) bias, to keep 
the majority carrier concentrations constant, i.e., 

t~t= y c ( 2 - 4 -8) 

as shown in Fig. 2.17. Note that V c >0 for a reverse biased junction. 

Since the hole current is carried by a high hole concentration in the 
p-region and by a low hole concentration in the n-region, the gradient of 
<f> must be much greater in the n- than in the p-region, as shown in 
Fig. 2.17. For the same reason, the variation in (p n occurs mainly in the 
p-region. A summary of the properties of the p-n junction is given in 
Appendix E. 













/ _£qV e <0 









- X P 




Fig. 2.17 Variation of the electron and hole quasi-Fermi levels for (a) forward-biased and 
(b) reverse-biased junction. (After [12].) 
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2.4.2 Surface potential master equation 

The band diagram of the three-terminal MOS structure is shown in 
Fig. 2.18. To develop compact models, the quasi-Fermi levels over 
the space -charge region are considered constant along the x-direction 
(perpendicular to the surface) since there is no current flow along the x- 
direction. For the three-terminal MOS with the source-substrate junction 
reverse biased, as is the usual operating condition, we neglect the reverse 
current of the source-substrate junction, which gives a quite acceptable 
approximation. 
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Fig. 2. 18 The energy band diagram in the x-direction, perpendicular to the surface, for the 
three-terminal MOS structure. (After [5].) 

The hole quasi-Fermi potential is essentially independent of the 
distance and coincides with the equilibrium Fermi level in the bulk. The 
constancy of the electron quasi-Fermi potential from the n + to the n- 
channel region represents the fact that the inverted n-channel is 
connected to the n + source region. In other words, the contact between 
the n + region and the channel implies the equilibrium of electrons in 
these two regions, the electron density varying according to the value of 
the electrostatic potential. 

Taking the potential reference at the bulk, the hole concentration is 
given by 

p = n . e u f- u . (2.4.9) 



36 MOSFET MODELING FOR CIRCUIT ANALYSIS AND DESIGN 
by Galup-Montoro and Schneider 



The hole quasi-Fermi potential reduces to the equilibrium Fermi 
potential. Deep in the bulk <f> =0 and the hole density is at its equilibrium 
value p Q = n i exp [u F ) . 

The electron concentration in the channel is given by 

n = n i e u ~ u "~ Uc (2.4.10) 

where u c = V c I <f) t is the normalized reverse bias of the source-substrate 
junction. The electron quasi-Fermi potential <f) n = (j> + V c = <f> F + V c . 

Summarizing, in the three-terminal MOS structure the hole density is 
controlled by the bulk potential drop <f> , while the electron density is 
controlled by the channel-to-source potential 0-V c . 

The resolution of the Poisson-Boltzmann equation for the three- 
terminal MOS structure is analogous to that of the two-terminal 
structure. The carrier densities are now given by (2.4.9) and (2.4.10) 
instead of (2.3.29) and (2.3.30). 

The Poisson equation (2.2.1) must be solved with the boundary 
conditions in (2.2.5). Until recently the standard result, from the work of 
Pao and Sah [18], was based on writing the bulk charge neutrality 
condition as 

N A -N D = p 0 -n 0 = n t (e" F - e~ UF ) . (2.4. 1 1) 

The reason for writing bulk neutrality exactly as for the two-terminal 
structure is that very deep in the bulk, equilibrium prevails and the quasi- 
Fermi levels reduce to the Fermi level. Recently, it was perceived that 
the traditional form of the implicit equation for the surface potential was 
unphysical and numerically ill-conditioned near the flat-band point at 
(f> s =0 [19], [20]. A correct physics-based solution for all values of the 
surface potential was recently achieved [21], simply by writing the 
remote bulk neutrality (2.4.11) as 

N A -N D = p 0 -n 0 = -e~ n ) . (2.4.12) 

Equation (2.4.12) is the neutrality condition at the transition between 
space-charge and neutral regions. Using (2.4.12) instead of (2.4.11) leads 
to [21]: 
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(I ^ P ^/^h t Uj U U — Uj -// ( , 0 -Uj r) u j 

, 2 — — ^ 

dx £ £ 



+ e 



-e" F ). (2.4.13) 



\ dx j 



Deep in the bulk w=0, and charge neutrality prevails (p-0), for all 
values of the source bias u c . 

Integrating (2.4.13) in the same way as (2.2.4) gives 

= M^r e % + u-l) + e - (UF+uc) (e u ° -u- 1)1 . 
£ s L J 

x=Q s 

(2.4.14) 

Equation (2.4.14) is similar to (2.2.7), the only difference being that 
the normalized quasi-Fermi potential u F +u c of the electrons substitutes 
for the normalized Fermi potential u F in the term associated with 
electrons. Equation (2.4.14) is physically sound, and numerically well- 
conditioned for all values of the surface potential, including flat-band, for 
the same reasons as (2.2.7). Using Gauss' law, an expression similar to 
(2.3.10) for the total charge is achieved as 

-Q' c = sign(u s )4lq^£ s n i ^ (<f + u, - 1) + e~^ +uc) (e"< -u s -\) . 

(2.4.15) 

Using (2.3.34) to relate the surface potential to the applied gate 
voltage V G , the surface potential master equation becomes 



(2.4.16) 



F (u,u c ) = sign(u)^^[e" F 



(e " + u - 1) + e 



■(u F +uc) / u 



(e"-u-l)] 



(2.4.17) 

where F(u,u c ) is the field or Kingston function [22], and F(u s ,u c ) gives 
the surface electric field. 

Finally, the small-signal gate capacitance is 
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The only difference between the expressions for the capacitances of 
the three-terminal and two-terminal structures is that in the former, the 
quasi-Fermi potential of electrons u F +u c substitutes the Fermi potential 
u F in the terms associated with electrons (compare expressions (2.4.15) 
and (2.3.10)). The resulting C-V curves with u c as the parameter are 
shown in Fig. 2.19. 




-10 12 3 4 



V G -V FB (V) 

Fig. 2.19 Normalized C-V curves for the three terminal MOS structure. (After [20].) 

2.4.3 Small signal equivalent capacitive circuit in inversion 

In this section we develop a nearly exact capacitive circuit for the three- 
terminal structure in inversion (including depletion). In accumulation, the 
minority carriers are irrelevant, thus the equivalent circuit is the same as 
that for the two-terminal capacitors. 

If <f> s > 60 t ( exp(w 5 ) » u s + 1 and exp(-w 5 ) « u s - 1 ), we can 
approximate (2.4.15) by 
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-Q' c =^2q<f> t e s n^ ^u s -\ + e^ z " 
and (2.4.16) with (2.4. 17) by 



2up Up 



(2.4.19) 



(2.4.20) 



where y is the body effect factor defined in (2.3.23). 

For a p-type semiconductor in inversion, the electron and hole 
capacitances, conventionally called inversion and depletion capacitances, 
respectively, are defined as 



C' = - 



C ' = ■ 



3* 



(2.4.21) 



(2.4.22) 



where Q t = Q N and Q' B = Q' p are the total stored electron and hole 
charges, defined in (2.3.12). The expressions for the capacitances in 
inversion of a three-terminal MOS capacitor are also given by (2.3.14), 
as in a two-terminal device, and repeated here with the approximate 
formulas 



C b =C p =y Po 



i= c n=—n s 
F. 



(2.4.23) 



In (2.4.23) we have neglected the surface concentration of holes p s 
compared to the hole bulk density p 0 and the bulk concentration of 
electrons n 0 compared to the surface concentration n s . 

Calculating F s = -Q' c I £ s using (2.4.19) we obtain 

YC' m ; 1 = (2.4.24) 



c 



■2u F -u r 



and 
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Differentiating (2.4.20) with respect to V c we obtain 



ye ' 



r ^ l + e u s -2u F -u c -j 



(2.4.26) 



1 + 



-2u F -u r 



Using the expressions of the depletion and inversion capacitances 
given in (2.4.24) and (2.4.25), equation (2.4.26) is compactly rewritten in 
the form: 



3* 



ay. 



! b ox 



(2.4.27) 



This result can be easily interpreted using the three -terminal small 
signal capacitive equivalent circuit of the gate controlled diode shown in 
Fig. 2.20. 



dQi 



_dQ^ 



dQk 



(a) 



dV. 



(b) 



Fig. 2.20 (a) Capacitive model of the three-terminal MOS capacitor, (b) Small-signal 
equivalent circuit for constant V G and V B . The inversion capacitance C[ is in series with 
the effective capacitance C' b + C' ox . 



To determine the equivalent inversion charge capacitance we can 
calculate 
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From (2.3.34) we can write 

e;=-C(v c 

Thus, 



c +c 



Combining (2.4.27), (2.4.28) and (2.4.30) we obtain 



dVr, 



(C' + C )C 

V b ox / i 

c'+c'+c' 



(2.4.28) 



(2.4.29) 



(2.4.30) 



(2.4.31) 



As shown in the small signal equivalent circuit of Fig. 2.20, the 
inversion charge is stored in the capacitor equivalent to the series 
association of the inversion capacitance with the parallel connection of 
the oxide and depletion capacitances. 



2.4.4 Basic approximations for compact modeling 

To obtain compact models of the MOS structures, some approximations 
are necessary, and the two most important ones are the object of this 
section. 



2.4.4.1 The charge-sheet approximation [23] 

The charge-sheet approximation ignores the potential drop across the 
inversion layer for the calculation of the bulk charge density Q' B . 
According to the charge-sheet approximation, Q' B is given by 

Q' B = -sign(0 s )C: x y^ s +0 t (e-V* - l) . (2.4.32) 

Equation (2.4.32) can be obtained by integrating the Poisson equation 
and disregarding the minority carriers or, alternatively, disregarding the 
electron related terms in (2.4.15). Expression (2.4.32) gives a continuous 
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model from accumulation through depletion to strong inversion. From 
(2.3.34) the inversion charge density^ = Q' c -Q' B is expressed as 



>w ox 



V -V 



FB 



+ 



c' 



(2.4.33) 



For 0,-based models, one can calculate (p s iteratively using the surface 
potential master equation (2.4.16)-(2.4.17) and the resultant value is used 
to calculate Q B from (2.4.32) and Q'j from (2.4.33). Q' G results from 
charge neutrality Q' c = -Q' B - Q' r . 

In inversion (including depletion) the exponential term can be 
neglected and (2.4.32) reduces to 

&=-OsM-#- < 2A34 ) 

Using the charge-sheet approximation, a compact formulation of the 
inversion capacitance in terms of the charges is obtained. Using (2.4.19) 
and (2.4.34), (2.4.25) can be rewritten as 



c = _Qc-Qb 



'2 



Since Q] =Q C ~Q B , Eq. (2.4.35) is equivalent to 



9L 

2<f>, 



1 + - 



Qb 



Qb + Q'i 



(2.4.35) 



(2.4.36) 



The expression for the depletion capacitance in terms of the charge 
densities results from (2.4.19) and (2.4.24). Writing the total 
semiconductor charge density Q c = Q, + Q B we obtain 

fc' 2 

I ox 



Cb 2(Q B+Q ;y 

Substituting (2.4.36) and (2.4.37) into (2.4.27) we obtain 1 



(2.4.37) 



dV C. = l _ C 'ox 



d<t> s 



Q'i 



i+ 



Qi-rXx 

Q'i + 2Q'b 



(2.4.38) 



1 In (2.4.38) we have substituted the partial derivative symbol by the total derivative one 
for the sake of simplicity. In effect, for constant V G , (|) s is a function of V c only. 
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Equation (2.4.38) is the basic relationship used by van de Wiele in 
[24] to develop the MOS transistor theory. Writing the charges in Eq. 
(2.4.38) in terms of the surface potential we obtain expression (2.4.39), 
first presented in [25], 

j*£ = 1+ Wo-V»-*.W ^ (2A39) 

d *. (v 0 -v ra -*) -rV s -0 t ) 

Summarizing, (2.4.27), (2.4.38), and (2.4.39) are equivalent 
expressions for the derivative dV c I d<f) s . Clearly, in strong inversion 
| Qj | » C ox <p t and dV c I d<f) s = 1 , a result that is classically used in the 
strong inversion MOSFET model. However, in weak and moderate 
inversion the approximation dV c I d(j) s =1 no longer holds and the 
complete expressions for dV c I d<j) s are essential to develop a general 
model of the MOS transistor. 

2.4.4.2 The approximate linear relationship between inversion charge 
density and surface potential 

Most recent compact models [26] , [27] , [28] , [29] , [30] make use of the 
linearization of the inversion charge-surface potential relationship since 
this approximation reduces substantially the analytical intricacies of the 
MOS equations. 

Using (2.4.34) in (2.4.33), the inversion charge becomes 

ft' = -C (v 0 - v FB yjw,) • ( 2 - 4 - 4 o) 

Expanding (2.4.40) in power series about (j) sa (value of surface 
potential deep in weak inversion, neglecting channel charge) we obtain, 
for constant V c [27] : 

e;=c>(^-^), (2.4.4D 



where 2 



r'\ 

n = l + ^1^ = 1 + — ' (2.4.42) 



2 We use the symbol n to represent both the electron concentration and the slope factor 
following the customary notation. 
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C' h is the depletion capacitance calculated assuming the inversion 
charge to be negligible and n is the slope factor, slightly dependent on 
the gate voltage. The expression for (f) sa is obtained by disregarding the 
inversion charge term Q f in (2.4.40), resulting in 



or 




T 



L 

2' 



(2.4.43) 



(2.4.44) 



Taking the derivative of Eq. (2.4.43) with respect to (f) sa , it follows 



that 



n = 



_dV G 



d 0 s , 



(2.4.45) 



Fig. 2.21 shows the dependence of Qj on (f) s . At constant V c , the 
linearization of Q' ; with respect to (f) s , according to Eq. (2.4.41), fits very 
well the charge-sheet model, as readily seen in Fig. 2.21. 
150- 




200 



Fig 2.21 Normalized inversion charge density vs. normalized surface potential computed 
from: ( ) the linearized expression (2.4.41), (ooooooo) the theoretical implicit 



equations (2.4.40) and (2.4.16). 
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2.4.5 The pinch-off voltage 



The channel charge density corresponding to the effective capacitance 
( C' ox + C b = nC' ox ) times the thermal voltage, or thermal charge [26], will 
be used as the normalization charge and as a reference to define pinch- 
off [31] 

QiP=-<J t - (2-4-46) 
The name pinch-off is retained herein for historical reasons and 
means the channel potential corresponding to a small (but well-defined) 
amount of carriers in the channel. 

The channel-to-substrate voltage (V c ) for which the channel charge 
density equals Q' ip is called the pinch-off voltage V P . The equilibrium 
threshold voltage V T o, measured for V c -0, is the gate voltage for which 
the channel charge density equals Q' ip or, in others words, is the gate 
voltage for which the pinch-off voltage is zero. Using approximation 
(2.4.41) to calculate the surface potential <f) sp at pinch-off gives 

In order to calculate the pinch-off voltage, we can substitute (2.4.20) 
into (2.4.40), yielding 



Qi = -rc' ox 



M-2tr-V c )/4 



(2.4.48) 



Substituting <j) s , V c , and Q\ with (j) sp , V P , and Q' IP , respectively, in 
(2.4.48) and linearizing (2.4.48) around (/) sp results in 





f n ^ 


1 + ln 


\n-\J) 


V 



(2.4.49) 



Fig. 2.22 shows plots of both the pinch-off voltage and the slope 
factor against the gate voltage. The pinch-off voltage varies almost 
linearly with the gate voltage while the slope factor changes only slightly 
for large gate voltage variations. For hand design, it is useful to have a 
simplified expression for the pinch-off voltage [32]. Neglecting the third 
term in (2.4.49), of the order of the thermal voltage <f) t , the conventional 
expression of V P follows as 

V P =^„-^ F . (2.4.50) 
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- 1.5 




1 3 



- 0.5 



Fig. 2.22 Pinch-off voltage and slope factor vs. gate voltage for an NMOS transistor with 
foi=280 A and W=L=25fim: (o) experimental values of Vj>; ( — ) values of Vp and n 
calculated from theoretical expressions (2.4.42) and (2.4.50). (After [33].) 

The equilibrium threshold voltage V T0 , as defined above, corresponds 
to the condition V P -0 or 



1 + ln 



< n ^ 



71-1 



J J 



0 S a= 2 </>F+</>, 

From the definition of 0 sa in (2.4.43) we obtain 
V TO =V FB + 20 F +0 t 
= V FB + 2^ F + r ^ 



(2.4.51) 



f 


f n \ 




1 + ln 








V 


) 



+ y 20 F +0 t \n 



f n ^ 



n-lj 



(2.4.52) 



The approximation in (2.4.52) is the classical definition of the 
threshold voltage. The linear approximation of V P can be written as 

V -V 



V - G 

V p — 



TO 



(2.4.53) 
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because using (2.4.50) and (2.4.45) the slope dVp/dV G is given by 

(2.4.54) 



dV p _ d<f> m _ 1 



dV c dV c n 

For hand calculations, n can be assumed as constant for several 
decades of current. 



2.4.6 The unified charge control model (UCCM) 

To develop an explicit expression for the inversion charge in terms of the 
applied voltages, we will consider the equivalent small signal capacitive 
model of Fig. 2.20 for a fixed gate voltage value. Expression (2.4.31) is 
rewritten below for convenience as 



dQ', 



1 P 

- + - 



v C +C' C i 

V ox b i J 



= dV c . (2.4.55) 



We have substituted the partial differential terms with total 
differentials because, for constant V G , the inversion charge is a function 
only of the variable V c . Substituting C[ and C' b with expressions 
(2.4.36) and (2.4.37), which are given in terms of the charge densities, 
allows a first order differential equation in Q t because the depletion 
charge Q' B is known in terms of V c and Q' ; . This equation is rather 
cumbersome, but a very useful model is obtained using further 
approximations [33]: 

(i) The depletion capacitance per unit area is assumed to be constant 
along the channel and is calculated assuming the inversion charge to be 
negligible in the potential balance equation; 

(ii) The inversion capacitance is given by 

C; = -%. (2.4.56) 

In weak, moderate and not very strong inversion, the inversion 
capacitance given by (2.4.36) can be approximated by (2.4.56). In 
very strong inversion (2.4.56) overestimates the inversion capacitance 
by a factor of 2, but in this region C ; » C ox , C b and, therefore, its 
exact value is not relevant to calculate the total equivalent capacitance in 
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Eq. (2.4.55). Using the hypotheses (i) and (ii) above allows us to obtain, 
from (2.4.55), the following relationship 



dQ' t 



1 



nC' 



Q'i 



= dV r 



(2.4.57) 



Integrating (2.4.57) from an arbitrary channel potential V c to the 
pinch-off potential V P yields the UCCM as 



v P -v c =4 



Q'i P -Q'i 



+ ln 



Q'lFj 



(2.4.58) 



where Q' IP is the value of Qj at pinch-off. So far, in the derivation of 
(2.4.58) we have not defined the value of Q' IP . However, for asymptotic 
correctness of (2.4.58) in weak inversion, one should use 
Q' ip = —nC' ox (f) t , which coincides with the value we previously defined 
for the pinch-off charge. 

Even though the UCCM has been presented as a semi -empirical 
model [34], it has been shown that the UCCM can be readily derived 
from the Boltzmann-Poisson equation using two approximations [33]. A 
fundamental property of (2.4.58) is that, in weak inversion, it is 
asymptotically coincident with the surface potential charge-sheet model. 
Substituting (2.4.46) and (2.4.49) into (2.4.58) and considering 
Q'i I Q'ip « 1 , it follows that 



Qi=- 



A'<l>, „-v c i<t>, 



(2.4.59) 



Expression (2.4.59) is also the asymptotic expression in weak 
inversion for the calculation of the inversion charge using equations 
(2.4.20), (2.4.33) and (2.4.34). 

Substituting the first order approximation of V P of (2.4.53) into 
(2.4.58) gives 

f ✓v \ 



g;-g;+ w c> ( in 



gi 

Q'lFj 



C'JV G -V T0 -nV c ). (2.4.60) 



Equation (2.4.60) is useful for hand analysis, but the exponential 
dependence of Q\ on V P in weak inversion precludes (2.4.60) or 
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expressions based on approximations of the pinch-off voltage from being 
used for accurate modeling. 



2.4.7 Comparison between charge-sheet model and UCCM 

The numerical solution of the Poisson equation, (2.4.13), will be used as a 
baseline for comparison of charges. Expression (2.4.13) is solved by finite 
differences with a non-uniform discrete mesh in x. Equations (2.4.16) and 
(2.4.17) with u-u s provide the boundary conditions for solving (2.4.13). 

In Fig. 2.23, we illustrate the results of the inversion charge density 
obtained numerically, using the charge-sheet model, and UCCM. UCCM 
and the 0 r based model give very good approximations for the inversion 
charge densities from weak, through moderate to strong inversion. For 
the simulations in Figs. 2.23, 2.24, and 2.25, the following parameters 
were used (unless specified otherwise): temperature = 27 °C, oxide 
thickness = 2nm, doping concentration = 2E18 cm" 3 . 
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Fig. 2.23 Inversion charge density vs. gate voltage. 
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As shown in Figs. 2.24 and 2.25, both t^-based charge-sheet model 
and UCCM approaches give errors of less than 3% under normal bias 
conditions and for a wide range of physical parameters. UCCM and the 
charge-sheet model are strictly equivalent in weak inversion as expected. 
An interesting result from Figs. 2.24 and 2.25 is that UCCM gives a 
better approximation than the charge-sheet model for moderate inversion 
while in strong inversion the opposite is observed. The better accuracy of 
the UCCM in moderate inversion is related to the fact that the capacitive 
model on which the UCCM is based is more general than the charge- 
sheet approximation. 

In strong inversion, the value of the inversion capacitance ( — Q' t 1 0 t ) 
used in UCCM is less accurate and the charge-sheet model gives a better 
result. 
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All charges are obtained naturally in the 0 r based model, but there is a 
need for supplementary bulk and/or gate charge models in g/ -based 
approaches. 

Summarizing, UCCM and the surface potential calculation give 
accurate values for the inversion charge in the useful range of MOS 
transistor operation. Some subtle differences between the inversion 
charges calculated from UCCM and the charge-sheet model are found. 




2 



Fig. 2.25 Error in inversion charge density for two oxide thicknesses. The inversion 
charge density used as reference is obtained by the numerical resolution of the Poisson 
equation. 

2.5 Real C-V curves: Interface traps, polysilicon depletion, and 
quantum effects 

The model of the stored charges in the MOS structure developed in the 
previous section is somewhat idealized. Thus, the real C-V curves are not 
exactly as we have presented them. Nevertheless, with slight 



52 MOSFET MODELING FOR CIRCUIT ANALYSIS AND DESIGN 
by Galup-Montoro and Schneider 



modifications to the equivalent capacitive circuit of the MOS structure it 
is possible to obtain a fair fit of real C-V curves. Three main 
nonidealities may be included: at the interface, in the gate material, and 
in the semiconductor. 

2.5.1 Interface-trap capacitance 

Traps, previously mentioned in Section 2.2, refer to energy levels 
generated by imperfections within the semiconductor crystal [14], [35], 
allowed for the carriers in the forbidden energy gap of the 
semiconductor. These energy levels can change their charge state by 
exchange of carriers with the semiconductor [8], [14], [35]. Clearly, an 
interface is a huge defect in a periodic crystal, and interface traps are 
always present. These traps interact with the conduction band by 
capturing or emitting electrons and with the valence band by capturing or 
emitting holes [14]. To derive a compact model of the MOS capacitance 
that accounts for interface traps, it is usually considered that the number 
of interface traps (V '-cm 2 ) per unit potential 3 per unit area is 

constant. As shown in annex G, in inversion, the occupancy of the 
interface traps is determined by the position of the quasi-Fermi level of 
the minority carriers. The total charge density stored at the interface is 
given [36] by 

Q'o-lN'M-Vc)- (2-5.1) 
Q' o is the effective (converted to the interface) fixed oxide charge 

density together with the charge stored in the interface traps at flat^and. 
The second term in (2.5.1) corresponds to the bias dependent trap charge 
density. The interface trap capacitance per unit area C'^ is simply given by 

C' ss = qN' ss . (2.5.2) 

High densities of interface traps can completely distort the C-V curve 
as seen in Fig. 2.26. The interface state density must be reduced to the 
order of 10 10 V 1 -cm" 2 or less to obtain predictable and useful MOS 



3 In the technical literature, the density of interface traps N' is expressed in either 
eV'-cm" 2 or V '-cm 2 . We decided to use V'-cm" 2 as the unit of N' . 
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o 



V G (V) 

Fig. 2.26 Influence of the interface traps on the high-frequency MOS C-V curve. Curve A 
is the ideal C-V curve with no traps, curve B is with donor-like traps, and curve C is with 
only acceptor-like interface traps. (After [42].) 



9 °" 




6 o 1 

Fig. 2.27 Equivalent circuit of a MOS capacitance considering the equivalent impedance 
(R 0 C 0 ) of the interface traps.( After [42].) 

structures. An accurate model of the interface traps must include a 
resistive term to model the response time of the traps [14] as seen in 
Fig. 2.27. 
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2.5.2 Polysilicon depletion [12] 

Polysilicon gates have been used in MOS technologies since the 
seventies in order to obtain source and drain regions self-aligned to the 
gate. If the polysilicon doping is not high enough, it cannot be considered 
equipotential, as is an ideal metal gate. 

Processes in which the gates are doped by ion implantation, as is the 
case of the dual n + -p + polysilicon gate, are the most affected by the 
polysilicon depletion [12]. Two structures are the most common, the p- 
type substrate with n + gate and the n-type substrate with p + gate.. We will 
analyze the former case. 




Fig. 2.28 Band diagram showing polysilicon-gate depletion effects when a positive 
voltage is applied to the n + polysilicon gate of a p-type MOS capacitor. (After [12].) 



As seen in Fig. 2.28, when the p-semiconductor substrate is in 
depletion and/or inversion, the positive charge in the polygate is stored in 
a thin depletion layer. Thus, the capacitance of this depletion layer must 
be included in the MOS equivalent circuit as will be shown next. 
Considering the potential drop <j) po i y in the polygate, the potential balance 
equation (2.3.34) must be rewritten as 
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V G -V FB =0 s +0 poly -^. (2.5.3) 



Differentiating (2.5.3) with respect to Q c it follows that 

1111 

+ ^7 + ^^> (2-5-4) 



C\ c c c , 

gb ox c poly 



where 

, dQ' c _ dQ' G 

Wpofy d 0 P oly 



(2.5.5) 



is the capacitance of the polysilicon depletion region. 

A very simple charge-control model of the capacitances is available 
when the semiconductor bulk is in inversion. The poly depletion 
capacitance can be calculated as in (2.3.22) and we obtain 



_ pqe s N poly = q e s N p 

q'g 



, V g s Poly _ ^s 1 " poly ro r 

C P ofy ~ - r. ~, . (2-5.6) 



where N po i y is the donor doping concentration in the polygate. In strong 
inversion, a very simple approximate model of the semiconductor 
capacitance in terms of the stored charge [11] holds, 

C'=-^ = ^. (2.5.7) 

Equation (2.5.7), valid in inversion, is similar to (2.3.19), valid in 
accumulation. Combining (2.5.4), (2.5.6), and (2.5.7) we obtain 

1 1 24 Q' 

+ -^ + — — — . (2.5.8) 



C' gb C' ox Q' G qe s N poly 

Since the second term decreases with Q' c and the third increases with 
Q' G , a maximum is reached when the two terms are equal, i.e., for 

Q'c = V^AU • ( 2 - 5 - 9 ) 
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This local maximum of the capacitance characteristic in inversion is 
clearly shown in Fig. 2.29. For even higher values of gate voltage, an 
inversion p-channel in the n + polygate may appear and, due to the 
proximity of the inversion holes to the oxide, the total gate capacitance 
approaches the oxide capacitance. In Fig. 2.29, in addition to the 
capacitance reduction, a slight shift in the flat-band voltage is apparent. 
Considering the semiconductor bulk in depletion or weak inversion, then 

(2.5.10) 



Qg ^ ox Y poly poly ' 




ol i I i i i I i i i I i i i I i i i I i I 

-4 -2 0 2 4 

v G (V) 

Fig.2.29 Low-frequency C-V curve for a p-type MOS capacitor with n + polysilicon gate 
doped at several different concentrations. (After [37].) 



Neglecting the fixed oxide charge we have Q c + Q B = 0 . Thus, it 
follows from (2.5. 10) that 
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(2.5.11) 
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Writing the inversion charge density from (2.5.3) as 

q: = -C (v G - v FB </> poly - r 4i s ) (2.5. i2) 

and using (2.5.11) and (2.5.12), the increase in both the slope factor and 
the threshold voltage are readily obtained as 

AV ro =-^-(2^). 

N poly 

Summarizing, the effects of the gate polysilicon depletion are gate 
capacitance reduction, slope factor increase and threshold (or flat-band) 
voltage increase. 



2.5.3 Quantum mechanical (QM) effects on the semiconductor 
capacitance 

The scaling down of MOS transistors is accompanied by both thinner 
oxides and more heavily doped channels. The resulting increase in the 
transverse electric field at the oxide-semiconductor interface gives rise to 
quantum confinement in the channel, i.e., carriers in the inversion layer 
are confined in a narrow potential well, where quantum effects have to 
be accounted for [38], [39]. In strong inversion, the electric field at the 
interface can be so strong, particularly for heavily doped substrates, that 
the carriers are confined to a very short distance from the interface. The 
potential well is so narrow that the motion of the carriers of the surface 
channel is quantized in the direction perpendicular to the interface, as 
shown in Fig. 2.30. This situation is analogous to the classical textbook 
example of electrons in an infinitely deep potential well. Therefore, the 
operation of deeply scaled MOS transistors cannot be accurately 
described by pure classical physics [38], [40]; accurate calculation of the 
inversion charge requires introducing concepts derived from quantum 
mechanics (QM). 
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Distance from surface, x 




Gate Oxide Substrate 



Fig. 2.30 (a) Electron density n(x) as a function of transversal position x for the classical 
(dashed line) and the quantum-mechanical (solid line) case, (b) Energy-band diagram (in 
transversal direction) of an w-type MOS transistor in strong inversion. (After [40].) 

The energy of a particle in the potential well can have only discrete 
(quantized) values, called energy levels, and there is a minimum 
(ground) energy level. For the inversion channel, each quantized energy 
level of the electron movement in the direction normal to the surface 
corresponds to a conduction sub-band, because the carriers are free to 
move parallel to the interface. 

In the case of the deep rectangular well, the wave functions 
representing the electrons are zero at the boundary of the well; 
consequently the carrier (probability) density is at a maximum inside the 
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well and not at the boundaries. For the inversion channel the situation is 
analogous, the peak density is not at the interface but at some distance 
from it, as illustrated in Fig. 2.30. 

Clearly, the quantum effect in field effect devices requires a much 
more elaborate analytical treatment than that of the rectangular well. One 
reason is that the depth of the potential well is not infinite and 
consequently the wave function is not exactly zero outside the well. 
Also, the depth of the well depends on the strength of the electric field, 
which decreases going inward in the semiconductor. 

The exact analysis of QM effects requires the coupled resolution 
of the Schrodinger and Poisson equations and does not allow a 
compact model. Considering a constant electric field, and consequently 
decoupling the Poisson and Schrodinger equations, greatly simplifies the 
problem, but even so the calculation of the carrier density is too 
cumbersome for a compact model. In weak inversion, the inclusion of 
the various sub-bands in the calculation of the inversion carrier density is 
not necessary, because the splitting of the energy levels is small 
compared with the thermal voltage kT/q. In strong inversion, two 
consequences of quantum effects can be taken into account as 
semiempirical modifications of the Poisson-Boltzmann equation. First, 
there is an increase in the value of the surface potential needed to obtain 
a given electron density because the energy of the lowest sub-band is 
above that of the bottom of the conduction band. Second, there is a 
reduction in the value of the inversion capacitance because the peak of 
the inversion layer is no longer at the semiconductor interface but at 
some distance from it. 

It has been shown [40] that a surface potential (j)f M greater than the 
conventional value of (f) s is required for a given inversion carrier density 
when QM effects are accounted for, according to 

</>? M = </> s + AE I q + F s Ax , (2.5. 14) 

where AE is the energy gap between the bottom of the conduction band 
and the first allowed energy level, F s is the electric field perpendicular to 
the interface , and Ax is the increase in the average distance to the 
interface compared to the classical solution. Equation (2.5.14) includes 
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Fig. 2.31 Measured and calculated C-V curves including various physical effects. (After 
[41].). The curve for constant <j) s = 2<j) F represents the classical gate capacitance model 
where <j) s = 0 in accumulation and <j) s = 2<p F for V GS > V T 

both effects of band gap widening and the displacement of the electron 
distribution. The exact calculation of Ax is not easy, but it has been 
found using a variational method that qF s Ax=(4/9)AE. As a result 
quantum effects are modeled by an effective bandgap increase given by 



£6M =£ + 1 ! A £ 

g g 9 



(2.5.15) 



Finally, QM effects are accounted for by using a correction for the 
intrinsic carrier density. The intrinsic carrier concentration in the 
inversion layer is modified to give 



QM 



AE 



n.e 



-AEI2kT 
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4kT 



^2/3 



(2.5.16) 



^ = 4.1xlO" 8 eV.cm. 

The dependence of the band gap widening on the power 2/3 of the 
field has been deduced assuming a triangular-shaped potential well. The 
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value of the constant (3 has been determined from the voltage shift 
observed at high doping levels. 

The results of the above model are depicted in Fig. 2.31 where the 
excellent fitting of the experimental data is apparent [41]. Fig. 2.32 
compares the surface potential calculated with and without QM 
corrections [41]. The classical value of 2(f) F for the surface potential in 
strong inversion is given as a reference. Clearly, QM correction is 
irrelevant in weak inversion, but in strong inversion the reduction of the 
semiconductor capacitance, compared to its value in the classical model, 
has as a consequence an increase in the surface potential. 

1.2, 
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Fig. 2.32 Surface potential solution corresponding to Fig. 2.31. Solid line, with QM 
effect; dashed line, without QM effect; dotted line, constant 2<f> F level. (After [41].) 
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Problems 

2.1. For a high-low P + P junction in equilibrium, N A = N A for x < 0 
and N A = N A for x > 0 . (a) Prove that the internal potential barrier is 
<j) b = x = °°) - (/){x = -c«) = (j) t In (N a /N~ ) and the potential drop 

in the ATj region is ^- = 1 f b /J >l . Plot the curve and 

(j) t e 9 * 19 ' - 1 

determine the limits of variation of <fo. (b) For N A = 10 17 cm 3 and 
A/~ = 10 15 cm 3 , plot the majority carrier profile. 

2.2. For an MOS capacitor, assume p Q = N A and n 0 = nf /N A . (a) 

(e-"° + u s -l) + e- 1UF (e u * -k,-1)]; 

(b) Determine the analytical expression of the low-frequency 
semiconductor capacitance C c = — dQ' c / d(f) s ; (c) Plot C' gb (V CB ) 

assuming V FB =0, f o ,=100 A, eJe o =A, £ s /£ o =l2 (£ o is the 
permittivity of free space), for three different values of substrate doping, 



Show that Q' c = +y]2q£ s N A A(j) t 
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jV>10 16 , 10", 10 1 

i/c;=i/c;+i/o 



cm" 3 . (Hint: V GB — V FB =(/> s —Q' c /C ox ; 



2.3. Consider the UCCM given by 



Q':-Q' lP 
Q'n 



+ ln 



ip 



Q' IPJ 



(P2.3.1) 



"Regional" models for weak (WI) inversion or strong (SI) inversion 
can be derived from UCCM by dropping either the linear term or the In 
term in the charge density, respectively, (a) Calculate the value of the 
inversion charge density, normalized to Q' 1P = —nC' ox <p t , for which the 

value of the charge density calculated from the WI approximation differs 
from that calculated from UCCM by 25%; (b) Determine the value of the 
inversion charge density, normalized to Q IP , for which the value of the 

charge density calculated from the SI approximation differs from that 
calculated from UCCM by 25%. (c) Sketch UCCM as well as both the 

WI and SI approximations in: (cl) The log (Q'i/Q', p ) vs V c plot at 
constant V c ; (c2) The log {Q, lQ' IP ) vs V c plot at constant V c . Assume 

that V p = (V c — V T0 )/n, with n being constant, (d) Determine the 

expression for the charge density in terms of both the gate voltage and 
the channel voltage for: (dl) The WI approximation, (d2) The SI 
approximation, (e) Calculate the sensitivity of the inversion charge 
density wrt the gate voltage and wrt the channel voltage. What are the 
values of the sensitivities for the asymptotic cases of WI and SI? (f) If 
V c = 0 and n-1.25 calculate the normalized inversion charge density for 

V G = V T0 = 0.5 V and V c = 0 V. (g) Recalculate the normalized charge 
densities for the same data in (f) but with n=\. 
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Chapter 3 



The Long-Channel MOSFET: Theory and 
dc Equations 



The derivation of the direct current (dc) equations of a device is one of the 
main objectives in compact modeling. For long-channel MOS transistors a 
complete theory is available, which is the subject of this chapter. Recent 
compact models are based on this theory, but until now the most popular 
compact models have been based on a threshold voltage (V T ) formulation. 
This class of models relies on approximate solutions that are only valid in 
particular regions of operation connected mathematically to provide 
continuous solutions. There is, therefore, inaccuracy between regions, 
which generates inaccuracy in simulation results where transition between 
regions is important to the circuit operation. For these reasons V T -based 
models are being substituted by surface potential and charge-based 
models. This chapter provides an overview of the basic physics that must 
be modeled to build a compact dc model for the metal-oxide field effect 
transistor (MOSFET) and describes the fundamentals of several advanced 
models. In the final sections of the chapter, regional (V T ) models are 
derived as particular cases to highlight the link between next and past 
generation compact models. Furthermore, V T -based models are useful for 
developing insight into the operation of the transistor and for back-of-the- 
envelope circuit analysis. 



3.1 A brief history of MOSFET theory 

Electrical characterization and modeling of the dc current characteristics 
(Fig. 3.1) began just after the invention of the modern silicon MOS 
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Fig. 3.1 From top to bottom: MOSFET strong inversion output characteristics, weak 
inversion output characteristics and transfer characteristic. Transistor data: n,= 1.33 x 
10 10 cm- 3 , /4=400 cm 2 /V-s, W A =10 18 cm" 3 , f ox =2.0 nm, V SB =0. (After [5].) 
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transistor in 1960 [1], [2]. The now classical above threshold or strong 
inversion (SI) theory of the MOSFET was developed in two journal 
papers in 1964 [3], [4]. 

In the SI model only the drift component of the drain current is 
considered. During the 1960s the strong inversion model was refined, 
and compact models for computer circuit simulation were developed [6]. 
The complete SI theory was summarized in a 1970 book [7]. In the 
1970s, because of the development of low power circuits, the below 
threshold or weak inversion (WI) mode of operation was explored. The 
first papers addressing the subthreshold exponential regime appeared in 
1972 [8], [9], [10]. Weak inversion models were improved in the 1970s 
[11], [12]. WI models consider only the diffusion component of the drain 
current. The first MOSFET theory valid in all operating regions was the 
Pao-Sah drift-diffusion double -integral model [13]. The Pao-Sah model 
gives the drain current as a double integral (over the thickness of the 
inversion layer and the length of the channel). Because of the need for 
the numerical double integration, it is not considered a compact model. 
However, the so-called Pao-Sah equation is highly physical and still 
serves as a "golden" reference to test the accuracy of compact MOSFET 
models [14], [15]. The first truly compact one-equation all-region models 
appeared in 1978 [16], [17] . In these two papers, the surface potential is 
used as the key variable, that is, all the MOSFET characteristics are 
expressed as functions of the values of the surface potential at the source 
and drain ends. Brews' [17] charge-sheet approximation, which assumes 
that the inversion layer is infinitesimally thin, was appealing, even if his 
model derivation and the relationship with the more fundamental Pao- 
Sah model was not clear. Baccarani's work [16] was rigorously 
developed, but because of the complexity of the final expressions, 
Brews' approach was the preferred one, and he is usually considered to 
be the originator of the charge-sheet models. In 1979, the links between 
the Pao-Sah, Brews and Baccarani models were clearly established, with 
the presentation of a rigorous analytical derivation of the so-called 
charge-sheet models [18]. 

Given that the surface potential needs to be calculated numerically 
with high precision, charge-sheet surface potential models were not 
considered at that time appropriate for compact modeling. For SPICE 
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models, the threshold voltage approach [19], [20] was adopted from the 
very beginning and continued to be until recently. In the threshold 
voltage approach separate solutions are available for different regions of 
MOSFET operation (Fig. 3.2). Early SPICE MOSFET models were 
piecewise formulations, with separate equations used to model different 
regions of operation. Later models used mathematical techniques to 
make the models single -piece and a single set of model equations was 
applicable to all regions of operation [36]. Since V T -based models use 
mathematical smoothing functions to describe the transition between 
weak and strong inversion, they are not accurate enough to represent the 
moderate inversion region, widely employed in low supply voltage 
circuits. Despite their limitations V T -based models have been 
successfully used for much circuit design work. BSIM4 and MOS Model 
9 are modern versions of threshold voltage -based models. 
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Fig. 3.2 Drain current characteristics given by the strong and weak inversion models. 
(After [21].) 
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Finally, in the 1980s charge control models were introduced [22], 
[23], [24], featuring compact one-equation all-region models for the 
current and small signal parameters. 

Next generation MOSFET models can be divided into two groups 
based on the adopted key variable. One modeling approach is to solve for 
the surface potential at the two ends of the channel. The terminal 
charges, currents and derivatives are then calculated from source and 
drain surface potentials. These models are called surface potential- or <j> s - 
based models. Examples of such models are SP, MOS model 11, and 
HiSIM [15]. Another approach is to calculate the density of the inversion 
charge at the two ends of the channel and formulate the model outputs in 
terms of these charge densities. For convenience we use the name 
"inversion charge" or <2/ -based models to refer to them. Examples of 
inversion charge models are ACM, EKV, and BSIM5 [15]. Clearly, <f> s - 
based and Q' t -based models have a common background, but enough 

differences exist between them to motivate model developers to support 
one or the other approach. In this chapter we develop the theories and 
compare results for 0,-based and Q' ; -based core models using the Pao- 
Sah model as a "golden" reference. 

3.2 MOSFET operation 

The basic structure of an n-type MOSFET is shown in Fig. 3.3. The p- 
type doped silicon region, commonly referred to as the bulk or substrate, 
is connected via the bulk contact. Two heavily n-type doped regions, 
called the source and the drain, are formed in the substrate on either side 
of the gate. The structure is symmetrical; one cannot distinguish between 
the source and the drain of an unbiased device. The gate overlaps slightly 
with the source and drain regions. The region between the source and 
drain junctions is called the channel region, which has a length L (in the 
y-direction) and a width W (in the z-direction). The MOSFET is a four 
terminal device, the terminals being designated gate, bulk, source and 
drain. 

Under normal operation the source-substrate and drain-substrate 
junctions are reverse- or zero-biased, and the terminal identified as 
source, in the case of an n-channel MOSFET, has the lowest reverse bias. 
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The transistor is said to be off if the gate potential is such that there is no 
inversion layer. When the gate-to-source potential is positive enough for 
the formation of an inversion layer, the inversion charge is contacted via 
the source and drain regions, and a channel current will flow through the 
device when a potential difference V DS is applied between drain and 
source. Since the inversion charge depends heavily on the gate potential, 
the gate can be used to control the current through the channel. As shown 
in Fig. 3.4, an understanding of the MOS transistor operation requires at 
least a bidimensional analysis. Fig. 3.4 shows the band bending for an 
idealized transistor in which all the characteristics are equal following 
the z-direction as long as narrow-channel effects are negligible. As seen 




y 



Fig. 3.3 Idealized MOSFET structure. (After [25].) 
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in Fig. 3.4.(b), because the drain-to-source voltage is higher than zero, 
the channel inversion level is maximal at the source and decreases 
toward the drain. 

3.3 The Pao-Sah exact I-V model [5], [26] 

As shown in Fig. 3.3 and Fig. 3.4, the MOSFET is inherently a two- 
dimensional (2-D) structure. The input voltage is applied in the x- 
direction perpendicular to the semiconductor surface in order to 
modulate the current which flows near the surface in the v-direction 
when a voltage is applied between source and drain. 




-*■ [""-Depletion region 
(b) 

Fig. 3.4 Two-dimensional energy band diagram of a MOSFET operating in (a) linear 
region (b) saturation. (After [13].) 
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The first step in creating a compact model is the decomposition of 
the 2-D problem into two 1-D problems [28]. For a long-channel device, 
the gradual channel approximation is valid, i.e., the longitudinal In- 
direction) component of the electric field can be assumed to be much 
smaller than the transversal (x-direction) component. Thus, the 1-D 
electrostatic solution is valid for each cross-section of the channel 



Fig. 3.5 Unidimensional energy band diagram of a cross-section of a MOSFET. (After 



The 1-D x-solution is known as the input voltage equation, which 
relates applied gate voltage to the electric conditions of the 
semiconductor surface. We have previously solved the input equation in 
Section 2.4. The 1-D y-solution is known as the output current equation, 
which relates the current passing through drain and source to the x- 
solution and the voltages applied to the source and drain (Fig. 3.6). This 
solution involves conduction in the channel by the mechanisms of drift 
and diffusion. The other assumptions for the calculation of the current I D 
that flows from drain to source are: 

- The hole current (for n-channel) is negligible. This assumption is 
quite acceptable since under normal operation conditions the source- 
substrate and drain-substrate junctions are reverse- or zero-biased. 

- Recombination/generation along the channel is negligible. 

- The current is laminar, that is, the current flows in the y-direction 
only. The electron current density considering drift and diffusion is given 



(Fig. 3.5). 




[7].) 
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in terms of the gradient of the quasi-Fermi level by (2.4.6), which is 
repeated below for convenience. 

d<j> n 



or 



J n = -qnn n 



J n =-qnn n 



dy 
dy 



(3.3.1) 



(3.3.2) 



because the splitting of the quasi-Fermi levels is 

and (j) p is constant along the channel, as explained in Section 2.4.1. 



( 
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Metal gate 
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Fig. 3.6 Cross section of a MOSFET. (After [7].) 



The channel potential V c along the channel is such that 

V s < V c < V D , (3.3.4) 
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where V S (D) is the source (drain) voltage. Considering steady state 
(dn/dt = dp/dt = 0), neglecting generation /recombination (/?„=G„=0), 
and assuming laminar flow, the continuity equation for electrons 
(Appendix D) 

3 " 1S7 - -Jt+C. (3.3.5) 



dt q dy 



reduces to 



^ = 0. (3.3.6) 
dy 

The drain current, defined as a positive quantity, is obtained 
integrating the total current density over the cross-sectional area of the 
channel 

W x t x, 

I D =-\ \j n dxdz = -W jj n dx (3.3.7) 

0 0 0 

where W is the transistor width and x, is taken as the x-coordinate where 
the electron concentration equals the intrinsic concentration n t (the 
bottom end of the inversion channel). Owing to (3.3.6) and (3.3.7), 
dI D /dy = 0; thus, the drain current is constant along the channel. 

Substituting (3.3.2) into (3.3.7) we obtain 

dV 

I D =qW\njU n — ^dx. (3.3.8) 
o dy 

Assuming the mobility jU n to be independent of bias and position, the 
channel current can be written as [27] 

i D =-W{i n Qi^r (3 - 3 - 9) 

ay 

because V c (and dV c I dy) do not depend on x and, by definition 

Qj=-q)ndx. (3.3.10) 
o 

Since the current is constant along the channel, the integration of 
(3.3.9) along the channel, from source to drain, yields 
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(3.3.11) 



where L is the channel length. Expression (3.3.11), illustrated in Fig. 3.7, 
is very general and includes both drift and diffusion mechanisms, thus 
giving an exact model of the classical (as opposed to quantum- 
mechanical) long-channel MOSFET. 




Fig. 3.7 Inversion charge versus the channel potential (splitting of quasi-Fermi 
potentials), J3 = M„C' ox W I L . The drain current is proportional to the shaded surface. 
(After [29].) 

The inversion charge can be calculated in terms of the electric 
potential by changing the integration variable in (3.3.10) from distance to 
potential, yielding 
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Qj=qJ-^d0 = -qJjd</>, (3.3.12) 
dx 

where (f) c = (j) ( n = n t ) = (j) F + V c and F is the field function defined in 

(2.4.17). Substituting (3.3.12) into (3.3.11) we obtain the double integral 
equation for I D , referred to as the Pao-Sah model 

W V D </> s u-u F -u c 

I D = J U-qn i J l—— d 0dV c ■ (3- 3 - 13 ) 
L Vs 4c t 

Equation (3.3.13) is very accurate but it can only be solved 
numerically. It has been taken as the reference to establish the accuracy 
of the compact models of the current. 

Because there is no general analytically integrable expression for the 
inversion charge density in terms of the channel potential, the 
conventional approach has been to develop separate models for strong 
and weak inversion, where simple expressions, linear and exponential, 
respectively, for the inversion charge density are available. The complete 
model is then obtained with the aid of interpolation functions to describe 
the transition between weak and strong inversion. This approach, which 
has been widely used to obtain models for electrical simulation, 
including BSIM4, is no longer considered appropriate for advanced 
MOS technologies. 

To obtain a general (valid from weak to strong inversion) analytical 
expression for the current, (3.3.11) can be calculated by means of a 
change of variable. Two alternatives are currently available, namely 
surface potential models, based on (3.3.14), and inversion charge 
models, based on (3.3.15) 

W fa , dV^ 

I D =-M nT \Q'M)-7T- d& (3.3.14) 

W Q 'D dV„ 
I D =-M nT iQ'j-^dQ]. (3.3.15) 
L Qjs d Qi 
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In (3.3.14), (f) s(j \(j> sL ) is the surface potential at source (drain) while 
in (3.3.15), G/s(£>) is the inversion charge density at source (drain). 

3.4 Compact surface potential MOSFET models 

To calculate (3.3.14), Q] (0 S ) can be determined from the charge-sheet 

approximation. Q\ is given by (2.4.40), which is repeated below 
for convenience 

Q'i = -C (v G - v FB - k - r^i) ■ oa. i) 

dV c /d0 s , given by (2.4.39), is also repeated below 

dV r 2(V r -V FB -d,)+ f 

^ = 1 + 6 V — F \ s} . (3.4.2) 

d< />s (V G -V FB -0 s ) 2 -y 2 (0 s -0 t ) 

As seen in Fig. 3.8, the usual strong inversion expression [7] 

0, = 20p.+V c , (3.4.3) 

which leads to dV(/d0 s =l, fails completely in weak inversion and in the 
saturation region (where the drain side of the channel is in weak 
inversion). From the definition of the quasi-Fermi level, equation (2.4.6), 
it is clear that dV c -d(j) s implies that the gradient of the quasi-Fermi level 
is due to the electric field only and, consequently, the diffusion current is 
neglected. Thus, (3.4.3) does not apply to WI where the main transport 
mechanism is diffusion. 

In WI (including the drain side of a saturated transistor), the channel 
is almost equipotential as seen in Fig. 3.8. In effect, neglecting the carrier 
charge (which depends on V c ) in the charge balance equation (2.3.34), 
gives a surface potential value that depends only on the gate voltage, as 
in an MOS capacitor. In accordance with the above analysis, the second 
term in (3.4.2) is relevant in WI and vanishes deep in SI, where 
dVc/d^l. Substituting (3.4.1) and (3.4.2) into (3.3.14) we arrive at 
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Fig. 3.8 Surface potential vs. channel potential V c for different gate voltages: ( ) 

exact value, ( ) asymptotic approximation, (-.-.-.-.-.-.-) 0 s =20p+V c .( After [18].) 



1 d = m„ — C \ v G - v FB - & - r^ s - <t> t d<t> s 



4 



2(v G -y FB -^,)+r 2 



(3.4.4) 



Equation (3.4.4) allows the derivation of an explicit general 
expression for the current [16] but the final expression is rather 
cumbersome. The result can be simplified by noting that the second 
integrand in the right-hand side of (3.4.4) is relevant for small Q t only 
(weak inversion). This second term corresponds to the diffusion current. 



Chapter 3. The Long-Channel MOSFET: Theory and dc Equations 
Section 3.4 Compact surface potential MOSFET models 



81 



The integrand in the second term of (3.4.4) written in terms of the 
charge densities is given by 



<t>t- — ; r= = $ 



2^/ 

ox 



Q, + 2Q' B 



(3.4.5) 



Va-Vn-ts + rylh-t, 
Since the term in (3.4.5) is relevant for the calculation of the integral 
in weak inversion only, it can be approximated by setting Q' t = 0 . The 
term in (3.4.5) can then be approximated by 



4 



1- 



2g; 



■a 



i+ 



Y 



(3.4.6) 



The application of this approximation to (3.4.4) results in: 

W fa r / 1 

Id =M nT C' 0X I [V G -V FB -l-yjj^yi 



w fa 

+M n ^c ox I 



i+ 



Y 



V 



(3.4.7) 



Integration of (3.4.7) is straightforward, leading to the result known 
as Brews' charge-sheet model [17] 

(3.4.8) 



Id ~ I drift + I dig 



W 



1 



Idrift = Mn-C' ox (V G -VfbMl-^) 



(3.4.9) 



~7[(^L-^) 3/2 -(Ao-^) J/Z ]j 



\3/2 n 



isff =mJy c «*t - ) + -<t> t ) 112 - (Ao - ^ ) 1/2 ]} ■ 

(3.4.10) 

Fig 3.9 displays plots of both surface potential at source and drain 
as well as the drain current, decomposed into drift and diffusion 
components, as functions of the gate voltage. At low gate bias <p s0 and (p sL 
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(a) (b) 

Fig. 3.9 (a) Surface potentials at the source (4> s0 ) and drain (<f) sL ) sides and (b) the 
corresponding channel current I D (=Idnft+ldiff) in terms of the effective gate bias V GB - V FB 
(V D =IV, V s =0V). (After [21].) 




Fig. 3.10 (a) Surface potentials at the source (^ j0 ) and the drain {(f> sL ) sides as functions of 
of the effective gate bias V GB -V FB for various values of the drain-source voltage V DS and 
(b) the corresponding channel current I D ( =Idrift+hiff) as a function of the drain-source 
voltage V DS (V GS -V FS =21/and V s =0V). (After [21].) 

are nearly equal, the channel is equipotential and the diffusion current is 
the dominant component of the drain current. In this region, the values 
(/) s o and (j> sL must be calculated with high accuracy because the current is 
calculated as the difference between very close numbers. Approximate 
explicit expressions for (f) s are not acceptable for calculating (3.4.10) in 
WI. For high gate bias, the source is in strong inversion, and drift 
prevails over diffusion. 
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The drain current (in SI) and its components have been plotted as a 
function of the drain voltage in Fig. 3.10. At low drain-source bias V DS , 
the drain is also in strong inversion. As a result, 0 s l-0 s o is approximately 
equal to V D s and the channel current I D increases almost linearly with 
V DS . In this case, the MOSFET acts as a (gate-bias dependent) resistor 
between drain and source and, as a consequence, this bias region is 
referred to as the ohmic or linear region. At high V DS , the drain becomes 
weakly inverted. The surface potential at the drain <p sL is pinned to a 
value independent of V DS , and as a consequence, I D also becomes 
independent of V DS . In other words, I D saturates for V DS above a certain 
saturation voltage V DSsat . The drain current expression given by equations 
(3.4.8), (3.4.9) and (3.4.10) is of the form 

W 

i D =-{(m L )-f(0 sO )}- (3-4.il) 

The symmetry of the transistor is clear in equation (3.4.11). If the 
potential of the source and drain are interchanged, I D changes sign but its 
value remains constant as is the case for the current in a linear resistor. 
The dependence of the current on the geometry is also the same as in a 
linear resistor (for the long-channel MOSFET analyzed here). 

3.4.1 Linearized surface potential models 

Most advanced surface potential models [21], [30] introduce an 
additional approximation, the substitution of the term of the depletion 
charge density with the first two terms of the Taylor expansion around a 
certain value of the surface potential </) se . In this case, expressions (3.4.9) 
and (3.4.10) are written as follows 

(fvL-fvo) (3-4.12) 



T - W 

1 drift ~ j^Mn 



Q'l- n eC'ox 0se~ 



0sL+0sO 



where 



hiff = —^n C 'ox n e^ {&L " ) 



(3.4.13) 
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n e =l + ^^=, (3.4.14) 

W, = -C (V g-V n-Y^-b -*„). (3.4.15) 

The expression of the drift current in (3.4.12) is simplified by 
selecting <p se = (<f> sL +<f> s0 )l2 [30]. The total drain current is now written as 

I D =-jMn(&-neC' 0 AM L -<f> s o)- (3A16) 

Another virtue of choosing 0 se =(0 sL + 0 sO )/2 is that the resulting 
model is inherently symmetric. 



3.4.2 Brews-van de Wiele charge-sheet formula for the current 

A general charge-sheet current expression can be deduced using the 
same kind of approximation applied to Baccarani's formula in the last 
section. The physical meaning of the approximation is clearly understood 
using expression (2.4.27) of the derivative dV c /d(j) s in terms of the 
capacitances, instead of the surface potential or charge-based expressions 
used at the beginning of section 3.4. Equation (2.4.27) is rewritten below 

c' +r' 

= 1+ ox , h . (3.4.17) 
C 



dV c 



d<t> s 

Note that expression (3.4.17) is more general than the charge-sheet 
approximation because it has been derived from the general equation 
(2.4.20) without any further approximations. 

Since the second term in the right-hand side of (3.4.17) is relevant 
for small Qj only (weak inversion), we can approximate the inversion 
capacitance in (3.4.17) [31] by 

C-=-Q-, (3.4.18) 
<t>t 

as previously carried out in section 2.4.6 to derive the UCCM. From 
Fig. 2.20, it is clear that 

dQ'j = C-(dV c -dfa ) . (3.4.19) 
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Substituting (3.4.18) into (3.4.19) we have 

dV c =dh-f t ?Q-, (3.4.20) 

which, substituted into expression (3.3.9) of the current, gives the 
charge-sheet expression for the current 

i d = i*# + i w = ~ JU " WQ ^ +JU " W ^^- (3A21) 

From the approximate relationship between and (f) s given in 
equation (2.4.41), it follows that, for constant V G , 

dQ'j=nC' ox d(l) s . (3.4.22) 

The substitution of (3.4.22) into (3.4.21) allows the current to be 
written as a function of the inversion charge density 

I D =-^(Q' I -0 t nC' ox )^. (3.4.23) 
nC 0X dy 

From (3.4.23), one can readily conclude that the diffusion and the 
drift components are equal if the local inversion charge density is 
—nC' ox (f) t , the pinch-off charge defined in (2.4.46). In other words, we 

have chosen the pinch-off voltage as the channel voltage for which the 
drift and diffusion components of the current are equal. 



3.5 Charge control compact model 



In the inversion charge-based model represented by (3.3.15), the term 
dV c I dQ] is calculated from the unified charge control model (UCCM) 
written in differential form, Eq. (2.4.57), as repeated below 



dQj 



1 



nC' 



dV r 



(3.5.1) 



Substituting (3.5.1) into (3.3.15) yields [32] 



w Q'm 

L Q'm 



1 



nC' 



dQj. 



(3.5.2) 
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Integrating (3.5.2) from source to drain results in 

1 -M&b-Od) 



D 



L 



Qis 2 



Q'lD 



2nC' 



(3.5.3) 



In (3.5.3) the quadratic term corresponds to the drift current and the 
linear term to the diffusion current. The slope factor n in (3.5.3) is given 

by n - 1 + yjl-^a -<j>, , with <j> sa being equal to the surface potential 

calculated from (2.4.43), assuming the inversion charge to be negligible. 
An alternative derivation of (3.5.3) results directly from integrating 
(3.4.23) along the channel [22], [23], [33]. 

As a final comment on the unicity of the UCCM, let us consider the 
linear relationship between inversion charge and surface potential in 
(3.4.22), and the consistency between the expressions of the drain current 
using either the drift/diffusion charge-sheet equation of (3.4.21) or the 
gradient of the quasi-Fermi potential of (3.3.9): 

'n =^(-2; +<A = -MX . (3.5.4, 
nC ox dy dy 



From (3.5.4) it follows that 



1 



nC' 



A. 



dV, 



c> 



(3.5.5) 



which represents the UCCM in differential form. Some authors [34] , [35] 
have used the drift-diffusion equation in (3.5.4) to obtain UCCM; 
however, as demonstrated in [31], UCCM can be derived simply by 
using concepts from basic relationships between charge and potential. In 
fact, the validity of UCCM does not depend upon transport mechanisms. 



3.6 Comparison between models [14] 

The numerical calculation of the Pao-Sah double integral (3.3.13) will be 
used as a baseline for the comparison of drain current models. The 
inversion charge is solved by finite differences with a non-uniform 
discrete mesh in x. 
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oc. 



Gate-bulk voltage, Vgb 

Fig. 3.12 Error in drain current. The Pao-Sah model is used as reference. V c is the drain 
voltage and V s =0. 



As shown in Fig. 3.11 and Fig. 3.12, the inversion charge- and the 
0 5 -based models give very good approximations for the drain current 
from weak, through moderate, to strong inversion. Also, note that the 
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Q'j - and the 0,-based models are strictly equivalent in weak inversion. 
An interesting result from Fig. 3.12 is that the charge model gives a 
better approximation than the charge-sheet surface potential model for 
moderate inversion while in strong inversion the errors are roughly the 
same. 

For the simulations, the following parameters were used: 
temperature = 27 °C, oxide thickness = 2 nm, doping concentration = 
2xl0 18 cm" 3 . 

3.7 Design-oriented MOSFET model [34], [37] 

In this Section we present an MOS transistor model suitable for 
integrated circuit design. Static and dynamic low-frequency character- 
istics of the MOSFET are described by single-piece functions with an 
infinite order of continuity for all regions of operation. Strong and weak 
inversion are analyzed as asymptotic cases of the single-piece function 
that describes the overall device behavior. Also, we analyze the long- 
channel device to give the reader an insight into the definitions we use 
for design and, in the next chapter, we include the small-geometry effects 
in the model. Sometimes we refer to this design-oriented model as the 
current-based model. The design-oriented model has a minimum of 
physics-based parameters which can be applied to any technology and be 
useful for statistical analysis. 

3.7.1 Forward and reverse components of the drain current 

The drain current of a long-channel device can be expressed as the sum 
of two currents, namely, the forward and reverse saturation currents [34], 
[36], [37]. For the sake of convenience, we rewrite here expression 
(3.5.3) for the drain current as 

J D =h~h= I(V G ,V S )~ I(V C ,V D ) , (3.7. 1) 

with 



Chapter 3. The Long-Channel MOSFET: Theory and dc Equations 
Section 3. 7 Design-oriented MOSFET model 



89 



j r' ^L?L 



IS ID) 



Q', s 



(D) 



(3.7.2) 



I F(R ) is the forward (reverse) saturation current evaluated at the 
source (drain) end [34], [36], [37]. Note that, for a long-channel device, 
the forward (reverse) current depends on both the gate voltage and the 
source (drain) voltage, being independent of the drain (source) voltage. 

Equations (3.7.1) and (3.7.2) emphasize the source-drain symmetry 
of the MOSFET. Now let us explain how to determine the forward and 
reverse components of the drain current from the transistor output 
characteristics, for the example shown in Fig. 3.13 for a long-channel 
MOSFET. There is a region, usually called the saturation region, where 
the drain current is almost independent of V D . This means that, in 
saturation, I(V C , V D ) « I(V C , V s ). Therefore, I(V C , V s ) can be interpreted 
as the drain current in forward saturation. Similarly, in reverse saturation, 
I D is independent of the source voltage. Another interesting property of 
the MOS transistor arises from its symmetry. Assume, for instance, that 
V s in the circuit of Fig. 3.13 is changed to V S +AV S and V c is kept 
constant. The output characteristics would be the same as in Fig. 3.13 
except that the zero of the current would be shifted to V S +AV S . 

Expression (3.7.2) can be rewritten in the form: 

/ _ QlS(D) 
1lS(D) - ' 



+ i 



f(r) 



■1, 



(3.7.3) 



where q' IS ( D) is the normalized inversion charge density at source (drain) 
and 



l f(r) ~' 



(3.7.4) 

is the forward (reverse) normalized current or inversion coefficient [34], 
[37], at source (drain) and 



/, = U C n 

S "n ox 



2 L 



(3.7.5) 
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Fig. 3.13 Output characteristics of a long-channel NMOS transistor at constant V s and 
V G . Voltages are referred to the substrate. 

is the normalization current, which is four times smaller than the 
homonym presented in [36]. The factor I SQ = jU n C' ox n$ /2 , herein 

denominated the sheet normalization current, is a technological 
parameter, slightly dependent on V G , through ji n and n. As a rule of 
thumb, values of i f greater than 100 characterize strong inversion and the 
transistor operates in weak inversion up to if = 1 . Intermediate values of 
if, from 1 to 100, indicate moderate inversion. 

Fig. 3.14 shows the normalization current of a long -channel MOS 
transistor versus the gate voltage. The variation of the normalization 
current around its average value is about ±30% for a gate voltage ranging 
from 0.6V to 5V. 

Using the normalized form of UCCM 

Vp-V S{D) = (/> t [q' IS{D) -l + \nq IS{D) ~\ (3.7.6) 

and Eq. (3.7.3) we find the following relationship between current and 
voltage: 

V P -V S(D) =^l + if (r) -2 + ln( A /l + / /(r) -l)J. (3.7.7) 
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Expression (3.7.7) is a universal relationship for long-channel 
MOSFETs, valid for any technology, gate voltage, dimensions and 
temperature. 

40 , , 
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c 20 



o o a 
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W=L=25nm 
t = 280A 



2 3 
V G (V) 



Fig. 3.14 Normalization current of an NMOS transistor 0 OT =280A, lV=L=25um) vs. gate 
voltage. 



3.7.2 Asymptotic behavior of the drain current in weak and strong 
inversion 

The different modes of operation of the MOS transistor can be defined 
according to the difference between the values of the source/drain 
voltage and the pinch-off voltage or, equivalently, according to the ratio 
of the source/drain inversion charge density to the pinch-off inversion 
charge density. 

Roughly speaking, weak inversion represents a condition for which 
—Qj < nC o J> t while, for strong inversion, -Q] » nCjp, . The UCCM 
expression in (2.4.58) (or the normalized UCCM of (3.7.6)) reduces to 

<l>M%r)=V P -V c + <l> t (3.7.8) 

or 
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Q> i= Q> ipe (Vp-Vc+t,Vt t (379) 

forWI, with V P -V C <0. 

On the other hand, for SI, V p - V c » <f> t , and UCCM becomes 

-e;=<,(v P -y c ). (3.7.10) 

Expressions (3.7.9) and (3.7.10) are the well-known exponential and 
linear charge regimes for WI and SI, respectively. 

The charge-based current expression (3.5.3) can also be simplified. 
In WI, the quadratic terms in the charges can be neglected and (3.5.3) 
reduces to 



Combining (3.7.9) and (3.7.11) yields 



(3.7.11) 



I D = h 



e (v P -v s )i<p, _ e (v P -v D )/<p t 



l-e 



-v DS i<P, 



(3.7.12) 



where 



W_ 
L 



■Vn — nC 'o X <t> 2 te- 



(3.7.13) 



Expression (3.7.12), which puts into evidence the transistor 
symmetry, was first introduced in [12]. 

The drain saturation voltage is the drain voltage at which the reverse 
current becomes arbitrarily smaller than the forward current. In WI, the 
current for constant V c and V s saturates for V DS > A(f) t at a value equal to 



J _ / iVp-Vs)l<P, „ j JyG-Vn)lr4 t -V s , 



(3.7.14) 



The WI characteristics of a long-channel MOSFET are summarized 
in Fig. 3.15. The rate of change of the drain current is one decade per 
23n(f) t of gate voltage variation and one decade per -2.3$ (around -60 
mV at 20 °C) of source voltage variation. The output characteristics in 
weak inversion saturate for a drain-to-source voltage around 4$, or 
around 100 mV at 20 °C. 
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V G , V s = const. 



V S ,V D = const. 




V Q , V D = const. 



0 1 2 3 4 5 6 

Fig. 3.15 Forward characteristics in WI. (After [29].) 
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In SI, the linear terms in the charges in (3.5.3) can be neglected and 
the drain current becomes 



L 



Q' IS 2 -Q' ID 2 

2nC' 



Combining (3.7.10) and (3.7.15) yields 

W r 9 9 

h =M„C , 0X n—[(V P -V s f -(V P -V D f 



(3.7.15) 



(3.7.16) 



Equation (3.7.16) [36] shows once again the source-drain symmetry 
of the transistor, in contrast to classical textbook formulas for strong 
inversion that do not preserve the structural and, consequently, electrical 
symmetry of the device. The reader should be advised against using 
expression (3.7.16) if the terms in parenthesis for an n (p)-channel 
transistor are less (greater) than zero. If, for example, V p — V D < 0 for an 
NMOS transistor and the source is strongly inverted, one calculates the 
current using (3.7.16) with V p — V D = 0. In strong inversion, the value of 
the current tends to saturate when the second term in (3.7.16) becomes 
much smaller than the first term, i.e., V D > V p or, equivalently, 

V D >(y G -y r0 )/n.Inthis case, the drain current becomes 

I D = Mn C' ox n^-{V P -V s f= Mn C ox ^-(V G -V T0 - nV s f . (3.7.17) 

n-\ (negligible body effect) reduces (3.7.17) to the classical 
textbook expression for the saturated MOSFET 
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W 7 W 9 

I D =M n C' ox — (V G -V T0 -V s ) =ju n C' ox — (V GS -V T0 ) . (3.7.18) 



3.7.3 Universal dc characteristics 



Fig. 3.16 shows the common-gate characteristics of a MOSFET, which 
are plots of the drain current in saturation versus V s at constant V G - 

The semi-log plot exhibits a low current region, characterized by a 
straight line associated with the exponential dependence of the current on 
the source voltage. For higher currents the strong inversion current 
follows approximately the parabolic behavior of expression (3.7.18). The 
curve knee represents the moderate inversion region. Fig. 3.17 displays 
the common-source characteristics of the same MOSFET employed to 
obtain the data in Fig. 3.16. As in Fig. 3.16, one identifies the weak 
inversion region, characterized by the exponential dependence of the 
drain current on the gate voltage, and the curve knee, which is associated 
with moderate inversion. 

The application of (3.7.6) to the source and drain terminals allows us 
to eliminate V P and write the MOSFET output characteristics described 
by the universal relationship 



V, 



q' ID +ln 



( ' \ 
Vis 



(3.7.19) 



or 



V 



DS 



ViH-i 



(3.7.20) 



Expression (3.7.20) demonstrates that the normalized output 
characteristics of a long-channel MOSFET are independent of 
technology and transistor dimensions, corroborating again the 
universality and consistency of the transistor model that has been 
derived. In Fig. 3.18 we compare the measured output characteristics, for 
several gate voltages, and the curves obtained by using (3.7.20). Once 
again, the measured results agree quite well with the theoretical model. 
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-10 12 3 V S (V) 

(b) 



Fig. 3.16 Common-gate characteristics of an NMOS transistor (? OT =280A, W=L=25[lm) 
in saturation (V G =0.8, 1.2, 1.6, 2.0, 2.4, 3.0, 3.6, 4.2, and 4.8V). (— ) simulated and (O) 
measured data, (a) log I D vs. source voltage (b) square root of I D vs. source voltage. 
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Fig. 3.17 Common-source characteristics of NMOS transistor (t ox =280A, W=L=25|0.m) in 
saturation (V s =0, 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 V). ( — ) simulated and (o) measured data. 

Now, we define V DSsat , which is the value of V DS at which the ratio 
q ID /q IS = £, where £ is an arbitrary number much smaller than one. 
As we shall see, this definition of saturation is extremely practical for 
long-channel MOSFETs since the ratio of the inversion charge density at 
the drain over that at the source coincides with the ratio of the transistor 
conductance at an arbitrary V DS to that determined for V DS -0. Note that 
(1-^) represents the saturation level of the MOSFET. If ^— >1, the 
transistor is operating in the linear region, or close to V DS -0. If £ — > 0 , 
the current tends to saturate or, in other words, the saturation level tends 
to be maximum. From (3.7.19) and q' ID /q' IS = £ , we have 



V, 



DSsat 



•A 



In 



+(1-0(^-1) 



(3.7.21) 
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Fig. 3.18 Normalized output characteristics (NMOS transistor, t ox = 280 A and W = L = 
25 (J.m). I F has been measured for V D =V G and V s = 0. (o): measured data, ( — ): calculated 
from . (a) i f = 4.5x 10" 2 (V o =0.7 V). (b) i f = 65(V G = 1.2 V). (c) (>= 9.5xl0 2 (V G = 2.0 V). (d) 
i f = 3.1x 10 3 (V G = 2.8 V). (e) i f = 6.8x 10 3 (V G = 3.6 V). (f) i f = 1.2x 10 4 (V G = 4.4 V). 
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Fig. 3.19 Drain-to-source saturation voltage vs. inversion coefficient, calculated for 
£=0.1 and £=0.01. 
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The definition in (3.7.21) is extremely useful for circuit design since 
it gives the boundary between the triode and saturation regions in terms 
of the inversion level. In Fig. 3.19 we present the theoretical drain-to- 
source saturation voltage for two values of Note that, in weak 
inversion, V DSsat (of the order of 4$) is independent of the inversion level 
while in strong inversion it is proportional to the square root of the 
inversion level. Our definition of saturation is arbitrary but gives 
designers a very good first order approximation of the lowest V DS 
required to keep the MOSFET in the "constant current region". 



3.7.4 Small-signal transconductances 

In this Subsection we derive a small-signal model for very low- 
frequency, where we assume that the voltage variations are so slow that 
the drain current resulting from charge storage variation is negligibly 
small or, equivalently, the transistor capacitances are not included in the 
small-signal model. 

At low frequencies, the variation of the drain current due to small 
variations of the gate, source, drain, and bulk voltages is 

A/ D = g mg AV c - g ms AV s + g md AV D + g mh AV B , (3.7.22) 

where 

_ dl D dl D _ dl D _ dl D 

8 mg ~ Tr t '8 ms ~ -v T ' 8 md ~ -w 7 ' 8 mb ~ -w r (3.7.23) 

dv G dv s dv D dv B 

are the gate, source, drain and bulk transconductances, respectively. 

If the variation of the gate, source, drain, and bulk voltages is the 
same, then AI D -0. Therefore, we can conclude that 

8mg + Smd + 8mb ~ 8ms • (3.7.24) 

Thus, 3 transconductances are enough to characterize the low- 
frequency small-signal behavior of the MOSFET. 

Applying the definitions of source and drain transconductances in 
(3.7.23) to the equation of the drain current in (3.3.11) results in 

W 

?„ W =-Ay;e;, fl) . (3.7.25) 
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Using (3.7.3), the relationship between inversion charge and 
inversion level, the source and drain transconductances can be expressed 
as 

2L 



~>ms{d) , 



The above expression for the transconductance is very useful for 
circuit design because it is very compact, is valid for any inversion level 
and uses easily measurable parameters. Moreover, (3.7.26) is a universal 
relationship for MOSFETs. The only technology-dependent parameter in 
(3.7.26) is the normalization current, which depends on the transistor 
aspect ratio as well. 

Applying the definition of gate transconductance in (3.7.23) to the 
relationship I D = I s (i f -i r ) and neglecting the variations of both the 
slope factor and the mobility with V G we obtain 

d(i f -i r ) 



G 



From (3.7.7), it follows that: 



dV P dV s dV P dV D 



(3.7.28) 



Recalling that 



~77r = l / n > Sms = -Is 4r > and 8»*=-Is-^j-> (3-7-29) 
dV G dV s dV D 



it follows that 



g m = 8ms 8md ■ (3.7.30) 



(3.7.30) gives the conventional (gate) transconductance in terms of 
the source and drain transconductances. For a long-channel MOSFET in 
saturation i r «i f ; consequently, g mg =g m /n. 

Figure 3.20 compares measured and simulated values of both the 
source and gate transconductances of a long-channel transistor in 
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0 1.0 2.0 3.0 4.0 5.0 



Gate voltage, (V) 

Fig. 3.20 (a) Source transconductance (V G =0.8, 1.2, 1.6, 2.0, 2.4, 3.0, 3.6, 4.2, and 4.8 V) 
and (b) gate transconductance (V s =0, 0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 V) of an NMOS 
transistor with t ox = 280 A and W=L= 25 (xm. ( — ) simulated curves; (o) measured curves. 
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saturation, thus demonstrating the satisfactory accuracy of the proposed 
model. 

It can be observed that all the above calculated transconductances 
approximate to their well-known asymptotic values in weak and strong 
inversion [36]. For instance, deep in weak inversion, that is, for i/«l, 
V(l+if) can be approximated by \+i f 12. Therefore, g ms tends to its 
expected value, If/tf),. On the other hand, in very strong inversion, g ms is 
proportional to *Jl F since i)is much greater than one. 

3.7.5 The transconductance-to-current ratio 

An important design parameter in analog circuits is the 
transconductance-to-current ratio (g„/I D ), a measure of the efficiency to 
translate current (power) into transconductance (speed); thus, speed per 
unit power consumed [38]. gjlo gives an indication of the inversion 
level, is strongly related to the performance of a circuit, and provides a 
tool for calculating transistor dimensions [34], [38]. In the following we 
will demonstrate that this design parameter can be expressed in terms of 
a normalized saturation current. 

The substitution of I s by I F /if in (3.7.26) allows one to write the ratio 
of the source (drain) -transconductance to the forward (reverse) saturation 
current as 



(3.7.31) is a universal expression for MOS transistors, as is the 
transconductance-to-current ratio for bipolar transistors. Expression 
(3.7.31) allows designers to compute the available transconductance-to- 
current ratio in terms of the inversion level if. Moreover, (3.7.31) 
provides a straightforward procedure, to be seen in Chap. 11, for 
extracting the value of the normalization current, the most important 
parameter for current-based design. 

The universality of expression (3.7.31) is confirmed in Fig. 3.21 
through Fig. 3.23, where measured and simulated transconductance-to- 




(3.7.31) 
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Fig. 3.21 g m /I F for different gate voltages. NMOS transistor, W=L=25ilm, ? OX =280A. 
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Fig. 3.22 g m /I F of NMOS transistors for different technologies. W=L=25[lm 
r M =280A, W = 25iim and L = 20iim for f M =55A. V GB = 2 V. 
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Fig. 3.23 g m /I F of NMOS transistors with different channel lengths. W=25[lm, t ox =280A, 
and V GB = 2 V. 

current ratios are plotted for different gate voltages, technologies and 
channel lengths. All the measurements were taken in saturation, where 
Id^If, and are in close agreement with the model we have developed. 

3.7.6 Small-signal MOSFET model at low frequencies 

In this Section, we derive a small-signal equivalent circuit for the long- 
channel MOSFET at low frequency. In this derivation, we assume that 
the voltage variation is so small that the current varies linearly with the 
voltage. Also, the frequency of the voltage signal is low enough to 
consider the displacement current associated with the variation of the 
stored charge to be negligible. The application of KCL to the 4-terminal 
MOSFET yields 

h +K +i g + h =0 - (3.7.32) 

The symbols in (3.7.32) represent dynamic, small-signal, or ac 
currents, all of them assumed to enter the transistor. In the model that 
follows we are going to neglect both gate and bulk currents. This 
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assumption is acceptable as long as gate leakage is negligible and the p-n 
junctions are not forward biased. In this case, we have 

i d =-i s . (3.7.33) 

Now , we can use the transconductances calculated in the previous 
section to find the drain current. Using small-case symbols to represent 
dynamic quantities we rewrite (3.7.22) as 

h = SmgVg ~ S ms v s + g md v d + g mb v b . (3.7.34) 



G 




9 V 

6 nig g 



Fig. 3.24 Low-frequency small-signal model of the MOSFET. 

The low-frequency small-signal model of the MOSFET that 
corresponds to expression (3.7.34) is represented in Fig. 3.24. The long- 
channel transconductances g ms and g md are given by (3.7.31) while g mg is 
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determined from (3.7.30). The bulk transconductance is calculated from 
(3.7.24) and (3.7.30), yielding 



The complete medium-frequency small-signal model will be given in 
Chap. 5, which deals with intrinsic charges and capacitive coefficients of 
the MOSFET. 
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Problems 



3.1. a) Using the approximation dQ'j = (C' ox + C' h ) d0 s =nC' ox d(f) s 
together with the equation for the drain current, 



I D =juW 



dy dy 



show that the drain current of a long- 



channel device can be written as I D = I F - I R where 



I F(R) ^(^G'Xs(D) ) ^ 



QlS(D) ~) _ ^QlS(D) 

nC' d>, nC' d>, 



(P3.1.1) 
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with I s =(jU n C' 0X nti/2)(W/L) 



b) Determine the approximate relationship between current and 
charge density for weak inversion and for strong inversion. 

c) Using the relationship between transconductance and inversion 
charge density, deduce the relationship 



l F(R) 



V 1 + +1 



0r8 



(P3.1.2) 



ms{d) 



Determine approximations of expression (P3.1.2) for the particular 
cases of weak inversion and strong inversion. 

d) Integrate (P3.1.2) to show that the relationship between the 
normalized forward (reverse) current and the source (drain) voltage is 
given by 

V 1 + , /w " 



4 



, V 1 + / /o- 1 , 



(P3.1.3) 



where ip is the normalized current for V s - V S o- Note that if we choose 
V S o-Vp (pinch off voltage) then ip-3 and (P3.1.3) becomes 



0, 



= V 1 + l m ~ 2 + ln (V 1 + / /w - X )" ( p3 " L4 ) 



(P3.1.4) is a modified form of the unified charge control model 
(UCCM) which can be analogously named as unified current control 
model (UICM). 

e) Using (P3.1.4) show that the normalized drain-to-source voltage 
can be expressed as 



DS 



= - s jl + i f - V 1 + Z V +ln 



(P3.1.5) 



f) Assuming that the drain-to-source saturation voltage V DSsa , is 
defined as the value of V DS for which the reverse current is equal to 1% 
of the forward current, determine the saturation voltage for weak 
inversion (?}<<1) and strong inversion (;)>>1). Plot V DSsat vs if for 
0.01 <ij< 1000. 
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g) Assuming that the drain-to-source saturation voltage is defined as 
the value of V DS for which the ratio g ms /g m d=%, where £is much smaller 
than one, demonstrate that 



Plot the curves V DSsat vs z)for 0.01<a)<1000, with £=0.01 and £=0.1 
on top of the plot of item f). Also plot the approximate expression 



3.2. (Reading: C. Galup-Montoro, M. C. Schneider, and I. J. B. Loss, 
"Series-parallel association of FET's for high gain and high frequency 
applications," IEEE J. Solid-State Circuits, vol. 29, no. 9, pp. 1094-1101, 
Sep. 1994.) 

Transistors can be associated in such a way as to form a trapezoidal 
shape, with the drain being larger than the source. 

a) Consider that ten matched transistors are available. Determine the 
association of these ten transistors that leads to an equivalent transistor 
with maximum equivalent channel length. What is the corresponding 
aspect ratio of the equivalent transistor? 

b) Generalize the above result for N matched transistors, assuming 
that N is an even number. 

3.3. Potential profile along the MOSFET channel 

The aspect ratio of the transistor equivalent to the series association 
shown in Fig. P3.3 is W/L. Assume that transistor M B operates in 
saturation and that short-channel effects can be neglected. Show that 




v DSs j<p t ={^r f -\)+A. 



a) 



D 1 SA\ l fA l rA) SB fB SB rA 



(P3.3.1) 



b) 



L={ 1 -y/ L )i f A 



(P3.3.2) 



c) 



^=^[^+7^-2 + 111(^+^-1)] 



(P3.3.3) 



d) 



v P -v ch = ft [ VT+77 - 2 + ln (yfi+L- 1)] 



(P3.3.4) 
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1+ 



i f -i 



(P3.3.5) 



V v v w j 



v ch (y) 



r 



with i f = i fA . Verify that c 'l/ = 1 



v ch (y) 



r 



= -ln 



y 



1-— inWI. 

v L) 



y 



1-- in SI and 

v Lj 



Ma 



W_ 

y 



M, 



B 



W 



L-y 



dV ch (y) 



Fig. P3.3 Series association of transistors for computation of the potential 
profile along the channel. 



3.4. (Reading: K. Bult and G. J. G. M. Geelen, "An inherently linear and 
compact MOST-only current division technique," IEEE J. Solid-State 
Circuits, vol. 27, no. 12, pp. 1730-1735, Dec. 1992). 

a) Show that for constant terminal voltages and matched transistors, 
and neglecting short-channel effects, the following relationship holds for 
the series association of transistors in Fig. P3.4 (a) 

A/, __ WjLj 



A/ 2 WJL, 



(P3.4.1) 



b) Verify that the M-2M network in Fig. P3.4 (b), composed of 
same-size matched transistors, performs a binary division of the current. 
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3.5. An n-channel transistor, W/L=10 |am/10 |im, is implemented in a 
0.35 CMOS technology. The sheet normalization current, I SQ - 160 nA, 
and the slope factor n=1.25 of the n-channel devices are assumed to be 
constant over the gate voltage range under consideration in this problem. 
For your calculations assume that V T0 - 0.5 V and </> t = 25 mV. 

a) Sketch the curve \og(I D ) vs. V c for 0< V G <3.3V, V s =0, and V D =3.3 
V. What is the ratio I ON I I 0FF = I D (V G = 3.3V) I I D (V G = 0V) ? 

b) Sketch the curve log(/ D ) vs. V s for 0< V 5 <3.3V, V C =V D =33 V. 

c) Sketch the curve I D vs. V D for Vc=300 mV and V s -0. Determine 
the forward and reverse components of the drain current for V D -0, 50, 
and 500 mV. 



M 2 



V G 



Mi 



V 2 
o- 



I 

! h 



h+AI 2 



t 



Vi 



Id+AIj 



AI 



(a) 




Fig. P3.4 (a) The current division principle , (b) Binary current divider. 
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Chapter 4 

The Real MOS Transistor: dc Models 



In Chapter 3, we considered the MOSFET to be long and wide. We also 
assumed the mobility to be independent of the electric field. In this 
chapter we will include the effects of both the mobility variation with the 
transverse field and velocity saturation on the drain current. We will also 
consider edge effects and the electrostatic coupling between drain and 
source. Small-geometry effects account for short and narrow-channel 
effects on the threshold voltage and drain-induced barrier lowering 
(DIBL). The common approach to modeling these second-order effects 
in MOSFETs, also employed here, is to decorate the long-channel model 
with a list of corrections related to these effects [1]. We conclude the 
chapter with some benchmark tests concerning compact transistor modeling. 

4.1 Effective mobility 

The mobility is determined by several scattering mechanisms through 
which the carriers exchange momentum (and kinetic energy) with the 
semiconductor. In MOS transistors, the carriers flow near the 
semiconductor interface with the oxide, and extra scattering mechanisms 
at the interface lower the mobility of the carriers of the inversion layer 
(surface mobility) to values of the order of one half of the bulk mobility. 

Roughly speaking, the scattering mechanisms are due to the 
imperfections of the semiconductor crystal, namely lattice vibrations, 
ionized impurity atoms, and interface related imperfections, such as 
interface trapped charges and surface roughness. Since lattice vibrations 
(phonons) depend on the temperature, so does the mobility. The mobility 
depends also on the doping, and on the electric field component 
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perpendicular to the current flow (transversal field) which can 
concentrate the carriers near the surface and subject them to additional 
scattering. As for the transport in the semiconductor bulk, the velocity of 
surface carriers saturates for high electric fields in the direction of the 
current flow (longitudinal field). 

In the previous chapter, the mobility was assumed to be constant 
in order to simplify the calculation of the drain current but in this 
chapter we will consider mobility dependence (degradation) on both the 
transversal and longitudinal components of the electric field. 

In this section, we assume the MOSFET to be a long-channel device; 
therefore, the small longitudinal field does not have any appreciable 
effect on the mobility. 

The mobility in the inversion channel has long been a subject of 
intense investigation [2]. In the particular case of the MOSFET, three 
mechanisms combine to determine the overall mobility, namely 
Coulomb scattering, phonon scattering, and surface roughness scattering 
[3], [4], [5], [6]. These three factors that contribute to the total mobility 
can be combined using Matthiesen's rule [7], which states that 



In (4.1.1), /J, is the total mobility and the factors in the right-hand side 
of (4.1.1) represent the phenomena contributing to mobility. Figure 4.1 
shows the dependence of the inversion layer mobility on the average 
electric field (to be defined later). Coulomb scattering originates from 
charged centers, such as the localized charges due to ionized impurities, 
fixed oxide charges, and interface-state charges. Coulomb scattering is 
more important for low electric fields, becoming less effective for higher 
fields due to carrier screening. Phonon scattering is caused by the 
interaction of carriers with lattice vibrations. Increasing temperatures 
make the carrier-phonon interaction more intense, thus decreasing the 
mobility component due to phonon scattering. The third factor affecting 
the mobility is surface roughness scattering, which displays a strong 
dependence on the effective field. Strong fields pull carriers toward the 
surface, making surface roughness the dominant scattering contributing 
to mobility degradation with strong fields. 
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F 

1 ave 

Fig. 4.1 Illustration of the dependence of the mobility in the inversion layer on three 
dominant scattering mechanisms. (After [4].) 

Summarizing, the carrier mobility in MOS transistors depends on 
temperature, electric field, and doping. 

At first glance, mobility seems to be strongly dependent on doping 
level [8]. However, as demonstrated in [8], when experimental data for 
mobility were analyzed in terms of an average field in the inversion 
layer, a universal curve of mobility (almost) independent of doping level 
corresponded very well to experimental results. After the pioneering 
work in [8], most of the technical papers on transport in inverted layers 
use the average field as a characterization parameter. Most of the 
deviation of experimental data from the universal curve comes from 
Coulomb scattering. In fact, experimental data show that the deviation 
from the universal law becomes greater when substrate impurity 
concentration is high, as shown in [4] . 

To calculate the average field, we first make use of Gauss' law to 
calculate the field F within the inversion layer [8], which yields 
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F(x) = -^- + -^-\n(x)dx. (4.1.2) 
£, £ J 



S X 



When F in (4.1.2) is averaged over the electron concentration in the 
inversion layer, the following average electric field results 

F = -&±g£. (4.1.3) 

The calculation of parameter r/ in (4.1.3) would give 1/2 for a 
uniform electron concentration along the inversion layer. Experimental 
data have shown that rj depends not only on the type of carrier but also 
on crystal orientation. It has been found in [9] that rj for electron 
mobility is 1/2 for <100>, and 1/3 for <110> and <111> crystals. 7=1/3 
for hole mobility for <100> Si. It has also been found in [9] that fj, ph has 
the same dependence on F'^ffor the three crystal orientations. For 
electrons it was found experimentally [10] that the mobility limited by 
surface roughness scattering has the following dependence on the 
effective field 

U oc F~ 2 . (4.1.4) 

r*nsr ave' V^-^-^J 

For holes it was found [10] that 

M psr ~F; v l (4.1.5) 

The reader is referred to [4] and [9] for more accurate expressions of 
the dependence of mobility on the average field. 

The carrier mobility in silicon inversion layers is strongly dependent 
on temperature [4], [13]. In general, an increase in temperature causes a 
decrease in mobility. The dependence of mobility on temperature is 
generally interpreted in terms of the decomposition of mobility according 
to the Mathiessen' s rule, as given in Fig. 4.1. Thus, the dependence of 
each component of mobility on temperature is studied [4]. It has been 
experimentally observed that the low-field mobility varies with 
temperature according to the approximate expression [13] 

jU Q (T) = MT 0 )(T/T 0 Y m (416) 
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for the temperature range 200 - 400 K. T 0 is the reference temperature 
and m lies in the range 1.2-1.4 for p-channel transistors and in the range 
1.4 - 1.6 for n-channel transistors [13]. For high fields, the reader is 
referred to [4], [13] for expressions that can be used in compact MOS 
models. 

Since the mobility depends on the local electric field, F ave , which 
varies along the channel, we must integrate the variations of the mobility 
along the channel to obtain a consistent MOSFET model. 

Considering here that 

jU = jU(F ave (y)) = ju(y), (4.1.7) 
the Pao-Sah current expression (3.3.9) repeated below 



I D = 



-Wju(y)Q, 



, dV r 



dy 



can be integrated as 



L 

IdI- 



1 



oM(y) 

Defining the effective mobility as 



d y = -W \&dV c 



Veff = 



1 



1 



\h 1 



\ 

LoM(y) 



dy 



L o 



1 1 1 

+ + 



(4.1.8) 



(4.1.9) 



(4.1.10) 



dy 



the form of the ideal MOSFET expression for the current is preserved in 
the case of non constant mobility as 



W v ° 

I D=-Meff— \Q',dV c 



(4.1.11) 



The effective mobility can be calculated in terms of elementary 
functions considering the empirical expressions for fi Cou i, H P h, and fi sr in 
terms of the effective field, but the resulting expression is rather 
cumbersome [10]. A useful approximation is to consider F me constant 
along the channel and to calculate its value for an average surface 
potential. 
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Another classical approximation [12] assumes that the total mobility 
depends on two factors, namely bulk mobility and surface mobility, 
which are combined according to Matthiessen's rule. In addition, the 
surface mobility is assumed to be inversely proportional to the effective 
field, yielding the following result [6] for the mobility 

Mo 



M(y) = 



^ + OC e F ave {y) 



(4.1.12) 



jUo, the low-field mobility and Ofe the scattering constant [13], are 
considered as fitting parameters [6]. In a MOSFET, the effective field 
changes along the channel, which implies a corresponding variation in 
mobility. Substituting (4.1.12) into (4.1.10) it follows that 

M„ 



Meff 



Since by definition 



1 L 

\\ 
L o 



Q'b+VQ'i 



(4.1.13) 



dy 



W\Q' B dy = Q E 



W\Q' I dy = Q I , 
o 



(4.1.14) 



where Q B and Q I are the total depletion and inversion charges, it follows 
that 



Meff = 



Mo 



Qb+VQi 
WLe. 



(4.1.15) 



Explicit expressions for Q B and Q ; will be given in chapter 5, but 
the result is rather complicated. For the sake of simplicity, we can use the 
average value of the field along the channel, as in [14], to define the 
effective mobility in the channel as 

Mo 



Meff 



Qbs+VQis , Qbd+VQid 



(4.1.16) 



1e. 



2e„ 
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The terms in the denominator of (4.1.16) account for the "average" 
bulk and inversion charges along the channel. 

Another simplification considers the effective field to be constant 
along the channel and equal to its value at pinch-off. Thus 

Veff= ^ • (4 - U7) 

9 *, 

In this case, the effective mobility depends only on the depletion 
pinch-off charge which, in turn, is a function of the gate-to substrate 
voltage only. 

4.2 Velocity saturation 

So far, we have assumed the MOSFET to be a long-channel device, i.e., 
the longitudinal field is assumed to be so low that its effects on device 
performance are negligible. In most of the practical transistors, however, 
the effects of the longitudinal field can no longer be neglected. In this 
section, we examine how the longitudinal field affects carrier transport. 

In the previous chapter, we have assumed the drift velocity of 
carriers v d to be proportional to the parallel field F y . In the general case, 
however, the drift velocity is not proportional to the field. For high 
fields, the velocity tends to saturate, as Fig. 4.2 shows. This phenomenon 
is known as velocity saturation. 

Much experimental work has been focused on the characterization of 
mobility in relation to the longitudinal field. One of the most accepted 
analytical expressions for the drift velocity that fits the experimental 
results very well [15], [16] is given by 




(4.2.1) 



In (4.2.1), jB and F c are fitting parameters. (3 models how rapidly 
carriers approach the saturation velocity and F c is the critical field. If 
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Fig. 4.2 Carrier drift velocity vs. electric field in silicon. (After [15].) 

F/F c »l, then, from (4.2.1), v d =v sat is the saturation velocity. For 
silicon, the saturation velocity in inversion layers is of the order of 5xl0 6 
to 10 7 cm/s. Typical values of /? range between 1 and 2 [15]. Some 
authors [13], [17] use jB-1 for holes and /3=2 for electrons. We note that 
for jB-l, the critical field F c is the value of the electric field at which the 
carrier velocity is one half of the saturation velocity. For the remaining 
part of this section we will assume that the drift velocity is given by 
(4.2.1) with J3=l for either holes or electrons. Even though this 
approximation is crude, it will allow us to obtain closed-form solutions 
for the drain current of an MOS transistor. 

We now rewrite the Pao-Sah expression for the drain current to 
determine the influence of the longitudinal field on I D 

I D =- J uWQ' I (y)^, (4.2.2) 
ay 

with the mobility jU derived from (4.2.1) given by 
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In (4.2.3) jU s = v sat I F c is the low- field mobility. 

Recalling that the longitudinal field in the charge-sheet model is 
written in terms of the surface potential and that the surface potential and 
the inversion charge are linearly related, expression (4.2.2) becomes 



Id=~ 



dV r 



1 + 



< X F C 



dQi dy 
dy 



(4.2.4) 



Now, from UCCM, (2.4.57), we find the relationship between charge 
and potential, and we rewrite (4.2.4) as 

f -1 i.\ 

(4.2.5) 



H S WQ] dQ] 



1 + 



1 



dQi dy 
dy 



-1 , tt 

n C'o X Qi 



The integration of (4.2.5) along the transistor channel, from source to 
drain results in 



D ~ n' t 
nC„ r L 



1 



1 + 



Q'lD-Q'l: 



is 



(Qid + Qis) 



ip 



{Q'id-Q'is). (4.2.6) 



LF c nC' 0X 



Equation (4.2.6) is a compact expression of the drain current in terms 
of the inversion charge densities at the drain ends of the channel. It 
includes the effects of both the transverse and parallel electric fields. One 
can readily notice that, for low longitudinal fields, (4.2.6) reduces to 
expression (3.5.3) for the drain current, derived for long-channel devices. 
Expression (4.2.6) includes both drift and diffusion currents, thus being 
valid from weak to strong inversion. 

The application of UCCM to calculate the denominator of (4.2.6) in 
strong inversion leads to the following approximation [6] of the drain 
current when velocity saturation is accounted for 



~ D ,velocitysaturation 



D , novelocitysaturation 
— 

1+ ° S 



(4.2.7) 
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Note that the result in (4.2.6) is valid for any operating region while 
(4.2.7) is restricted to strong inversion. 

The above calculations are only valid if we consider that the low 
(longitudinal) field effective mobility is constant along the channel. 
Expression (4.1.17) for the effective mobility satisfies this condition. 
However, it is usual in compact modeling to use effective mobility 
expressions that depend on V D(S )b ■ 

In many cases, for theoretical (and numerical) calculations, a 
normalized expression for the drain current given by (4.2.6) is handy. 
Normalizing the charges with respect to the pinch-off charge 
Q'jp = —nC' ox (f) t and the current with respect to the normalization current 

I s =—jU s nC , 0X ^-, (4.2.8) 



equation (4.2.6) can be rewritten as 

WlS +( l'lD + 2 ) 



In = 



t\Wis-<1id), (4-2.9) 



I + CWis-1'id) 

where the dimensionless short channel parameter £ (£■— »0 for L^oo) is 
defined as 

£ = 0 t /LF c =0 tJ u s /Lv sat . (4.2.10) 

£"can be viewed as the ratio of the diffusion-related velocity jU s 0 t /L 
at the source of a saturated transistor over the saturation velocity v sat . 
Except for the notation, the result in equation (4.2.9) is similar to that 
presented in [18], [19]. 



4.3 Saturation charge and saturation voltage 

The maximum current that can flow in the channel is limited by the 
maximum carrier velocity [20]. When electrons at the drain end of the 
channel reach the saturation velocity, the drain current is expressed as 

lDsat=-Wv sat Q'lDsaf (4-3.1) 
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In (4.3.1), Q' IDsat is the inversion charge density at the drain end of 
the channel. Normalizing (4.3.1) in the same way as carried out for the 
current, expression (4.2.6), yields 

I Dsat ^ 

l Dsat ~ ~j — ~^ llDsat • (4.3.2) 

The saturation condition, relating the source charge to the drain 
charge in saturation is obtained imposing the equality of the general 
expression of the drain current with the saturated current. Using the 
normalized expression for the currents (4.2.9) and (4.3.2), the saturation 
condition is written as 

_ (ff/5 +C llDsat +2) / / _ / x_ _2 , fA11\ 

which is a simple quadratic equation relating the source q' IS and drain 
saturation q IDsat charge densities. It is preferable to express q IS in terms 
of q' IDsat because the resultant algebraic expression is simpler and better 
conditioned for numerical calculations. Thus, 

1 + W (4-3-4) 

Substituting q' IDsat in (4.3.4) in terms of the saturation current using 
(4.3.2) yields 

r 

W"! + ^W' (4-3.5) 




We note that, for expression (4.3.5) gives the relationship, 

(3.7.3), between source inversion charge and forward (saturation) current 
previously derived for the long-channel transistor. Equation (4.3.5) is a 
simple physics-based generalization of the long-channel expression, 
which is very useful for design. 

Fig. 4.3 illustrates the dependence of the saturation charge on the 
source charge, according to expression (4.3.4), for two values of £. In 
weak inversion, the saturation charge density, normalized to the source 
charge density, tends toward £. On the other hand, deep in strong 
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inversion the channel has the tendency to be homogeneous in saturation 
when velocity saturation prevails near the source. 




Fig. 4.3 Saturation inversion charge normalized to source inversion charge vs. source 
inversion charge normalized to pinch-off charge. (7=290 K, F c = 5.5 V/(lm.) 

Fig. 4.4 shows the normalized drain current in saturation in terms of 
the normalized inversion charge density at the source, according to the 
expression (4.3.5) for the cases of both an infinitely long-channel (f=0) 
and £=0.045. For £"=0.045, the effect of saturation velocity on the 
saturation current is almost negligible in weak inversion while the 
saturation current is reduced by a factor of about four for q IS = 100 . 

The definition of the gate transconductance and expression (4.3.2) 
together with (4.3.5) yield 
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for practical values of £ which are much smaller than 1 (see problem 
4.2). 
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Fig. 4.4 Normalized drain current in saturation vs. normalized inversion charge density at 
source. 



We infer from (4.3.6) that the transconductance of a short-channel 
device is similar to that of a long-channel device reduced by the last 
factor in (4.3.6), which accounts for mobility degradation due to the 
longitudinal field. For normalized currents higher than l/<f, the 
transconductance increases very slowly with the drain current and 
reaches a maximum value limited by the saturation velocity. 

Fig. 4.5 illustrates the effect of velocity saturation on the 
transconductance-to-current ratio in saturation, with the channel length 
as a parameter. The curves were plotted according to expression (4.3.6). 

As a final remark, we notice that, for iDsat—>°°, the gate 
transconductance tends towards 
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g =^^ = WC'v (4.3.7) 
n</) t £ 



which is the maximum transconductance predicted by conventional 
strong inversion models. The source transconductance in saturation can 
be calculated approximately using (4.3.6) with n=\. 




Fig. 4.5 - g mg /l D for f = 0.00045 (L=10(im); 0.0045 (L=l|im); 0.015 (L=300nm); 0.045 
(L=100nm), NMOS transistors in 100 nm CMOS technology. 

Now using expression (3.7.19) that gives the drain-to-source voltage 
in terms of source and drain charge densities yields, for saturation 

V DSsat _ QlS ~ QlDsat _|_ J n QlS ^ g ^ 

<t>, - nC 'oA QlDsa, 

Equation (4.3.8), together with expressions (4.3.5) and (4.3.2) 
relating the source and drain channel charge densities with the saturation 
current, yields 
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v, 



DSsat 



-1 + ln 



(4.3.9) 



In weak inversion the saturation voltage becomes 



V, 



DSsat „ 



= ln 



1 + 



1 



= ln 



(4.3.10) 



As is well known, the saturation voltage is constant in weak 
inversion. On the other hand, for strong inversion, (4.3.9) is 
approximated as 



DSsat 



*4 



„Vp„Vg-Vto 



l Dsat — — 



</> t r4 t 



(4.3.11) 



the classical expression for saturation in strong inversion. Considering 
that the logarithmic term is only relevant in weak inversion, we can 
substitute the argument of the logarithm in (4.3.9) for its constant 
asymptotic value in weak inversion yielding 



0, 



V 1 + h«u - 1 + ln 



(4.3.12) 



It is interesting to observe that the physics-based expression above 
has exactly the same form as the "design-oriented" expression for 
saturation, given by (3.7.21). 



4.4 Channel length modulation 

For a MOSFET operating in the saturation regime, the gradual channel 
approximation becomes less valid, especially in the vicinity of the drain 
junction, where the two-dimensional nature of the space-charge region 
must be considered [21]. 

The usual approach employed to find an analytical formulation for 
the saturation region divides the channel into two sections. In one of 
them, closer to the source, the gradual channel approximation is valid 
while in the other one, closer to the drain, two-dimensional effects must 
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be accounted for. Using this formulation, the current can be calculated 
using the expression derived under the gradual channel approximation 
but considering the effective channel length of the device to be reduced 
by the length AL of the drain section. In addition, the voltage drop in 
the drain section must be accounted for to calculate the effective drain- 
to-source voltage V DSsat . The dependence of the effective channel length 
on the drain-to-source voltage, which is illustrated in Fig. 4.6, is referred 
to as the channel length modulation (CLM). 




Fig. 4.6 Illustration of the inversion charge density along the channel for a transistor 
operating in saturation. AL represents the channel length shortening. 

Some analytical methods [13], [17], [21], [22] are available for the 
calculation of channel length modulation. An excellent review of them is 
presented in [13]. In a pseudo two-dimensional formulation, the carrier 
velocity in the saturated part of the channel is assumed to be equal to the 
saturation velocity and to flow within the depth of the junction [13]. The 
channel length shortening AL is, according to this model, given by 
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AL = L c In 



V -V 

^ | y PS r DSsat 



(4.4.1) 



if V D s>\ ' DSsat, and AL-0 if V DS <V DSsat . Even though in the derivation of 
expression (4.4.1) L c and V E are physical parameters, they are treated as 
fitting parameters in compact models [13]. 

In order to determine the influence of the channel length modulation 
on the current, we rewrite (4.2.9) as 



I D =h 



i {i'is+<i'id + 2 ) f , * \ 

t^Wis-Iid)- 



L 



(4.4.2) 



We note that AL in (4.4.2) represents the CLM, given by (4.4.1). 



4.5 Effect of source and drain series resistances 

In the discussion of the dc characteristic so far we have considered the 
intrinsic transistor, that is, we have neglected the voltage drops in the 
source and drain diffusion regions. For long-channel devices, the channel 
resistance is preponderant and the source-drain parasitic resistances can 
be neglected. For short-channel devices, the source and drain resistances 
must be considered in strong inversion. The most severe modification of 
the intrinsic characteristic occurs in the linear region where the channel 
resistance is minimal. In the saturation region the effect of the drain 
resistance is minimal because the current is weakly dependent on the 
drain voltage. 



4.6 Ballistic transport 

So far, we have considered the drift-diffusion equation for analyzing 
transport in the MOS transistor. For low electric fields, the average 
velocity of the carriers is proportional to the field with the mobility as the 
proportionality factor. The mobility depends on Coulomb scattering, 
phonon scattering, and surface roughness. For high electric fields, the 
carrier velocity is no longer proportional to the field and tends to saturate 
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at around 10 7 cm/s thus imposing a limit on the drain current. As devices 
get smaller, however, carriers are more likely to traverse the channel 
without scattering [5], [23]. This would happen if the device channel 
length were much shorter than the mean free path of electrons of roughly 
100 nm [5] for silicon. Under no scattering, carriers injected from the 
source into the channel would move ballistically. 

To give some insight into the ballistic behavior of the MOSFET, let 
us first assume that carriers in the channel are free from scattering, that 
all carriers reach the drain without backscattering and that the amount of 
carriers injected by the drain into the channel is negligible [23]. 
Therefore, the saturation current can be expressed [23], [24], [25] as 

I Dsat = -WQ' IS {v{0)), (4.6.1) 

where (v(0)^ is the average velocity of the carriers at the beginning of 
the channel. The maximum value of (v(0)) is approximately the 
equilibrium unidirectional thermal velocity v T [23], [24], [25]. 
According to [25], at room temperature v T ~ 1.2xl0 7 cm/s for low 
inversion charge densities but increases for higher charge densities, 
which leads to velocities greater than the saturation velocity in drift- 
diffusion transport. In (4.6.1), the carrier charge density Q' IS at the top of 
the source to channel barrier is fixed by MOS electrostatics in an 
electrostatically well-designed MOSFET [25]. In a practical device, the 
backward flow of scattered carriers contributes to reducing the carrier 
flux and the drain current can be written as 

I Dsat = -W ls ^ L v T , (4-6.2) 
1 + r 

where r is the channel backscattering coefficient [23], [24], [25]. One can 
calculate the so-called ballistic limit by setting r — 0 in (4.6.2). Contrary 
to drift-diffusion transport, the drain current for pure ballistic transport is 
independent of the channel length. For zero electric field in the channel, 
the backscattering coefficient in the channel can be estimated [24] from 

L 
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where L is the channel length and X is the mean-free-path. When the 
longitudinal electric field in the channel is not zero, expression (4.6.3) 
has to be modified [24] . 

4.7 Short- and narrow-channel effects 

Short- and narrow-channel effects are both due to two-dimensional edge 
effects on the total bulk charge in the silicon surface space-charge region 
[26]. The short- or the narrow-channel effect becomes important when 
the channel length or width is comparable with or smaller than the 
thicknesses of the depletion layer. Short- and narrow-channel effects are 
often modeled substituting the threshold voltage for an effective 
threshold voltage which is a function of the channel geometry (length 
and/or width) and the transistor bias. In <^-based models, the gate bias is 
substituted by an effective gate bias that has an effect similar to the 
effective threshold voltage in Vj-based models. In all these models, the 
structure of the basic MOSFET model is not altered and, in principle, a 
specific MOSFET model can accommodate different short/narrow 
channel effect models. 

4.7.1 Short-channel effects 

For a sufficiently long and wide n-channel device fabricated within a 
uniformly doped substrate, the classical definition of V T is given by 
equation (2.4.52) rewritten below for convenience as 



where Q' B is the depletion charge under the gate for 0 S =20 F . The 
threshold voltage V T o for short-channel transistors deviates from that for 
long-channel devices due to the short-channel effect. For a wide and 
short-channel device, Q' B is associated not only with counter charges in 
the gate electrode but also in the N + regions of source and drain. This 
effect [6], [13], [27], [28] affects decisively the performance of short- 
channel MOS transistors. In n-channel transistors, the depletion charge 



^TO ^FB ~*~ 




(4.7.1) 
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under the gate balanced by charges in the N + regions of source and drain 
depends not only on technological parameters but also on transistor 
dimensions, and drain and source voltages. Fig. 4.7 shows the 
dependence of the threshold voltages of n-channel and p-channel devices 
on the channel length in a 1 |0,m CMOS technology [29]. The absolute 
value of the threshold voltage decreases with decreasing channel length 
and increasing absolute values of V DS . The threshold voltages have been 
measured for two values of the drain voltage. Note the higher sensitivity 
of the threshold voltage to the drain voltage for shorter channel length. 

The usual approach to include the short-channel effect in the 
MOSFET model is to replace the threshold voltage with another 
quantity, denominated the effective threshold voltage [6], [13]. In the 
charge sharing approach [6], [13], for a uniformly doped substrate, the 
effective threshold voltage of a short-channel MOSFET is modified 
according to 

W n =V Tsc -V m =^-(l-F l ). (4.7.2) 

In (4.7.2), the subscripts sc and Ic refer to short channel and long 
channel, respectively, while F t (<1) is the fraction of the depletion charge 
controlled by the gate. By using simple geometry and basic physical 
principles [6], [13], [27], [28], assuming junctions to be cylindrical in 
shape, and assuming a trapezoidal shape for the gate-controlled depletion 
charge, it follows that 

AV ' =-%i( L^L-1). (4.7.3) 

c l K i X } 

where Xj is the junction depth, and X dm is the depletion depth under the 
gate. The 1/L dependence of the threshold voltage correction is too weak 
and does not correspond to experimental results. 

It should be noted that the division of the depletion charge between 
the gate and the source and drain is highly idealized. A more realistic 
model shows an exponential dependence of the AV T term on the channel 
length. We will give an example of such a model in Section 4.7.4. 
Another drawback of the charge sharing approach is that the inclusion of 
the bias dependence in the geometry factor is rather cumbersome. For 



Chapter 4. The Real MOS Transistor: dc Models 133 
Section 4. 7 Short- and narrow-channel effects 

these reasons, the charge sharing approach has been abandoned in favor 
of methods based on approximate solutions of the two-dimensional 
Poisson equation [30]. 
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Fig. 4.7 Short-channel effect for (a) n-channel and (b) p-channel MOSFETs in 1 (im 
technology. (After [29].) 
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4.7.2 Reverse short-channel effects 

So far, we have assumed the impurity concentration to be uniform along 
the channel. In most of today's devices, however, the impurity doping 
along the channel is not uniform and it is often observed that the 
threshold voltage increases for decreasing channel length. As an 
illustrative example, Fig. 4.8 shows the threshold voltage vs. channel 
length in a 0.35 um CMOS technology. The increase in the threshold 
voltage for decreasing channel length has been called the reverse short- 
channel effect and generally originates from higher doping close to the 
source and drain than in the mid-channel [31]. Current MOSFET 
technologies make use of some kind of non-uniform channel doping to 
better control short-channel effects [31]. Simple models of the reverse 
short-channel effect are available in [32]. 
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Fig. 4.8 Threshold voltage vs. channel-length for n-MOS transistors in a 0.35|J.m CMOS 
technology. 
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4.7.3 Narrow-channel effects 

In a MOSFET, the transition from thin oxide to thick oxide is not as 
sharp as assumed in first order calculations of the threshold voltage; 
rather, the thin oxide becomes thicker gradually. The cross-section of the 
MOSFET isolated with the LOCOS (local oxidation of silicon) isolation 
technique along its width looks like a bird beak, as shown in Fig. 4.9 
[34]. As a result of fabrication steps, the polysilicon overlaps with the 
thick oxide on both sides of the transistor channel. A field implant 
introduced prior to the formation of the thick oxide prevents the 
inversion of this region by the overlapped gate. 

The charge conservation principle applied to the structure in Fig. 4.9 
dictates that 

e G +e 0 +e c =o> ( 4 - 7 - 4 ) 

where Q G , Q 0 , and Q c are the gate charge, fixed oxide charge, and 
semiconductor charge, respectively. The semiconductor charge is 
composed of the charge under the thin, tapered, and thick oxide regions. 
To give an insight into the narrow-channel effect, recall that the 
threshold voltage is the gate voltage required to induce a certain amount 
of charge in the semiconductor channel. Let us now assume the transistor 



Polysilicon 




Fig. 4.9 Cross-section of a MOSFET along its width, illustrating the tapered oxide. (After 
[34].) 
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Fig. 4.10 Threshold voltage vs. width for various channel doping values. (After [34].) 

to be infinitely wide and the gate voltage to be equal to the threshold 
voltage. In this case, the amount of charge in the polysilicon gate is 
counterbalanced by a semiconductor charge in the thin oxide region and 
the relative amount of charge in the tapered and thick oxide regions is 
negligible. 

Now, assume the gate voltage to be kept constant and W to become 
narrower. In this case, the gate charge is counterbalanced by both the 
charge under the thin oxide and the charge under the tapered and thick 
oxide regions. Therefore, the relative charge under the thin oxide is 
reduced and, as a result, the gate voltage would have to be increased to 
restore the threshold charge under the thin oxide. We conclude that the 
threshold voltage of LOCOS-isolated MOSFETs increases with 
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decreasing channel width, as illustrated in Fig. 4.10 for various channel 
doping values. 

4.7.4 Drain-induced barrier lowering 

An alternative view of the physics of the short-channel effect is the 
consideration of the potential barrier to channel carriers between the 
source and drain. Reverse bias of the drain junction creates a field pattern 
that can lower the potential separating the source from the drain, 
resulting in increased injection of carriers by the source [13], [35]. This 
phenomenon is referred to as drain-induced barrier lowering (DIBL). 

Fig. 4.11 illustrates the concept of DIBL, as explained in [35]. The 
device is assumed to operate in the subthreshold region. For the long- 
channel transistor (curve A), the surface potential is almost constant, 



A^ s J ^ 




Fig. 4.11 Surface potential distribution for constant gate voltage (V 0 =1.8V). Only 
channel length and drain voltage are varied. (After [35].) 
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exhibiting a peak which extends over a large portion of the channel. This 
peak is calculated by solving the one-dimensional Poisson equation in 
the direction normal to the oxide-semiconductor interface. 

For a smaller channel length, the two-dimensional nature of the 
electric field pattern changes the surface potential profile, as curve B 
shows. The potential barrier close to the source diminishes, resulting in 
increased injection of carriers by the source. An increase in drain voltage 
(curve C), reduces even more the barrier peak, producing a further 
increase in the current. 

Since the early 1970s, a great deal of research work has been done to 
model DIBL, which is not an easy task owing to its intrinsic two- 
dimensional nature. As explained in [35] and [36], DIBL results from 
two effects. One of them is the "proximity" effect, which causes a 
reduction in the peak potential in the channel, even for V DS -0. The other 
is the "penetration" effect; for short-channel devices at V DS >0, the 
electric field lines penetrate from drain to source, thereby lowering the 
barrier still more [35]. Although these two effects are not generally 
separable, they can be in the case of well-designed MOSFETs [36]. 

The inclusion of the DIBL effect in MOSFET models is generally 
through the threshold voltage. The approaches employed to model the 
threshold voltage reduction in short-channel devices use the charge- 
sharing concept [27], numerical integration of the Poisson equation [37], 
[38], or some kind of approximation to the solution of the two- 
dimensional Poisson equation [36], [39], [40]. In general, the charge 
sharing concept, which has already been explained in Section 4.7.1, does 
not give accurate results due to the arbitrary division of charge among 
gate, source, and drain [38]. Numerical analysis is not suitable for circuit 
analysis since it is associated with a specific device structure and 
requires substantial computation time. 

An analytical model of the dependence of the threshold voltage on 
technological parameters and bias is shown in [30] as 



V T =V Tlc -^[2(0 bi -V BS ) + V DS ]. 



exp- 



K Ad xJ 



(4.7.5) 
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Equation (4.7.5) predicts the variation in V T with L, t ox , and bias. d\ 
represents the depletion depth of a long-channel device for a band 
bending equal to 2(/) F . The dependence of V T on substrate concentration is 
through di°c(N A y m . Note that the short-channel effect on the threshold 
voltage is proportional to the oxide thickness, a result that is consistent 
with various models [30]. Also note that (4.7.5) does not include an 
explicit dependence of V T on junction depth. In order to emphasize the 
source-drain symmetry of the MOSFET, we rewrite expression (4.7.5) as 

V T = V Tlc - + V SB ) + ( ^ + V DB )] , (4.7.6) 

where <ris the magnitude of the DIBL factor [41]. 

4.7.5 Temperature effect on the threshold voltage [13], [42] 

The threshold voltage V T o of the MOSFET is given by (2.4.52), repeated 
below for convenience 

V T0 =V FB + 20 F + yj2fc. (4.7.7) 

The impact of the temperature on V T0 can be found by examining the 
dependence on the temperature of each term in (4.7.7). We will consider 
here the case of an n-channel device with a heavily doped n-type 
polysilicon gate. The analysis for p-channel devices with a p + poly-gate 
is similar. 

The flat-band voltage is composed of two terms, the work function 
difference between the poly-gate and the silicon substrate plus the 
equivalent oxide charge. For the analysis that follows, let us assume that 
the contribution of the oxide charge to the flat-band voltage is negligible 
(which is common in modern VLSI technologies [42]) or, at least, does 
not change with temperature. In this case, 

dV FB _ d(/) MS _ d 
dT dT dT 

where E g is the silicon band-gap energy and 0 F =(kT/q)ln(Njn i ). 
Note that function is equal to the contact potential between a heavily 
doped n-region, for which the Fermi level almost coincides with the 



2q 



+ 0F 



(4.7.8) 
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bottom of the conduction band and the p- type substrate. The variation in 
the intrinsic concentration n t with temperature is given by 



n i =jNJ^,exp(-E g /2kT) = AT V2 exp(-E g /2kT), (4.7.9) 



where N c and N v are the effective densities of states in the conduction 
and valence bands. The constant term is A~4xl0 16 K~ 3/2 -cm~ 3 [13]. 
Considering that y is independent of the temperature, the following 
thermal coefficient of the threshold voltage results 

r \ 



dV dV 



dT dT 



+ 



2 + 
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d(/) F 



dT 



(4.7.10) 



Now, using the definition of the Fermi level and the expressions for 
the Fermi level and the intrinsic concentration, we find that 

f rrrrr\ 



dV, 



TO 



dT 



= -(2n 0 -l)- 



- + ln 
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J_dE^ 
2q dT 



(4.7.11) 



where n 0 = 1+ y (2-^2(j) F ) is the slope factor calculated for V G -V T0 . 

Let us now assume that n 0 =1.25 and N A - 10 17 cm" 3 . The thermal 
coefficient dE g I dT of the band gap is approximately -2.73xl0" 4 eV/K 
[42]. At J=300K, the thermal coefficient of V w is approximately -0.82 
mV/K. Typical thermal coefficients of the threshold voltage for n- 
channel devices lie in the range -0.5 to -3 mV/K [6]. Temperature 
coefficients of p-channel devices are positive. As a consequence, both p- 
channel and n-channel devices exhibit increasing subthreshold currents 
as the temperature increases, which implies increased leakage current 
when the device is in the OFF state (V cs -0). 



4.8 Impact of small geometry effects on transistor model 

In the case of Vj-based models, the short, narrow, and DIBL effects can 
be included in the transistor threshold voltage as follows 

AV T = V T -V T „ = AV Tl +AV Tw +AV TDIBL . (4.8.1) 

The three terms in the right-hand side of (4.8.1) represent the short- 
channel, narrow-channel, and DIBL effects. The subscript °° refers to an 
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infinitely long and wide transistor. As previously mentioned, there are no 
universal formulas that can be used for the calculation of the threshold 
voltage deviations. Another simplification of (4.8.1) is the assumption 
that the overall threshold voltage deviation is the superposition of 
uncoupled mechanisms. In UCCM, (2.4.58), the pinch-off voltage and 
the pinch-off charge density are both affected by small-geometry effects. 
According to the description of small-geometry effects, the prime factor 
responsible for deviations in the threshold voltage is the variation of the 
depletion charge, which can be associated with an equivalent variation in 
the body effect factor, ^affects both the pinch-off voltage and the slope 
factor. The shift in yin relation to a long and wide channel device can 
be written in terms of the threshold voltage variation as 

AV T 

Ay=^^. (4.8.2) 

Once the value of zl^is known, the values of the pinch-off voltage 
and slope factor can be modified accordingly and UCCM can be used to 
determine the inversion charge density. 

In the circuit design-oriented approach to modeling the saturation 
region, the output conductance is assumed to be proportional to the drain 
current and inversely proportional to the Early voltage V A [6], a constant 
parameter in first order models such as SPICE 1. However, a constant 
Early voltage is inadequate to model the output conductance for the 
simulation of analog circuits. 

A physics-based model of the output conductance includes velocity 
saturation effects, CLM, and DIBL. Impact ionization and substrate 
current-induced body effects can be easily included in the model by 
adding a substrate current, as in [43]. 

From (4.3.1) one can write: 

_ dl Dsat _ dQ IDsat 

g " dv D sat dv D ' 1 j 

where g 0 is the output conductance in saturation, previously written as 
g md . According to (4.3.4), the saturation charge Q' IDsat depends on the 
modulated channel length, L e -L-AL, through f and on the inversion 
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charge density at source, Q' IS . At this point we can include both the CLM 
and DIBL effects to calculate the small-signal output conductance. 

Now, (4.8.3), (4.3.2), and (4.3.4), together with UCCM, which gives 
us the relationship between voltage and charge, allow the calculation of 
the MOSFET output conductance-to-current ratio: 

So _ 1 _ 1 1 



- + - 

^Dsat ^ A ^ 7 ADIBL ^ ACLM 



(4.8.4) 



The two components of the Early voltage can be calculated from 
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(4.8.5) 



and 
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dV n 
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dAL dV n 



(4.8.6) 



The first term in the right-hand side of (4.8.5) is calculated from 

(4.3.5) , and the second from UCCM, which is repeated here in its 
normalized form 

Vp-Vsw = 1 + ln q',s(D)\ (4-8.7) 

The third term in (4.8.5) is equal to -\ln while the fourth is, from 

(4.7.6) , equal to -c. The Early voltage associated with DIBL results in 



V. 



(4.8.8) 



The CLM Early voltage is calculated from (4.4.2) and (4.4.1), 
yielding 



V 1 

'ACLM „ 1 
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(4.8.9) 



for V DS >V DSsa „ with L e -L-AL Expressions (4.8.8) and (4.8.9) are valid 
for i Dsa ,<\lC- 
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The set of equations (4.8.3) through (4.8.9) is a generalization, for 
any bias condition, of the MOSFET output conductance presented in 
[44]. In weak inversion i Dsat <\; therefore, the Early voltage V A is 
independent of the current level. If 1« i Dsat <\l£, the DIBL component 
of the Early voltage is proportional to the square root of the current while 
the CLM component does not depend on the current level. Moreover, the 
CLM component of V A depends on the effective voltage drop across the 
shrunk part of the channel. Typically, the DIBL component of the Early 
voltage can be neglected for high inversion levels, CLM being the 
dominant factor in the output conductance. 
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Fig. 4.12 MOSFET output conductance, simulated according to the model described by 
expressions (4.8.4), (4.8.8), and (4.8.9). 



Fig. 4.12 illustrates the output conductance of a MOSFET, simulated 
according to the model described by equations (4.8.4), (4.8.8), and 
(4.8.9). A smoothing function has been used to avoid a discontinuous 
derivative of g D with respect to the voltage in the transition from non- 
saturation to saturation. 
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In order to verify the consistence of the output conductance model, 
MOSFETs from a 0.75|^m technology with different channel lengths 
were measured for several bias conditions. Fig. 4.13 shows the variation 
in the Early voltage for several channel lengths in terms of the 
normalized drain current. One can conclude that the Early voltage 
increases with increasing channel length, is almost independent of the 
current level in weak inversion, and increases in moderate and strong 
inversion, as predicted by (4.8.8) and (4.8.9). 

I/Va^" 1 ) 



* L= 1.0 urn 

0 L=1.25|J.m 

+ L= 1.5 urn 

D L = 2.0 lim 

A L = 2.5 lim 



10" 9 10" 6 I D (A) 10" 3 

Fig. 4.13 Reciprocal of the Early voltage vs. drain current for MOSFETs in a 0.75 (xm 
CMOS technology. 

4.9 Benchmark tests for dc MOSFET models for circuit simulation 

For many years, the modeling of MOS transistors for IC design has been 
driven by the needs of digital circuit simulation. However, the trend 
started in the late 70' s toward mixed analog-digital design generated the 
necessity for MOSFET models appropriate for analog design as well. 
The more recent developments in RF CMOS integrated circuits have put 
more pressure on the need for improvement of the MOSFET model. 
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A good transistor model must "pass" a set of qualitative and 
quantitative tests [6], [45], [46] The qualitative tests are used to 
determine the model capabilities and to show any shortcomings in the 
model equations [45], e.g., transistor asymmetric behavior when source 
and drain are interchanged, or discontinuous derivatives. Quantitative 
tests evaluate how well the model represents the characteristics of real 
devices. The model should also have a physics base to allow for 
statistical analysis and predict matching behavior. The model equations 
must be simplified in such a way that users can understand them and to 
facilitate the procedure of parameter extraction. Finally, as pointed out in 
[1], a subset of the core model equations should be available for hand 
calculations. A simplified MOS model for hand calculations is extremely 
important to giving designers an intuitive understanding of circuits as 
well as providing a simple means for first order calculations of electrical 
variables. 

Some of the examples of qualitative testing of compact models 
shown in [47] will be given next. These examples were run in SMASH 
[48] to show dc, ac, and transient behavior of the Advanced Compact 
MOSFET (ACM) model and some popular MOSFET models used in the 
1990s. Tests were performed for devices in a 0.8 \xm CMOS technology. 

4.9.1 Series-parallel association of transistors 

In integrated circuits, it is very common to associate transistors in series 
and/or in parallel. Fig. 4.14 shows a series-parallel association of 16 
identical transistors, all of them sharing a common substrate. Fig. 4.15 
displays the corresponding dc output characteristics of this arrangement 
for two values of gate-to-source voltages. Also shown are the output 
characteristics of a single transistor which is identical to any of the 
individual transistors in the arrangement. For low drain-to-source 
voltages the transistor behaves as a linear resistor; therefore, the series- 
parallel association of linear resistors also holds for transistors. Note that, 
in accordance with the previous argument, the characteristics of an 
individual transistor and of the arrangement are coincident for low values 
of drain-to-source voltage. For higher drain voltages, the current in the 
single transistor is more sensitive than that of the arrangement to 
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Fig. 4.14 Series-parallel association of transistors in a 4 by 4 arrangement. All transistors 
are identical (W= 10 (im and L= 2 |j.m). 




Fig. 4.15. DC output characteristics of the 4 by 4 transistor array in Fig. 4.14 and of a 
single transistor using the ACM model. 



Chapter 4. The Real MOS Transistor: dc Models 

Section 4.9 Benchmark tests for dc MOSFET models for circuit simulation 



147 



variations in the drain voltage. The reason for this discrepancy is not a 
model failure but short-channel effects. 

MOSFET current dividers are useful components of analog circuits 
that can also be used to test the quality of compact models. Fig. 4.16 
shows one such divider. In this array, all transistors have the same 
dimensions and share a common substrate. A first order analysis of this 
topology shows that the reference current is successively divided by two. 



"Iref 



Ii=I 



REF 



I2-Iref/2 



I3-Iref/4 



I4-Iref/8 



I5-Iref/8 



Fig. 4.16 MOSFET binary current divider (W=100 p.m, L=20 p.m). 



In order to reduce deviations from the expected values owing to short- 
channel effects, long-channel devices have been employed in the current 
divider. Fig. 4.17 shows that the maximum normalized error using the 
ACM model does not exceed 0.15% for a 3 -decade variation of the 
reference current I REF . The normalized currents show a consistent 
reduction with increasing reference currents; this phenomenon is 
explained by noting that the voltage at the input node (at the leftmost 
branch) gets closer to V DD for increasing reference currents. Fig. 4.18 
presents simulation results for the same current divider using the 
BSIM3v3 MOS transistor model; in this case, the normalized errors can 
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1.002 




Fig. 4.17 Normalized branch currents vs. input reference current obtained from 
simulations using the ACM model in SMASH. 

1.15 -i 1 




Fig. 4.18 Normalized branch currents vs. input reference current obtained from 
simulations using the BSIM 3v3 model in SMASH. 
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be as high as 10%. Not only are the errors exaggerated but also their 
oscillatory behavior, which can be attributed to poor modeling of the 
MOS transistor. 

4.9.2 Gummel symmetry test 

Integrated MOS transistors are symmetric devices; source and drain can 
be interchanged but the transistor characteristics should remain the same. 
The circuit for the Gummel symmetry test is shown in Fig. 4.19 [45]. 

Since the MOSFET is a symmetric device, then I D (V X ) = -Id(-V x ), 
which requires the even order derivatives to be odd functions of V x and, 
as a result, the second order derivative to be zero around V DS -0. Gummel 
tests using the ACM and BSIM3v3 are shown in Fig. 4.20 and Fig. 4.21, 
respectively. The ACM model passes the Gummel symmetry test, while 
BSIM3v3 fails the test because the device characteristic is not symmetric 
around V DS -0. 
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Fig. 4.19 Circuit for the Gummel symmetry test. 
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DC simulation: gummel.nsx ; single ; 10/6/99 ; 9:52:08 
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Fig. 4.20 Second order derivative of the drain current with respect to V x using the ACM 
model. 
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Fig. 4.21 Second order derivative of the drain current with respect to V x using the 
BSIM3v3 model. 
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Problems 

4.1. To solve this problem, assume the following data: jU s - 250 cm 2 /Vs, 
C' m = 16 fF/um 2 , <p t - 25 mV, F c = 40 kV/cm and two transistors whose 

aspect ratios are W x /L x = 10 (im/lO |im and W 2 /L 2 = 0.10 um/0.10 \im. 

a) Integrate equation (4.2.5) to find (4.2.6). 

b) Assuming that both transistors are characterized by the I-Q 
equation in (4.2.6), plot the ratio I D1 / I D2 for Q<Q' ID -Q' IS <2.10" 2 
C/m 2 . 

c) For a saturation current of the short-channel device equal to 15.6 
uA, find the corresponding value of the inversion charge density at 
source Q' IS and the (saturated) inversion charge density at drain Q' ID . 
Assuming V s -0, determine the pinch-off voltage V P and the drain-to- 
source saturation voltage. 

4.2. a) Neglecting the variation of n and ju s with V G , show that 



deduce equation (4.3.6). 

c) For very high currents (i Dsat >1/{T )> demonstrate that (4.3.6) 
tends asymptotically toward (4.3.7). 

4.3. Consider the drain-to-source saturation voltage written as in (4.3.8). 



Plot \W vs. \og{Q' Is l-nC'J t ) for 0.01 < {Q' IS / -nC'j t ) < 100 and 
C=0.001, 0.01, and 0.1. 



4.4. Derive the equations for the Early voltages associated with the DIBL 
and CLM effects. Assuming that V DS « V E , calculate the normalized 

saturation current such that the Early voltages due to CLM and DIBL are 
equal. Propose a method on how to measure the values of Vadibl and 
Vaclm assuming that expressions (4.8.8) and (4.8.9) are valid and that 
Vaclm is almost insensitive to V DS . 




. (P4.2.1) 



Dsat ' 
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4.5. Assuming that for constant drain voltage the threshold voltage 
variation due to DIBL is modeled as V T =V TQ — &V S where o is the 
DIBL factor, show that, in weak inversion saturation, 
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Chapter 5 

Stored Charges and Capacitive Coefficients 



The drain current expressions of the previous chapter were deduced 
assuming steady-state (dc) operation. In most circuits the terminal 
voltages of the device, of course, vary over time. In dynamic operation, 
the charges stored in the device vary and (charging) currents flow into 
the device to build up the varying stored charges. 

In this chapter we will calculate the stored charges and the terminal 
current under large-signal dynamic operation. We will analyze the part of 
the device between the source and drain enclosed in the broken-line 
rectangle of Fig. 5.1. This part is called the intrinsic transistor and is 
where the field effect occurs. 



Intrinsic MOSFET 




Fig. 5.1 MOS transistor structure showing the intrinsic part. 

The rest of the device, which includes the source- and drain-substrate 
junctions, and the overlap between the gate and the source and drain 
regions, is the extrinsic part of the transistor. The main objective of 
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transistor modeling is to develop models of the intrinsic transistor. The 
extrinsic element (e.g., junctions, capacitances) models are added 
afterwards to represent the effects of the extrinsic parts on transistor 
performance. 

5.1 Transient analysis of the MOS transistor [1] 

The development of accurate dynamic models of the MOS transistors has 
taken much longer than that of the bipolar transistor. For a while the 
distributed gate -channel capacitances were modeled by three lumped 
capacitances (C gs , C gd , C gh ) as proposed by Meyer [2]. Since the 
MOSFET is a four-terminal device, the three-capacitor model is 
inappropriate because for a four-terminal device nine independent 
coefficients are necessary to model the relationship between three 
independent voltages and currents. 

Consistent dynamic MOSFET models are based on the pioneering 
work of Oh, Ward, and Dutton [1] of the late 70's that will now be 
summarized. 



5.1.1 The continuity equation [6] 

The continuity equation [3] (Appendix D) is readily derived for the 
MOSFET, considering laminar flow and neglecting generation and 
recombination. The charge increase in a piece of the inversion layer of 
length Ay in an interval At is the difference between the charge entering 
the right side and the charge leaving the left side (see Fig. 5.2). The 
charge increase can also be calculated as the charge density increase 
times the area of the piece of inversion layer. Thus, 

(/ + AI)At - 1 At = AIAt = AQ'j (WAy) (5.1.1) 

or 

H ,AG[ = A/ 
At Ay 

Considering the limit case Ay— >0 and interval At— *0, the continuity 
equation follows 
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dt dy 

where I(y,t) is the time-varying channel current, no longer assumed to be 
constant along the channel length, and Q'j(y,t) is the time-varying 
inversion charge density. An accurate physics-based model of the 
dynamic behavior of the MOSFET requires the resolution of the above 
partial differential equation that represents the distributed nature of the 
MOSFET. The problem is analytically involved and will be considered 
in the next section. In the rest of this chapter, approximate solutions of 
the continuity equation [1] will be employed to develop compact 
dynamic MOSFET models. 




5.1.2 Definitions of source and drain charges [1] 

This section presents the derivation of simple expressions for the 
transient drain and source currents in terms of the transport current in the 
channel and the stored charge in the device. In order to obtain consistent 
ac and dc models, the same basic approximations used in the derivation 
of the dc current expressions are adopted: gradual channel approximation 
and laminar (parallel to the surface) current. Thus, the time-varying 
current transport expression, analogous to the dc expression (3.3.9), may 
be written as 
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oV r (y,t) 

I(y,t) = -jU n WQ'j ( y, t) cU ' ' (5.1 .4) 

dy 

where I(y,t) is the time-varying channel current, no longer assumed to be 
constant along the channel, flowing in the minus y direction (from drain 
to source). It is important to remark that (5.1.4) considers the distributed 
structure of the transistor, with the current, the inversion charge density 
and the channel potential being functions of both position in the channel 
y and time t. The inversion channel charge density is obtained from the 
unidimensional Poisson's equation, assuming that the gradual channel 
approximation is valid and that the device is uniform in cross-section 
between the source and the drain. This implies that the inversion charge 
density may be written as 

Qi(y,t) = Q\ (v c {y,t),v G (;)) = Q\ {v c ,v G ). (5.1.5) 

The value of Q\ is dependent on space and time only through its 
dependence on both the channel potential V c (y, t) and the gate voltage 
Vo(t) as long as the gradual channel approximation is valid, the device is 
uniform in cross section, and the time constants associated with fast 
surface states and dielectric relaxation can be ignored [1]. Expression 
(5.1.5) is equivalent to saying that the inversion charge density at each 
point of the channel varies synchronously with the gate voltage and with 
the channel voltage at that point of the channel. 

To calculate the transient source current I s (t)-I(0,t) we can proceed 
as follows [1]. Equation (5.1.3) is integrated from the source (y-0) to 
position y along the channel giving I(y,t). Writing the current I(y,t) using 
(5.1.4) yields 

o ot dy 

Integrating again from source (y-0) to drain (y-L) and solving for 
the source current 1(0, t) gives 
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W Vd ^ 

i s (t)=mt)=-ju - { e;(v c ,v G )jv c 

L v s (t) 

r v (5.1.7) 

-—)) r- dydy. 

L oo ot 

The first integral in the right-hand side of (5.1.7) results from 
changing the integration variable from length to potential (as allowed by 
(5.1.5)). The transport current is given by 

W v D (t) 

lT (t) = -jU— J Q'j(V c )dV c . (5.1.8) 

L Vs (t) 

Consequently, we can rewrite (5.1.7) as 

I s (t) = I T (t)-^. (5.1.9) 
dt 

Thus, the transient source current can be written as the sum of a 
transport current, which reflects the time dependence of the boundary 
conditions only [1], and a displacement (source charging) current, for 
which the source charge is defined as 

W Ly 

Qs= — \\Q'idydy. (5.1.10) 
L> oo 

Using integration by parts as indicated below 

L 



)\]Q' I dydy = y)Q' I dy 



-)yQ'idy = )^-y)Q',dy, (S.i.ii) 

o 0 0 



0 0 0 

the source stored charge Q s can be written as 

Qs=w)(l-^-)Q' I dy. (5.1.12) 
o L, 

The drain current is found integrating (5.1.3) from source (y-0) to 
drain (y-L) and calculating I(0,t)=I s (t) in the resulting equation using 
(5.1.9) and (5.1.12). Thus, we obtain 

I D (t) = I T (t) + ^f- (5-1.13) 
dt 
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where 



oL 
As expected, 



&,=wUe;rfy. (5.1.14) 



./,(„ = %+#. = #, (5.1,5, 

where 



D ^ SV ' dt dt dt 



Q I =w)Q\dy (5.1.16) 

o 

is the total inversion charge stored in the channel. The difference 
between the drain and source currents is exactly the amount required to 
change the inversion charge in the channel. The symmetry of the 
expressions for drain and source charges is self-evident. 

Concerning the transient gate and bulk charges, the (leakage) 
transport current is usually neglected and in this case the transient 
currents reduce to the charging currents 

/ G (0 = ^ (5.1.17) 
dt 

and 

J B it) = ^-, (5-1.18) 
dt 

where 

Q G =W L \Q' G dy 

o 

Q B =w)Q' B dy. 
o 



(5.1.19) 



To obtain closed-form solutions for the transient current, the so-called 
quasi-static approximation can be used. In the quasi-static approximation 
it is assumed that the charge distribution in the channel is given by the dc 
distribution calculated considering the instantaneous values of the 
terminal voltages. Clearly this approximation fails for rapid changes in 



Chapter 5. Stored Charges and Capacitive Coefficients 
Section 5.2 Quasi-static charge-conserving model 



163 



the terminal voltages because the charge distribution in the channel 
cannot follow the terminal voltages instantaneously owing to the 
distributed nature of the channel. 

We will derive in the next paragraphs the charge expressions for 
long-channel transistors and then include short-channel effects. All the 
information necessary to calculate the stored charges in the quasi-static 
approximation is available in the dc current model of the transistor. 



5.2 Quasi-static charge-conserving model 

In this section, single piece expressions for the stored charges, valid from 
weak, through moderate, to strong inversion are presented. 



5.2.1 Stored charges [4] 

The stored charges given by expressions, (5.1.12), (5.1.14), (5.1.16), and 
(5.1.19) are easily calculated changing the integration variable from 
length y to inversion charge density Q' t . The two relationships needed to 
relate dy to dQ\ are repeated below. 

The charge-sheet current expression, equation (3.4.21), is 

h = 1 d nft + l m = -M n WQ'j ^ + M,m (5-2- D 

while the approximate linear relationship between <2/ an d <p s for a given 
V G , equation. (3.4.22), is 

dQ'^nC'^dfr. (5.2.2) 

Substituting the basic approximation stated by (5.2.2) into expression 
(5.2.1) of the drain current, we have 

dy = —^-{Qj -nC'jM , (5.2.3) 

which can be readily used to calculate the integrals for the total charges. 
It is convenient to define the new variable 

e; f =e;-<^ (5.2.4) 
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by way of which a very compact symbolic model of the MOSFET is 
achieved. 

5.2.1.1 Symbolic MOSFET model 

Since n is constant along the channel (it depends only on V CB ), then 

dQ' It = dQ] (5.2.5) 

and (5.2.3) may be rewritten as 

u W 

dy = —^—Q' It dQ' It . (5.2.6) 

Equation (5.2.6) includes the drift and diffusion mechanisms, but in 
terms of the new virtual charge variable Q' It \ the relationship between 
virtual charge and length y (5.2.6) is formally the same as in the classical 
strong inversion (SI) model, which considers only the drift component of 
the current. Integrating (5.2.6) between source (y-0) and drain (y=L) 
yields 

^GZzeZ, (5 . 2 . 7) 

C'„L In 

where Q' F and Q' R are the values of Q' It calculated at source and drain, 
respectively 

Qf ( R)=Qis(D)-<A- (5-2-8) 

Defining a (forward) saturation current I D0 and a saturation coefficient 
a, (5.2.7) may be rewritten as 

I D =Ido(1-(X 2 ) (5-2.9) 

where 

/ O0 =4^ (5.2.10) 

and 



1 A more formal and general definition for the virtual charge density is given in 
Section 5.4.1. 
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a- 



Q' R = Q'i D -nC' ox 0 t 

Q'f Q'is- nC 'ox<l> t 



(5.2.11) 



The saturation coefficient a above is a generalization of the definition 
proposed in [5]. In effect, in SI and considering zero bulk charge, the 
relations given below hold. 



a ~QflD~ Vp-VD ~ VGD-VTO 



Ql! 



IS 



V P -V S 



(5.2.12) 



The last term in (5.2.12) was used to define a in [5]. The advantage of 
the charge-based definition in (5.2.11) for the saturation coefficient is its 
generality. 

Following the normal convention in which the source is more heavily 
inverted than the drain, 0<oc<l. For V DS -0, a=\. In weak inversion, a=l 
from the linear region to the saturation region. In strong inversion, a 
decreases from 1 at the origin (V DS -0) to a^O in saturation. 

Summarizing, (5.2.9) is a single piece quadratic expression, formally 
the same as that for a transistor operating in the triode region in SI, but 
valid in weak, moderate and strong inversion, from the linear region to 
the saturation region. 



5.2.1.2 Stored charge calculations 

Substituting (5.2.4) and (5.2.6) into (5.1.16) yields: 



Qi=- 



l D n C' ox 



Q !{Qit + nC' 0 J t )Q' It dQ' It 

Q'f 



The integration of (5.2.13) gives 



Qi=- 



nC 'oJ D 



Qr-Qf , - ,Qr-Qf 



■»'3 

-+<Jf 



'2 



(5.2.13) 



(5.2.14) 



Using expression (5.2.7) to substitute for the current I D in the 
denominator of (5.2.14) and removing the common factor (Q R —Q' F ) 
from both numerator and denominator, we obtain the total inversion 
channel charge as a rational function of the forward and reverse charge 
densities, 
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Q t = WL 



2Qf+QfQr+Qr 
3 Q' F +Q' R 



(5.2.15) 



which is similar to the conventional expression for the charge in strong 
inversion, except for the rightmost term. We can rewrite (5.2.15) as an 
explicit function of the inversion charge densities at source and drain as 

q _ WL 2/3 (Q? s + Q' 1S Q' 1D + Q? D ) - nCj>, {Q' 1S + Q' ID ) 
Q' IS+ Q' ID -2nC' 0 J t 

The expressions above give the total channel charge in all inversion 
regions. Let us now interpret two very simple cases of transistor 
operation. Deep in strong inversion, the terms in (5.2.16) containing the 

thermal charge nC' ox (j) t are negligible and in saturation Q' ID =0. 
Consequently, Q t = (2/3)WLQ' IS , which is the classical result for the 
charge in SI saturation [6]. Deep in weak inversion, the quadratic terms 
are negligible because \Q'j \ <S nC' G J) t . Thus, (5.2.16) reduces to 

Qi =wl ^is^id}_ (5217) 

Things are very simple in WI, the total charge is proportional to the 
average charge density in the channel. In fact, for a diffusion-only 
current, the gradient of the charge in the channel is constant. Although 
the explicit expression (5.2.16) is handy for limit case analysis, 
expression (5.2.15) is very useful for symbolic modeling, as will become 
clear when calculating the capacitive coefficients. 

In order to determine the drain and source charges, the coordinate y 
must be expressed in terms of the inversion charge density Q] . The 
integration of (5.2.6) from the source (y = 0) to an arbitrary point y of the 
channel leads to 

y= ^cT^- Q --y <5 - 2i8) 

The substitution of (5.2.4), (5.2.6), and (5.2.18) into (5.1.14) yields 
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Qd=~ 



lL(nC' 0X I D y 



Qr 



) ( Qf - Qn ){Q'it + nC 'A ) Q'hdQ'it 



Qf 



(5.2.19) 

After calculating the integral, substituting the current I D in the 
denominator using expression (5.2.7) and removing the common factor 
( Qr ~ Q'f ) f rom both numerator and denominator, we obtain 



Q D =WL 



l5(Q' F+ Q' R f 2 «* 



(5.2.20) 



Q s may be determined in a similar way, or through Q s = Q ; — Q D , 
or simply by taking advantage of the source and drain symmetry, as 
follows 



Qs=WL 



6Q'f 3 +12QrQf +%QrQf+4Qr , n 
l5(Q' F +Q' R f 2 



C 0 A 



(5.2.21) 



Table 5.1 Total inversion, source and drain charges as a function of the inversion charge 
density at source and the saturation coefficient a. 



Q,=WL 


21+a+a 2 , n , A 
3 l + a 


(5.2.22) 


Qs=WL 


6 + 12a + 8a 2 + 4a 3 . . , x n. A 
- 2 (Q' IS - nC'J t ) + - C' 0 A 

15(1 + or) l 


(5.2.23) 


Q D =WL 


(Q IS nCJ> t )+ CJ> t 
15(1 + ctr) 2 


(5.2.24) 
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The expressions for the channel-related charges in terms of the source 
inversion charge density and the saturation coefficient a are summarized 
in Table 5.1. As seen in Fig. 5.3, in spite of their complicated aspect, the 
functions of the parameter a are well-behaved, slightly varying functions 
in the physically meaningful interval 0<Q^1. These functions give, for a 
nonuniform channel (0<V DS , or a<\), the average values of the inversion 
charge density in the channel, 




o 1 ► v 

CX«H 1 DS 

1 0 

Fig. 5.3 Functions of the inversion coefficient a appearing in the channel charge 
expressions. (After [6].) 

An approximate expression for the depletion charge density, linear in 
terms of the inversion charge density, is readily obtained using the linear 
relationship between surface potential and inversion charge in (2.4.41) to 
express <f> s in terms of Q t in the potential balance equation (2.3.34), 
yielding 

Q' B = -Q'j-C' 0X (V G -V FB -0 sa — ^) (5.2.25) 
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or 

Qb=~— Q'i+Q'bu (5-2-26) 
n 

where 

Q'Ba=-rC ox 40 m -0 t (5.2.27) 

is the depletion charge density deep in WI (if V c tends toward infinity). 

The total depletion charge is directly determined from the definition 
(5.1.19) using (5.2.26), resulting in 

Qb = -——Qi + Qbu WL ■ (5-2-28) 
n 

A more accurate expression for the bulk charge can be deduced (see 
problem 12.1), but the expression above is useful to derive approximate 
design-oriented expressions for the bulk capacitances. 

The gate charge is determined from the charge neutrality condition 

Q G =-Q B -Qi-Qo (5-2-29) 

where Q 0 is the effective oxide charge, assumed to be independent of the 
terminal voltages. The total stored charges as functions of the gate bias 
are shown in Fig. 5.4. 




Fig. 5.4 The charges at the gate (2gX source (<2sX drain (<2d) an d bulk (Q B ) terminals 
versus V G for an NMOS transistor with W7L=10um/0.8um. (V D =2V, V s =0V). 
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5.2.2 Transit time 

The transit time of the electrons from the source to the drain in an n- 
channel transistor is readily calculated assuming a constant current along 
the channel, as is common in compact modeling. By definition, the 
velocity of the carriers is related to the drain current by 

I D =-WiV e iec- (5-2-30) 
The transit time for a channel element of length Ay is given by 

At = — . (5.2.31) 

^elec 

Thus, the channel transit time x is 

zA ^ A ^y____^ my ___^ (5232) 

0 V elec 0 2 D l D 0 ' D 

Using equation (5.2.15) for the total channel charge and equation 
(5.2.7) for the drain current, a general expression for the transit time, 
valid from weak to strong inversion and from the linear to the saturation 
region is obtained. For the saturated transistor this general expression 
simplifies to 

2L 2 l + (2/3)fe 

M (2 + %) 2 

where q' IS = Q IS I (—nC' ox 0 t ) is the normalized inversion charge at the 

source. In the limit cases of weak (WI) and strong inversion (SI), 
equation (5.2.33) reduces to the conventional expressions 

T = ^-(WI) (5.2.34) 
2M 



T = — 7Z 7-T~ (5.2.33) 



and 



4 nJ 2 1 

r = ±^_L_(£0. (5-2.35) 
3 ju V G -V T0 
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(5.2.35) is valid for V SB -0V. The transit time is useful as an estimate 
of the charging time of the transistor channel, which gives the intrinsic 
delay of the transistor. 



5.2.3 Capacitive coefficients 



We will first consider the intrinsic part of the transistor. The extrinsic 
part can be modeled by a network of parasitic (two terminal) 
capacitances, resistances and diodes. 

Since using the quasi-static approximation we express all charges Q. 
(j=G, S, D, B) in terms of the instantaneous values of the terminal 
voltages, by applying the chain rule of differentiation we obtain the 
expression of the charging currents as 

dQj dQj dV G dQj dV s dQj dV D dQj dV B /c _ 

- = — - — + — - — ^ + — + — - — 2.. (5.2.36) 

dt dV G dt dV s dt dV D dt dV B dt 

The four-by-four matrix of the MOSFET intrinsic capacitances for 
quasi-static operation is defined by: 



r - 



j*k 



(5.2.37) 



C» = 

33 dv 



(5.2.38) 



where Q. can be any of the charges Q s , Q D , Q B , or Q c and V ; . and 

V k can be any of the voltages V s , V D , V B , or V c . The notation "0" 

indicates that the derivatives are calculated at the bias point. The sign 
choice in (5.2.37) is standard, and with it most of the capacitive 
coefficients (but not all of them) are positive. The term C jk can be 
interpreted as a mutual capacitance. C jk determines the current transferred 
out of node j because of a voltage change on node k, all the other node 
voltages remaining constant. 

Because the MOSFET is an active device, the capacitances C jk are 
non-reciprocal, that is, in general, Cj k ^C k j as will be clear after the 
analytical calculation of the capacitive coefficients of the MOSFET. 
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Writing the charge derivatives in (5.2.36) as the capacitive 
coefficients, the charging currents become: 



(5.2.39) 



The 16 coefficients are not linearly independent as will be shown 
next. Assume 



dQ G /dt} 




( C 
^gg 


C gs 


-Cgd 


-Cgb^ 


'dV G /dt^ 


dQ s 1 dt 




—C S g 


Css 


~Csd 


-Csb 


dV s 1 dt 


dQ D ldt 




-Cdg 


-Cds 


Cdd 


-Cdb 


dV D 1 dt 


dQ B l dt j 




K^—Cbg 


-Cbs 


-Cbd 


Cbby 


y dV B / dt 



V G {t) = V s {t) = V D {t) = V B {t) = V(t). 



(5.2.40) 



Since the voltage differences between transistor nodes remain 
constant, the charging currents are zero. For the gate charging current we 
have 



dQ G 
dt 



(C gg C gs c 



'gd ^gb 



Thus, 



C 



gg 



C gs + Cgd + C g 



(5.2.41) 



(5.2.42) 



The same reasoning can be applied to the three remaining rows of the 
matrix, leading us to conclude that the coefficients of each row of the 
capacitive matrix must add up to zero. 

Let us now assume that 



dt dt 
Applying (5.2.39) we obtain 



dV s _dV D _dV B _ Q 



c 



gg 



dQ c 
dt 

dQ D __ r 
— w 



dV G dQ 



dt 
dV n 



dt s dt dt 

The sum of all the charging currents is 



dt 

S =-C 

=-c 



(5.2.43) 



dt 

d Q B _ 



dt ' 

dV n 



(5.2.44) 



dt 
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dQ r dO^ dQ n dQ R , dV r 

-^G- + -^- + -^D- + -^- = (C -C -C, -C, ) — (5.2.45) 

dt dt dt dt V 8S sg dg bg dt 

Taking into account charge conservation, d(Q s +QD+QB+QcVdt=0, it 
follows that 

C gg =C sg +C dg+ C hg . (5.2.46) 

Repeating the same procedure for each node voltage it follows that, 
as a consequence of charge conservation, each column of the capacitance 
matrix must add up to zero. 

Finally, we have the following linear relationship between capacitive 
coefficients 



(5.2.47) 



Owing to the above relationships, only nine out of the sixteen 
capacitive coefficients are linearly independent. In effect, each row is 
obtained from the sum of the other three while the same result applies to 
each column. 

Summarizing, it can be said that due to charge conservation and the 
fact that only three voltage differences out of four can be chosen 
independently, the MOSFET capacitive model is characterized by nine 
independent capacitances. Clearly, in the equivalent circuit of the 
transistor, we cannot associate the capacitive coefficients to two terminal 
capacitors only, because we cannot connect more than six capacitors 
between four nodes. Equivalent electrical circuits for the transistor will 
be discussed in the next section. 



r 

^gg 


= r 


+ Cgd + C g b 


= C sg + C dg + C bg 


r 


= r 

^sg 


+ Csd + C s b '- 


- C gs + C ds + C bs 




= C d g 


+ c ds + c dh 


= Cgd + C s d + Cbd 


Cbb 


= c bg 


+ c bs + c hd 


= C b + C sb + C dh . 



5.2.3.1 Intrinsic small-signal models 

Many different equivalent circuits can be derived to represent equation 
(5.2.39). To derive such a circuit we must first make the choice of a set 
of nine independent capacitances to represent the complete set of sixteen 
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capacitive coefficients. The choice of C gs , C g d, C g t, Cbs, and Cu is natural 
because these capacitances have been widely used in ac modeling. There 
are two reasons for their use: the five above capacitances together 
describe accurately charge storage in MOSFETs up to moderate 
frequencies and can be calculated directly from the gate and bulk charges 
[6]. 

To preserve the symmetry of the device in the small-signal schematic, 
an appropriate choice would be to consider C ds , C sd , C sg , and C dg to 
complete the nine independent capacitance set. For reasons that will 
become clear in the next section, a non symmetric (regarding source and 
drain terminals) set of capacitances will be adopted: C gs , C gd> C gb , C bg , 
Cbs, C/,d, C ds , C s d, and Cd g 

Calculating in (5.2.39) all the capacitive coefficients in terms of the 
nine capacitances adopted, using (5.2.47), we obtain 

dQ G _„ dV GS 



— r — + C 

dt ~ gs dt gd 

d Q B=c dV BG 

dt gb dt 
d Qp_ r dV DG 

dt ~ 8d dt 
_ r dV^ 



dV GD 
dt 


+ c gh 


dV GB 
dt 






dV BG 


+ c hs 


dV BS 


+ c hd 


dV BD 


dt 


dt 


dt 


dV DB 
dt 


-c m 


dV GB 
dt 


+ c sd 


dV DB 
dt 



(5.2.48) 



'* dt 



where 



Cm Cdg C gt 
Cmx ~ Cbg ~ C c 



(5.2.49) 



The equivalent circuit representing the equations in (5.2.48) is shown 
in Fig. 5.5. With the exception of the source-drain branch, the circuit of 
Fig. 5.5 is identical to that of page 449 of Tsividis' book [6]. In the 
equivalent circuit of Fig. 5.5, the source -drain current sources are 
controlled by the gate-to-bulk, source-to-bulk, and drain-to-bulk voltages 
while in Tsividis' book, the current sources connected between drain and 
source are controlled by the gate-to-source, drain-to-source, and bulk-to- 
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source voltages as control voltages. Clearly, the two circuits are strictly 
equivalent, as the reader can easily verify. 

G . , , 




B -I 1 1 1 

Fig. 5.5 Quasi-static small-signal model for the charging currents of the MOS transistor. 



5.2.3.2 Calculation of the capacitive coefficients [9] 

From the definitions of capacitive coefficients in (5.2.37) and (5.2.38), 
and from the expressions of the MOSFET charges presented in Section 
5.2.1, we can derive formulas for the small-signal capacitances. 

Substituting the expression for the bulk charge, (5.2.28), into the 
charge balance equation, (5.2.29), we obtain: 

Q G =-Q—Q' Ba WL-Q 0 . (5.2.50) 
n 

Capacitances C gs and C gd can be obtained as follows. Using definition 
(5.2.37) and deriving the gate charge (5.2.50) with respect to V S(D ) yields 

C ss = = --^ (5.2.51) 

gs dV s ndV s 
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and 



Cgd dV. 



dQ G _ 1 dQ l 



n dV n 



(5.2.52) 



D D 

because Q' Ba and Q 0 do not depend on either V s or V D . Substituting 

expression (5.2.15) for the total inversion charge Q r into (5.2.51) and 
(5.2.52) gives 



= 1 dQj dQ' F = 2WL 
gs ndQ'dv' 



3n 



' \2 



and 



1 dQ t dQ' R _ 2WL 



n dQ' R dV D 3n 



Qr+2Q r Q' f 
(Q'f+Q'r) 2 



IS 



ID 



(5.2.53) 



(5.2.54) 



D 



From (2.4.57), the equation for the derivative of the source (drain) 
inversion charge with respect to the source (drain) voltage is 

^QlS(D) _ QlS(D) 



° X Qis 



'S(D) MlS{D) n Cox0t 

The substitution of (5.2.55) into (5.2.53) and (5.2.54) results in 



(5.2.55) 



C =—C 



1 — 



n 

R(F) 



{Q'f+Q'r) 2 



Q'f 



'F(R) 



(5.2.56) 



where C ox = WLC' 0X is the total intrinsic oxide capacitance. 

We can calculate the source-to-drain capacitance C sd by directly 
calculating the derivative of the total source charge, given by (5.2.21), 
with respect to V D and by using (5.2.55) to calculate the derivative of the 
inversion charge. Thus 



4 r Qr+2QrQ'f+QrQf 
15 ° X (Q'f+Q'r? 



14 



nC 'axh 



Q'r 



(5.2.57) 



Taking the derivative of the total drain charge with respect to Vs we 
obtain the drain-to-source capacitance Cj s 
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r 4 Q' F 3 + 3Q' F 2 Q' R + Q' F Q' R 2 r 

L ds ^ ''C ox 



(Q'f + Q'r? 



1 , nC 'ox<t>t 



(5.2.58) 



F J 



Clearly, we can obtain (5.2.58) from (5.2.57) invoking the symmetry 
between source and drain. 

Using expression (5.2.28) for the bulk charge, the bulk-to-source C bs 
and the bulk-to-drain C bd capacitances are given by 



n-ldQj 



Chd ~ 'dVr 



v D y G y B 



v s y G ,v B 



n dV v 



n-\dQ 1 



n 



v D y G y B 



v<y r .,v« 



(5.2.59) 



(5.2.60) 



The comparison of (5.2.51) and (5.2.52) with (5.2.59) and (5.2.60) 
allows us to write 



C hs ={n-\)C gs 



(5.2.61) 
(5.2.62) 



C bd =(n-l)C gd . 

To obtain the gate-to-bulk C g b and the bulk-to-gate C& g capacitances, 
the derivatives of charges and voltages summarized in Table 5.2 are 
helpful. 

Using (5.2.69) and neglecting the variation of n with V c , it follows 
from expressions (5.2.50) and (5.2.28) for charges Q G and Q B , 
respectively, that: 



^ nh — 



v s y D ,v G 



_n-\dQ l 

Cbg- 



dV r . 



+ - 



n-l 



(5.2.63) 



(5.2.64) 



v s y D y B 



Applying the chain rule and (5.2.67) to calculate the partial 
derivatives of <2/ yields 
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dV n 



1 dQj dQ' ls 1 BQi dQ'n 
ndQ' F dV s ndQ' R dV s 



(5.2.65) 



Table 5.2 Relationships between the partial derivatives of charge densities. 



(5.2.66) 



dV r . 



n dV r 



(5.2.67) 



dQ\ _ n-ldQ'j 



(5.2.68) 



Ba 



dQ' B 



Ba 



C' 



(5.2.69) 



dV P _ 1 
dV B ~ n 



(5.2.70) 



(5.2.71) 



In a similar way and using (5.2.68) instead of (5.2.67) we obtain 

dV B n dQ' F dV s n dQ' R dV D 

Comparing the results above with expressions (5.2.53) and (5.2.54) 
for C gs and C g d, it follows that 



= -(C gs + C gd ) 



^L = -(n-l)(C gs + C gd ). 



(5.2.72) 
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Finally, from (5.2.68), (5.2.69), and (5.2.72) we obtain: 

C gb = C bg =^(C 0X -C gs -C gd ). (5.2.73) 

As a consequence of the approximations made, we obtain C g b-Cb g - 
However, accurate calculations [7] carried out using the charge sheet 
model give 

C gb < C hg (5-2.74) 

and, consequently, C mx >0. Due to its very small value C mx is considered 
unimportant in most practical cases [6] . 

Calculating the partial derivative of Q s with respect to V G using 
(5.2.67) and comparing the result thus obtained with the expressions for 
C ss and C sd gives 

C sg =(C ss -C sd )/n. (5.2.75) 

A similar expression is obtained for C gs : 

C gs =(C ss -C ds )/n. (5.2.76) 

Finally, in the case C gb -C bg it follows from (5.2.47) that 

C m = C dg — C gd = C gs — C sg . (5.2.77) 
Combining (5.2.77) with (5.2.75) and (5.2.76) yields 

C m =(C sd -C ds )/n. (5.2.78) 

The small-signal schematic of Fig. 5.6, comprising five capacitances, 
three transcapacitances, and three transconductances preserves the 
inherent symmetry of the MOSFET. The use of the normalized inversion 
charges q' IS(D ) = Q'is(D) ^~ n ^'ox^t) anc ^ °f the saturation coefficient 
CC = Q' R lQ' F gives us the meaningful expressions for the capacitive 

coefficients in Table 5.3. The symmetry between the source and drain 
terminals is apparent in the formulas of Table 5.3. Exchanging source 
and drain terminals corresponds to exchanging a for 1/a and <?/s(o)for 

^/£>(S)- F° r V DS =0, q' IS = q ID and a-l; consequently C sd -C ds . It can be 
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easily verified that this result holds for all the capacitive coefficients at 
V DS -0, thus Cj k -C k j for V DS -0. However, the capacitive coefficients are 
nonreciprocal in the general case. 



B 
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C 



bs 




dv DB 

Smd V DB + *-sd T~ 
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dv GB 

8 mg v GB -C m — 
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dt 



D 



'bd 



Fig. 5.6 Simplified small signal MOSFET model . 

As an example let us consider C sa - and Cds in saturation ( q' ID = 0 ). 

From the equations in Table 5.3, it follows that C sd =0, but Q#0. In 
saturation, the (long-channel) transistor charges are independent of V D , 
consequently C s d=-dQs/dV D =0, but since Q D depends on V s then Q s = 

-dQr/dVstf). 

The asymptotic cases of strong and weak inversion are readily 
obtained from the formulas of Table 5.3. In SI, q' 1S / D ) ^> 1 ; consequently 

Q'iSiD) l'is(D) I ( i + l'is(D) ) ~ 1 ' anc ^ we re -encounter the conventional 
expressions for the capacitive coefficients in SI. In WI a=l, 
1 + q'is(D) = 1 , and we obtain, for example, C gs(d) = C ox q 1S{D) 1 2 . 
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Table 5.3 A complete set of 9 capacitive coefficients for the MOSFET. 



c = 2 C l+2a q' IS 



3 "(i+afl+q'n 



_2 q 2 + 2a q ID 



c — — c 

^gd r, ^OX 



3 ° X {1+af 1 + q'n, 



_ n-l 

c b g ~ C gb ~ ( C ox ~ C gs - C gd ) 



a+3a 2 + a 3 q ID 

^sd -. c n( ^ox , .3 -. , / 

15 (1+a) 1+9zd 



4 l + 3a + a 2 q IS 



1 15 m (1+a) 3 1 + 



In Fig. 5.7 we compare five capacitances calculated from the 
expressions presented in Table 5.3 and from the charge-sheet 4> s - 
formulated model [7]. The accuracy of the gate -related capacitances is 
excellent. The errors in the bulk capacitances exhibit maximum values 
deep in strong inversion owing to the linear approximation of the 
depletion charge density, (5.2.26). The maximum errors verified in the 
bulk capacitances are less than 0. 1 C 0 „ and do not affect significantly the 
behavior of most circuits since these capacitances are generally either in 
parallel with larger capacitances or even short-circuited. 

The shapes of the curves of the capacitances as a function of the gate- 
to-bulk voltage in Fig. 5.7 can be understood as follows. For low-values 
of V G , the only relevant capacitance is C gb , because the channel charge is 
very small and consequently capacitances C gs and C gd are negligible. At 
the transition between weak and strong inversion C gs increases sharply 
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because the channel charge increases rapidly with the gate voltage and 
becomes predominant over the depletion charge. Capacitance C gd 
remains negligible since the transistor operates in saturation and the drain 
voltage has no significant effect on the channel charge. Finally, for high 
values of the gate voltage the transistor enters the linear region and the 
two capacitances C gs and C gd approach asymptotically the same value of 
one half of the total gate capacitance. In strong inversion C gb is negligible 
because the channel charge screens the bulk from the variation in the 
gate voltage. 

0.8 



V D =20^ 




-20 0 20 40 60 80 100 



(v G -v T0 W t 

Fig. 5.7 Intrinsic capacitances simulated ( ) from the quasi-static model described in 

Table 5.3 and (o) from the ^-formulated model of [7] (NMOS transistor, t ox = 250A, 
N A =2xl0 16 cm" 3 , and V TO =0.7V). (After [8].) 

The source-related capacitances (C ss , C sg , C sb and C sd ) are shown in 
Fig. 5.8. As previously commented on, C sd =0 in saturation. Out of 
saturation the negative value of C sd is easily understood. An increase in 
the drain voltage (AV D >0) decreases the magnitude of the (negative) 
inversion and drain charges. Thus, AQ s >0 and, consequently, C sd <0. 
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0.5 




0.0 1.0 2.0 3.0 4.0 5.0 

Fig. 5.8 Normalized source-related capacitances. (After [9].) 



5.2.3.3 Charge conservation and transcapacitances 

The classical 5-capacitance MOSFET model is shown in Fig. 5.9. Recall, 
however, that a MOSFET model containing only these five capacitances 
does not conserve charge, because these five capacitances are unable to 
represent the stored charges consistently. Since the charges stored in the 
MOSFET are nonlinear functions of several variables (the node 
voltages), the 5-capacitor model represents an incomplete subset of the 
partial derivatives for the calculation of charge variation. 

A simple test to verify charge conservation is to simulate the sample- 
hold circuit shown in Fig. 5.10. 

The simulations were performed using the ACM, SPICE3, and 
BSIM3v3 models. The ACM and BSIM3v3 models use charge-based 
capacitance models while SPICE3 uses the 5-capacitor model. Fig. 5.11 
shows the simulation results. Both ACM and BSIM3v3 give results 
consistent with the physical behavior while SPICE3 does not. Therefore, 
for the electrical simulation of charge sensitive circuits such as switched- 
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capacitor or switched-current filters, the complete quasi-static model 
must be taken into account [6], [10]. 




Fig. 5.9 Simple 5-capacitance small-signal equivalent circuit for the MOSFET. 
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Fig. 5.10 Sample-hold circuit employed to verify charge-conservation. 
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(a) 




time (ns) 

CO 

Fig. 5.11 Simulation of the sample-hold circuit in Fig. 5.10: (a) ACM model, (b) BSIM 
3v3, (c) SPICE3. (After [11].) 

5.2.3.4 Intrinsic transition frequency 

An important figure of merit for a MOSFET is the unity-gain or intrinsic 
cut-off frequency, defined as the frequency value at which the short- 
circuit current gain in the common-source configuration of Fig. 5.12 



186 MOSFET MODELING FOR CIRCUIT ANALYSIS AND DESIGN 
by Galup-Montoro and Schneider 



drops to 1 [6]. The equivalent circuit reduces to that of Fig. 5.12, where 
only three capacitances are represented. In effect, since the only non 
constant voltage is V c , only capacitances linked to that node or current 
sources controlled by V c may be considered. Transcapacitance C m was 
neglected and C gd =0 because the transition frequency is defined for the 
transistor in saturation. Small-signal analysis of the equivalent circuit in 
Fig. 5.12 gives the intrinsic cut-off frequency of a MOSFET in saturation 
as 

St = 7 8mS r = 7^ V- (5-2-79) 





Fig. 5.12 Conceptual circuit to define the intrinsic transition frequency and small-signal 
equivalent circuit. 

From the expressions of the source transconductance g ms given by 
equation (3.7.26), and the values of C gs and C gb in Table 5.3, f T can be 
readily written in terms of the inversion coefficient c)as: 



Jt - 



7 



(5.2.80) 



The first term in the right-hand side of (5.2.80) shows the dependence 
of f T on the channel length, slope factor and mobility. The second term 
represents the dependence of the cut-off frequency on the inversion level. 
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Sometimes, due to the lack of appropriate models, designers employ 
transistors whose f T is much higher than that required for a specific 
application, thus leading to an unnecessary increase in power 
consumption. 

Assuming the slope factor n in the denominator of (5.2.80) to be 
equal to 4/3, a typical value, f T can be roughly approximated by 

^^H^ -1 ) (5 - 2 - 8i) 

for any inversion level. 



10 3 




-6 



1( V 1(T 10° 10 2 10 4 

if 

Fig. 5.13 Normalized intrinsic cutoff frequency calculated for ( — ) n=4/3, ( ) n=5/3 

and (o) expression (5.2.81). 

Fig. 5.13 shows the intrinsic cut-off frequency calculated from 
(5.2.80) for n = 4/3 and n = 5/3, and from (5.2.81) for several decades of 
the inversion coefficient. Even though (5.2.81) is not very accurate, it 
gives designers a first order estimate of the unity-gain frequency. 



188 MOSFET MODELING FOR CIRCUIT ANAL YSIS AND DESIGN 
by Galup-Monloro and Schneider 



5.3 Charges and capacitances of the extrinsic transistor [6] 

The charge storage in the extrinsic parts (Fig. 5.14) of the MOS transistor 
can be modeled with up to six capacitances, one between each pair of 
terminals (see Fig. 5.15). The unavoidable overlap between the gate and 
the source and drain diffusions originates the overlap capacitances. In 
parallel with the overlap capacitance, the outer fringing and the top 
capacitances must be included as shown in Fig. 5.16. All three 
capacitances are approximately proportional to W. Fringing capacitances 
are particularly important for small dimension devices. 
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Side 
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Rottr 
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\ 



T 
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,(«) 



Area=A r 



(b) 



Fig. 5.14 Idealized MOS transistor showing the intrinsic and extrinsic parts, (a) cross- 
section, (b) top view. (After [6].) 

The substrate-source and the substrate -drain junctions must also be 
modeled by the (nonlinear) diode capacitances. The very small drain-to- 
source proximity capacitance can usually be neglected and the extrinsic 
gate-to-bulk capacitance can be incorporated into the gate wiring 
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capacitance. A more complete model for the extrinsic part should include 
parasitic resistances as well [6]. 




Fig. 5.16 Extrinsic gate-to-diffusion capacitances (After [6]). 
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5.4 Small-dimension effects on charges and capacitances 



5.4.1 Effect of velocity saturation on stored charges 

We follow the same procedure as that for the long channel transistor. We 
change the variable, from length to inversion charge density, to calculate 
the integrals giving the total charges. To obtain the new relation between 
the differential of channel length and the differential of inversion charge, 
we substitute the approximate linear relationship between Q] and <f) s 
given by Eq. (3.4.22) into both expression (5.2.1) for the drain current 
and the field-dependent mobility relation (4.2.3), repeated here for 



convenience 



M = 



Ms 



1 + 



Ms d 0s ' 

V sat dy 



(5.4.1) 



thus obtaining 



dy = 



M S W 



Qi-nC' 0 A + 



Wv 



dQj. 



(5.4.2) 



sat J 



Expression (5.4.2) has very important properties. Firstly, because n 
depends only on V G , and I D is constant along the channel, we can define a 
virtual charge density that differs from the real charge by a constant 
term, i.e., 



Qv=Qi~<A + 



Wv. 



(5.4.3) 



The following equality holds along the transistor channel 

dQy = dQ] . (5.4.4) 

The last two terms in (5.4.3), constant along the channel, have clear 
physical meanings: —nC ox <f) t is the pinch-off charge and -Ir/Wv sat is the 
saturation charge, i.e., the minimum amount of carrier charge density 
required to sustain a channel current equal to I D . Thus, we can rewrite 
(5.4.3) as 

Qv=Qi+Qip-Qisat- (5-4-5) 
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The virtual charge is the real inversion charge plus the pinch-off 
charge (diffusion increases the current) minus the saturation charge (the 
velocity saturation phenomenon reduces the current). 

Using (5.4.3) and (5.4.4) we can rewrite (5.4.2) as 

[j W 

dy = —£r-r<2ydQy. (5.4.6) 

Using the basic linear relationship between and 0 S given by 
(3.4.22), Eq. (5.4.6) becomes equivalent to 

I D =-jU s WQ v ^. (5.4.7) 
ay 

This corresponds to the drift-only current of the virtual charge Q v . 
We can adopt the following definition for the virtual charge: The drift of 
the virtual charge produces the same current as the actual movement of 
the real charge which includes drift, diffusion and velocity saturation. 
The use of the virtual charge allows us to extend the formalism of strong 
inversion to the general case of drift-diffusion plus velocity saturation. 
The drain current obtained integrating (5.4.6) between source and drain 
results in 

, M.eg-cfe. (5A8) 

C ox L In 

Clearly, (5.4.8) is not useful as a stand-alone expression for the 
calculation of the current because the virtual charge Q v depends on the 
current itself. Nevertheless, the expression of the current in terms of the 
virtual charges at the source and drain ends is instrumental for deriving 
simple expressions of the stored charges and capacitive coefficients that 
keep the drift-only transport formalism. 

To calculate the total inversion charge, the channel is split into the 
saturated and non-saturated regions. In the saturated region the inversion 
charge density is assumed to be constant; therefore, the inversion charge 
is given by 

Qi=W t AL Q'idy + WALQ' IDsat . (5.4.9) 
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To determine the inversion charge in (5.4.9) we calculate Q' ; in terms 
°f Qv by means of (5.4.3) and y in terms of Q v using (5.4.6). Thus, the 
total inversion charge is 



Qj =W(L-AL) 



2 Q vs + QvsQyp + Qyp , r > , 

3 q; s+ q vd +nCoA 



(5.4.10) 



^sat 



The similarity of the result to the long-channel case is self-evident, 
clearly showing the importance of the use of the virtual charge as the key 
variable. In the limit case of velocity saturation along the whole channel, 

AL-L and the total inversion charge reduces to -LI D I v mt = WLQ' IDsat 

as expected. 

Neglecting short- and narrow-channel effects on the threshold 
voltage, the depletion and gate charges are given by the same expressions 
as in the case of the long-channel transistor 

n-l T^C' 

Q B = Qi- WL wr~^ (5A11) 

n 2(n - 1) 

Qg=-Qb-Qi- (5- 4 - 12 ) 
The drain charge is given by 

Qd = W 6 J Qi^ + W Il-al J Q'msatdy (5-4. 13) 

where the integrals are calculated along the saturated and nonsaturated 
regions of the channel. The coordinate y is obtained by integrating (5.4.6) 
from the source (y = 0, Q v = Q vs ) to an arbitrary point of the channel (y, 

Qv) 

2nC <j D 

Substituting (5.4.6) and (5.4.14) into (5.4.13) and expressing Q t in 
terms of Q v using (5.4.3), after integration and some algebra (the same 
as that for the long-channel case) we obtain 
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W{L-AL) 2 ( 2 3Qy 3 D +6Q v 2 D Q vs +4Q VD Q v 2 s +2g 
L 15 (Qvs+Qvof 



-vs 



(5.4.15) 



,<JA LI D 



2 ) 2v. 



As can be seen in (5.4.15), in the limit case of velocity saturation 
along the whole channel (AL=L), half of the total inversion charge 
—LI D 1 2v sat is associated with the drain. 

Finally, the source charge is 



The effect of velocity saturation is an increase in the absolute values 
of the total inversion charges in saturation as a consequence of the non 
zero charge density at the drain end. This effect is illustrated in Fig. 5.17 
where the source and drain charges considering velocity saturation are 
plotted together with the charges obtained from the long-channel model. 



Q S =Q,-Q D - 



(5.4.16) 
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Fig. 5.17 Source and drain charges versus drain voltage for long-channel device and for 
short-channel device in strong inversion. (After [11].) 
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Another difference between the long-channel and short-channel 
characteristics is the reduction in the saturation voltage due to the finite 
saturation velocity of the carriers. 

In Fig. 5.18 the effects of both CLM and DIBL are shown. DIBL 
causes an increase in the absolute value of the charges, in the saturation 
region, because of the increase (reduction) of the pinch-off (threshold) 
voltage with increasing drain voltages. DIBL combined with velocity 
saturation can produce a maximum in the charge characteristics, as 
shown in Fig. 5.18 [11]. 
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Fig. 5.18 Drain and source charges showing the effects of CLM and DIBL separately and 
combined with one another. (After [11].) 



5.4.2 Effect of velocity saturation on capacitances 

Applying the definition (5.2.37) of the capacitive coefficients and using 
the gate charge expression given in (5.4.12) together with (5.4.11), the 
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gate to source capacitance C gs is given by the same expression as that for 
the long-channel transistor, repeated here for convenience 

dQ r 1 dQ, 

r = — = — (5 4 17) 

Lgs dV s ndV s P } 

From (5.4.10) we have 

dQj _ dQj dQv S | 3Q f dQy D | L e8ms 

dv s dQy S dv s ae; D dv s v sat 

where L e -L-AL is the electrical channel length. In (5.4.18) we have 
assumed that L>>AL. This approximation allows a more compact 
expression for the capacitance. Also, the partial derivatives of the virtual 
charges each have an additional term related to the saturation velocity as 
shown in expressions (5.4.19) and (5.4.20) 

% = 3G[_^^ (5419) 

dV s dV s Wv sat 



Ms Wv sa 



(5.4.20) 



Combining (5.4.17), (5.4.18), (5.4.19) and (5.4.20) we obtain the 
expression for C gs reported in Table 5. 4, where the saturation coefficient 
a is defined as 

a =UvD= ^-L. (5.4.21) 

Qvs Q> IS -nC' ox 0 t + v ^ 
Wv sat 

The above definition for the saturation coefficient is a generalization 
of that given in (5.2.11). At the origin of the linear region, (V DS -0) a=\, 
and the correction terms that include the saturation velocity vanish as 
expected. 

Following the same procedure as that used for long-channel 
transistors, but now including the supplementary terms related to velocity 
saturation, the compact expressions for the (trans)capacitances listed in 
Table 5.4 are found. In these expressions g ms , g md , and g mg are the source, 
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drain and gate transconductances, respectively. The use of the 
generalized saturation coefficient a allows a very compact formulation of 
the capacitive coefficients. 

Fig. 5.19 shows C gs and C g d, normalized to the gate capacitance C ox , 
versus V D , calculated according to the expressions of Table 5.4 [13]. 
These capacitances saturate for lower V DS values when we include 
velocity saturation, which is consistent with the reduced value of V DSsat 
obtained when velocity saturation is considered. The plots of other 
capacitive coefficients are shown in Figs. 20 and 21. In all cases the 
effect of velocity saturation is to make capacitances vary more gradually 
as compared to the long channel case. 
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Fig. 5.19. Normalized C gs and C gd calculated ( ) neglecting the saturation velocity 

and ( ) considering saturation velocity (V s =V B =0V). 
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Table 5.4 Intrinsic (trans)capacitances. (After [13].) 



Variable 


Expression 


r 


2 WLC 1 + 201 q ' ls I Le8mx ^~ a ^ 
3 ° x {\ + af l + q IS 3nv sat (\ +a f 


c gd 


2 wi C a2 + 2a q ' lD Le8md ^~ a ^ 

3 (l + ay l + q ID 3nv sat (\ +a ) 


Cbs(d) 




C g b= c b g 

(*) 


n y 3v sat ) 


Cds 


4 nC , w hi l + 3a+a 2 q ls l g ms L 2 e (3a+7)(l-a) 2 
15 ox L (i +a f l + q IS 30 v sat L ( i+a f 




4 nC'W L2e(X+3a2 + a3 q ' ID I 1 S md Ll{3+la){\-af 
15 ox L (i +a f l + q ID 30 v sat L (i +a f 


a 


Q' ID -nC' 0 A+^- 

QVD _ Wv sat 

Qvs Q' IS -nC' 0 A + v ^- 
Wv sat 



(*) C gso and C gdo are the first terms in C gs and C gd , respectively. 
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5.4.3 Other small-dimension effects on capacitances 

Fig. 5.22 shows the dependence of the normalized C g d and C gs on the 
channel length. Due to DIBL C gd becomes (slightly) negative for the 
transistor whose channel length is 0.8um, the minimum value for this 




-0.14 



Fig. 5.22 Normalized C gs , C gd vs. V G for channel length varying from 0.8 jim to 7.8 \im. 
V B =5Vand V s =V B =0V .(After [11], [13].) 
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technology. Finally, Fig. 5.23 shows the gate-source and gate -drain 
capacitances versus V G for V D -V s -0. C gd and C gs are equal and the value 
of the gate capacitance C gg approximates that of the oxide capacitance 
both in accumulation and strong inversion, as it should. Even if the 
simplified model of the bulk charge presented here is not valid in 
accumulation, the analytical implementation in [12] gives a qualitatively 
correct behavior in this region. 

Bibliography 

[I] Soo-Young Oh, Donald E. Ward, and Robert W. Dutton, "Transient analysis of 
MOS transistors," IEEE Trans. Electron Devices, vol. 27, no. 8, pp. 1571-1578, 
Aug. 1980. 

[2] John E. Meyer, "MOS models and circuit simulation," RCA Review, vol. 32, pp. 42- 
63, Mar. 1971. 

[3] Richard B. Adler, Arthur C. Smith, and Richard L. Longini, Introduction to 
Semiconductor Physics, SEEC Series, vol. 1, John Wiley & Sons, New York, 1964. 

[4] Ana Isabela Araujo Cunha, Marcio Cherem Schneider, and Carlos Galup-Montoro, 
"An explicit physical model for the long-channel MOS transistor including small- 
signal parameters," Solid-State Electron., vol. 38, no 11, pp. 1945-1952, Nov. 1995. 

[5] J. J. Paulos and D. A. Antoniadis, "Limitations of quasi-static capacitance models 
for the MOS transistor," IEEE Electron Device Lett., vol. 4, no. 7, pp. 221-224, July 
1983. 

[6] Yannis Tsividis, Operation and Modeling of the MOS Transistor, 2 nd ed., McGraw- 
Hill, Boston, 1999. 

[7] Claudio Turchetti, Guido Masetti and Yannis Tsividis, "On the small signal 
behavior of the MOS transistor in quasi-static operation," Solid-State Electron. , vol. 
26, no. 10, pp. 941-949, Oct. 1983. 

[8] Ana Isabela Araujo Cunha, Marcio Cherem Schneider, and Carlos Galup-Montoro, 
"An MOS transistor model for analog circuit design," IEEE J. Solid-State Circuits, 
vol. 33, no. 10, pp. 1510-1519, Oct. 1998. 

[9] Carlos Galup-Montoro, Marcio Cherem Schneider, and Ana Isabela Araujo. Cunha, 
"A current-based MOSFET model for integrated circuit design," Chapter 2 of Low- 
Voltage/Low-Power Integrated Circuits and Systems, pp. 7-55, edited by Edgar 
Sanchez-Sinencio and Andreas G. Andreou, IEEE Press, Piscataway, NJ, 1999. 

[10] Kenneth S. Kundert, The Designer's Guide to SPICE & SPECTRE, Kluwer 
Academic Publishers, Boston, 1995 

[II] Oscar da Costa Gouveia Filho, Um modelo compacto do transistor MOS para 
simulacao de circuitos, PhD Thesis, Federal University of Santa Catarina, 
Florianopolis, Brazil, 1999 (in Portuguese). 

[12] ACM model (1997), [Online] . Available: http://eel.ufsc.br/lci/acm/index.html 

[13] Oscar da Costa Gouveia Filho, Ana Isabela Araujo Cunha, Marcio Cherem 

Schneider, and Carlos Galup Montoro, "Advanced compact model for short-channel 

MOS transistors," Proc. IEEE CICC2000, pp. 209-212. 



Chapter 5. Stored Charges and Capacitive Coefficients 
Bibliography 

Problems 



201 



5.1. Charge partition: For a long-channel transistor plot the ratio Q s I Q f 
and Q D IQj vs. q' IS for §.\<q' IS < 100, with q ID lq IS =0, 0.5, and 1. 

5.2. Verify that any capacitance of the MOSFET can be written as a 
combination of the nine capacitances in Table 5.3. 

5.3. Using the expression in Table 5.3, plot C gs and C gd vs. q' IS for 
0. 1 < q IS < 100 and q' lD I q' IS = 0, 0.5, 1 . 

5.4. Determine the asymptotic values of the capacitances in Table 5.3 for 
a transistor in strong inversion and saturation. 

5.5. Calculate the frequency at which the controlled current source 

8 mg v gb ~ C m d v g b I dt in Fig. 5.6 has equal real and imaginary parts. Plot 

the frequency you calculated vs. the inversion level at the source for a 
transistor in saturation. 

5.6. (a) Using the equivalent circuit in Fig. 5.12, derive the intrinsic 
cutoff frequency of expression (5.2.79) of a transistor in saturation, (b) 
Demonstrate that, for C gd ^ 0 , a slightly modified version of (5.2.79) 
can be employed to calculate the intrinsic cutoff frequency. 

5.7. A short-channel transistor of a CMOS technology (//=200 cm 2 /V-s, 
v S at=10 7 cm/s) has W7L=2|am/0.1(J,m. For q' IS -20, plot the curve q\ I q is 
along the transistor channel for V DS -0, V DSsa J2, V DSsal . On top of the 
curves of the short-channel device, plot q\ I q' m of an equivalent long- 
channel device for the same set of drain-to-source voltages. 
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Chapter 6 

Mismatch Modeling 



Conventional bulk CMOS technology is still (and will be for the next 
few years) prevalent in the microelectronics industry. According to the 
International Technology Roadmap for Semiconductors (ITRS 2004 
update [1]), bulk MOS transistors will still be used for the 45 nm 
technology node (gate length around 18 nm), which is expected to be 
running by 2010. The feasibility of 15 nm conventional MOS transistors 
in bulk CMOS technology has already been demonstrated [2]. Thus, 
dopant fluctuation in the depletion region will be the dominant factor for 
the random variations of next generations bulk CMOS processes. By 
focusing mainly on the prevailing cause of parameter fluctuations, we 
intend to provide circuit designers with a mismatch model that is very 
simple and easy to use for hand-calculations. 

6.1 Introduction 

Mismatch is the denomination of time -independent variations between 
identically designed components. The performance of most analog or 
even digital circuits relies on the concept of matched behavior between 
identically designed devices [3], [4], [5], [6]. In analog circuits, the 
spread in the dc characteristics of supposedly matched transistors results 
in inaccurate or even anomalous circuit behavior [4]. Also, for digital 
circuits, transistor mismatch leads to propagation delays whose spread 
can be of the order of several gate delays for deep-submicron 
technologies [4], [7]. The shrinkage of the MOSFET dimensions and the 
reduction in the supply voltage make matching limitations even more 
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important. As predicted by Professor J. Meindl [8], "variations will set 
the ultimate limits on scaling of MOSFETs." 

Manufacturing variations and the discrete nature of matter and charge 
result in lot to lot, wafer to wafer, inter-die, and intra-die variations of 
identically designed devices. Mismatch is the result of either systematic 
or stochastic (random) effects [9]. Systematic effects are originated by 
either uncontrollable variation during the fabrication of the integrated 
circuit or by poor layout. At the origin of systematic mismatch can be 
equipment-induced non-uniformities such as temperature gradients and 
photo-mask size differences across the wafer. Systematic effects are 
important for large distances and can be combated using appropriate 
layout techniques [9]. 

Random mismatch refers to local variation in parameters such as 
doping concentration, oxide thickness, polysilicon granularity, edge 
irregularity, etc. The first three fluctuations are called areal fluctuations 
because they scale with device area while the last one is called peripheral 
fluctuation because it scales with device perimeter [9]. Random 
mismatch dominates over systematic mismatch for small distances and is 
generally assumed to display a Gaussian distribution characterized by its 
standard deviation. Stochastic mismatch requires a model to orient the IC 
designer regarding sizing and biasing strategies. 

The purpose of this chapter is to develop a simple model for random 
mismatch in bulk CMOS transistors. We will mainly focus on mismatch 
due to random fluctuations of the dopant concentration, first studied by 
Keyes [10], which is nowadays recognized as the main cause of 
mismatch in bulk CMOS transistors. 

6.2 Random mismatch in MOS transistors 

The most important sources of random mismatch in MOS transistors are 
edge roughness, oxide granularity, substrate doping, and fixed oxide 
charges [3], [5], [11]. These error sources contribute to errors in the 
MOSFET dc electrical parameters such as specific current, threshold 
voltage, and body effect factor. 
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To give the reader an insight into how the dopant concentration in 
advanced technologies affects the electrical performance of a transistor, 
let us refer to the example presented in [4]. A minimum size transistor in 
a 0.25 |0,m CMOS process contains about 1100 dopant atoms in the 
depletion layer underneath the channel. In a 0.1 |im process, this number 
is only 200. Assuming a Poisson distribution of impurities in both the 
0.25 and 0.1 |im technologies, the spreads in the number of dopant atoms 
beneath the channel are about 33 and 14, respectively. In both cases, the 
spread in this number causes a spread in the threshold voltage of about 
30 mV, the effect of which increases with new process generation. For 
operation in weak inversion, a 30 mV deviation in V T causes around a 
2.5-fold deviation in transistor current, which can be catastrophic for a 
wide number of applications. 

It is widely accepted that matching can be modeled by the random 
variations in geometric, process and/or device parameters, and the effect 
of these random parameters on the drain current is quantified using the 
transistor dc model. As pointed out in [12] and more recently in [13], 
there is a fundamental flaw in the current use of dc models for mismatch 
that results in inconsistent formulas. In effect, mismatch models 
implicitly assume that the actual values of the lumped model parameters 
can be obtained by integration of the position-dependent parameters 
distributed over the channel region of the device, e.g., for the threshold 
voltage V T 



where W and L are the width and length of the transistor. 

As analyzed in [12], the use of lumped parameters for the series or 
parallel association of transistors leads to an inconsistent model of 
mismatch owing to the nonlinear nature of MOSFETs. The conventional 
approach [5] to modeling mismatch takes into account the dopant 
fluctuations over the entire channel but here we consider explicitly the 
effects of local fluctuations. We integrate the contribution of the local 
fluctuations along the channel considering the main MOSFET 
nonlinearities. Fortunately, the formalism needed to include local 




channel— area 



(6.2.1) 
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fluctuations is already available in flicker or 1/f noise modeling [14], 
namely carrier number fluctuation theory. 

6.3 Consistent model for drain current fluctuation 

For a given set of bias voltages, the fluctuations of the drain current 
around its nominal value result from the sum of all the contributions 
from local fluctuations along the channel, whatever their origin. To 
calculate the effect of these fluctuations, we split the transistor into 3 
series elements as shown in Fig. 6.1(a): an upper transistor, a lower 
transistor, and a small channel element of length Ay and area AA-WAy. 
In Fig. 6.1(a), y is the distance from the channel element to the source. 

The local current fluctuation (i M ) is assumed to be a zero-mean 
stationary random process on the variable y. Small-signal analysis allows 
one to calculate the effect of i M on the drain current deviation (AI d ), as 
shown in Fig. 6.1(b). Using (3.7.25), it follows that 

W 

8 U =-M- Qi (6-3.1) 

L-y 

and 

W 

g^-M — Q't, (6.3.2) 

y 

the current division between the channel element and the equivalent 
small-signal resistance of the rest of the channel gives Al d = (Ay/L)i M . 
This very simple result for the current division, proportional to a 
geometric ratio, is a consequence of the quasi-Fermi potential 
formulation for the drain current, i.e., the conductance of the channel 
element and the transconductances of the upper and lower transistors are 
proportional to the local charge density [15], [16], [17]. Thus, the mean 
square of the total drain current fluctuation is 

A/7 = X (^^mZfy^l =ijAy/L«fy (6-3-3) 

channel -length V J 0 
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since local current fluctuations along the channel are uncorrected. Local 
current fluctuations arise from three independent physical origins, 
namely fluctuations of channel doping, surface state density, and gate 
oxide thickness [18]. Note that since i M is related to local fluctuations in 
the area WAy, its variance is proportional to 1/WAy. As in reference [18], 
we have assumed that fluctuation of channel doping is the main factor 
that determines local current fluctuations. 
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Fig. 6.1 Splitting of a transistor into three series elements: (a) transistor equivalent circuit 
and (b) small-signal equivalent circuit. 



6.4 Number fluctuation mismatch model 



The local current fluctuation that results from local fluctuations in the 
inversion charge density is calculated from 



W 

I D =-fi —Qtty)dV c 
dy 



as in [19], [20], [21], yielding 



(6.4.1) 
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where AQj is the fluctuation of the inversion charge density in a channel 

element of area AA. For the sake of simplicity we will consider only the 
fluctuations in the number of carriers, but the analysis can also be 
extended to include mobility fluctuation, as carried out in [19] for 1/f 
noise. 

As in [18], we assume that a fluctuation in the number of impurities is 
solely responsible for a fluctuation in the number of carriers. To derive 
the fluctuation of the inversion charge density, we have used the 
capacitive MOS model of Fig. 6.2. 



V c 



C 



OX 



+ ^Qi 



c 



+ 



+ 



Fig. 6.2 Capacitive model of the MOSFET channel for matching analysis. Terminal 
voltages are constant. 



Charge conservation in the structure of Fig. 6.2 requires that 

AQ' B (y)+ &Q' G (y)+ ^Qi(y) = o (6.4.3) 
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where AQ' C - —C' ox A0 s and AQ'j - -C'A0 s . The variation in the 
depletion charge is the sum of two components, the first equal 
to-C' B A0 s , associated with the fluctuation in the surface potential, and 

the second, designated by AQ' IMP , associated with the fluctuation in the 
number of ionized impurities. Therefore, the variation in the depletion 
charge is AQ' B = -C' B A(/) s + AQ' IMP . 

The definitions of capacitances along with (6.4.3) result in 

Ae;= -^|^ Ae; «- <6A4) 

w i ox 

Recalling [15], [22] that C'^-Q'Jfa and C' B ={n-l)C' ox under 
any bias condition, expression (6.4.4) can be rewritten as 

Ag;=- , Ql AQ' 1MP . (6.4.5) 
Qi-nCJ t 




Fig. 6.3 Cross-section of an MOS transistor showing the (greatly exaggerated) 
fluctuations in both inversion and depletion charge densities due to local dopant 
fluctuations. 



The local fluctuation in the number of impurities in an elementary 
slab of the depletion layer is calculated assuming it to be a random 
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variable with Poisson distribution [11], [18]. Fig. 6.3 shows the (greatly 
exaggerated) fluctuations in the inversion charge density Qj due to local 
dopant fluctuations. Note that both the depletion and inversion charge 
densities Q' B and Q'j change as a result of the variation in the number of 
impurity atoms along the y-axis. 

The average number ( n a ) of dopants in the elementary volume of a 
depletion layer of length Ay [18] and depth Ax is 

n~ a = N a AxWAy . (6.4.6) 

In (6.4.6), N a is the net concentration of dopants (acceptors and 
donors) in the elementary volume of the depletion layer. 

The square of the standard deviation of a random variable with 
Poisson distribution is equal to its average value; thus, 

a 2 {n a )=N a AyWAx. (6.4.7) 

Now, to calculate the standard deviation of AQ' IMP we proceed as in 
[23], [24], which assume the individual contributions of the local 
deviations in the number of impurities to AQ' IMP to be uncorrected, thus 
yielding 

q 2 



dx, (6.4.8) 



where q is the electron charge, x is the distance to the semiconductor- 
oxide interface and x d is the depletion depth. From now on, the integral in 
(6.4.8) will be written as 



X d J 



dx, (6.4.9) 



which is an "equivalent" impurity density (number of impurities per unit 
area) in the depletion layer for the calculation of mismatch. For the 
simple case of uniform doping, N oi = N a x d / 3 . 



Using (6.4.2), (6.4.5), and (6.4.8), (Iaa) 2 can be calculated and, 
inserting the resulting value into (6.3.3), we obtain the expression for 

AI 2 D . Now, using (5.2.3), rewritten here 



Chapter 6. Mismatch Modeling 

Section 6.4 Number fluctuation mismatch model 



211 



dy = - J ^-{Q' I -nC'jM , (6.4.10) 

the integration over the channel length in (6.3.3) is changed to the 
integration over the channel charge density given by 

nC L A nC 0, - Q, 

ox Q IS oxrt *W 

Expression (6.4.11) allows the computation of current mismatch in 
terms of both the doping concentration along the depletion region and 
bias, in this case represented by the inversion charge densities at source 
and drain. The main difficulty in calculating the integral in (6.4.11) arises 
from the non-uniform doping profile and from the variation in the 
depletion depth along the channel. For a constant doping profile, we have 
verified that the introduction of a variable depletion depth along the 
channel is generally not relevant, except for very high inversion levels. 
In saturation, the impact of a variable depletion depth on mismatch is, in 
a typical 0.35 |0,m CMOS technology, less than 6% for an inversion level 
of 1000 as compared with the result obtained assuming a uniform 
depletion depth. For lower inversion levels, the error becomes smaller. 

In order to simplify the notation and derive simple expressions for 
mismatch, let us assume N oi to be constant. Thus, the integration of 
(6.4.1 1) from source to drain results in 



l l ^ nC 'ox l D V nC 'ox<t>,-Q'lDj 



(6.4.12) 



The result in (6.4.12) is essentially the same as that derived for flicker 
noise in MOS transistors in [14]. This is because mismatch is similar to a 
"dc noise" and the physical origin of both matching and 1/f noise is 
related to fluctuations in either fixed charges or localized states along the 
channel. 

Once we have determined the effect of the doping concentration on 
mismatch, we now proceed to calculate the influence of the variation of 
the remaining factors, namely oxide thickness, body effect factor, 
mobility, and dimensions on mismatch. To do that, we are going to 
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assume that the influence of these factors on mismatch can be simplified 
by assuming them to affect the transistor specific current only. 



6.5 Specific current mismatch 

Let us now review the long-channel transistor equations for a brief 
discussion on the influence of the specific current on transistor 
mismatch. For convenience, we reproduce below the long-channel 
equation 

I D =I s (.i f -i r )- (6- 5 - 1 ) 
The specific current I s is given by 

I s =MC' ox n^-. (6.5.2) 

Assuming the temperature to be the same for the devices under 
analysis, one can write the relative deviation of the specific current as 

A^ = A, A+ A« + AW_AL i (65 3) 

I s M L n W L 

In a simple model, let us assume the first three terms in (6.5.3) to be 
independent of bias and the last two terms to represent peripheral 
fluctuations. We now group the first three terms and rewrite (6.5.3) as 

I, h Q W L 

where I SQ is the sheet specific current. We now suppose the errors in 
(6.5.4) to be uncorrelated. We can then write the standard deviation of 
the specific current as 

<y 2 {h) <? 2 {h Q ) o\L) 

0 = -r, 1 -r, 1 ^ • (6.5.5) 

Is Is Q W 2 L 

The result in (6.5.5) is similar to that presented in [3], [5], [11]. We 
now suppose the standard deviations in (6.5.5) to follow the simple rules 
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°^^ = ^<J 2 {W) = ^<J 2 {L) = ^, (6.5.6) 
I 2 SQ WL L v ' W 

which results in the following expression for the standard deviation of I s 

^(4) = 4, + JL + 4. (6 ,. 7) 

I 2 WL W 2 L WL 2 

For long and wide channels, the result in (6.5.7) can be further 
simplified to 



I 2 WL 



(6.5.8) 



which is a result similar to the one shown in [5]. Note that, in our model, 
the relative deviation in the specific current is equivalent to the relative 
deviation in /? given in [5]. 

6.6 Mismatch model in terms of inversion level 

An alternative expression for (6.4.12) which may be of great use to 
circuit designers is obtained if the charge density, at source and drain, is 
written in terms of the forward and reverse currents [17], as given in 
Chapter 4 and repeated here for convenience 



Using (6.6.1) in (6.4.12), the following expression results for the 
current mismatch due to fluctuations in the number of dopant atoms 



o) N ■ 1 (l+i, 
I 2 D ~WLN* 2 i f -i r \l + i rJ 



(6.6.2) 



where we define N* as in [14], [19], [25] 

N *==&=<A, (6.6.3) 
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Expression (6.6.2) indicates that the ratio of mismatch power to dc 
power is inversely proportional to the gate area, as is well-known. The 
ratio of mismatch power to dc power is proportional to t„ 2 and to N a m 
for a constant impurity profile. Finally, the substrate voltage also affects 
the factor N oi through modulation of the depletion depth. For fixed if and 
i r , reverse substrate-to-source voltages increase the depletion depth and, 
consequently, N oi . As a result, matching worsens for a reverse biased 
bulk-to-source junction. 

Expression (6.6.2) can be simplified under specific conditions. From 
weak to strong inversion in the linear region, i/=i r and (6.6.2) reduces to 

cr, N . 1 

- J T = V • (6.6.4) 

1 1 WLN 2 l + i f 



Expression (6.6.4) can also be written as 



AT f 

&i N 

in 1 n 



I 2 D WLN* 2 



n(/> t 



(6.6.5) 



In weak inversion, if <<1; thus, the first order series expansion of 
(6.6.2) leads to 

<*] N ■ 

— r = ( 6 - 6 - 6 ) 

I 2 D WLN 2 

for either saturation or nonsaturation. In saturation, i r —£); thus, 
expression (6.6.2) can be written as 

a) is. ln(l + L) 

Hr = — 0± ^ — — - • ( 6 - 6 - 7 ) 
I 2 D WLN 2 i f 

Expression (6.6.7) can also be written as 

4= \^ + '*"'\ (6.6.8, 

For the sake of completeness, one can include the random errors due 
to the specific sheet current I SQ = jUC' m n</> 2 12 as in expression (6.5.8), 
which results in a modification of expression (6.6.2), yielding 
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J_ N « 1 
WL N* 2 i f -i r 



In 



v 



l + i 



1 + 



7 



l /5Q 



(6.6.9) 



In (6.6.9) Aisq is a mismatch factor that, in a first approximation, is a 
constant factor that accounts for variations in mobility, gate oxide 
thickness, and slope factor. A more elaborate model would consider Aisq 
as a (slightly) bias-dependent term. 

The current mismatch in expression (6.6.9) can be referred to the 
gate. To derive the voltage mismatch between current biased transistors, 
we note that dI D -g mg dV G ; therefore, the voltage mismatch between 
current biased transistors is 



Expression (6.6.10) is useful for finding the voltage mismatch in a 
differential pair, for example. 

6.7 Experimental results and discussion [25], [26] 

Intra-die current mismatch of a set of NMOS and PMOS transistors was 
measured on a test circuit fabricated with the TSMC 0.35um 3.3V 
CMOS n-well process (from MOSIS - www.mosis.org), in which the 
gate oxide thickness is 78 A. In the test circuit, transistors are arranged in 
arrays of 20 identical devices terminated by dummy ones to ensure the 
same surroundings for all the transistors. Matched transistors have the 
same orientation. Transistor dimensions (WxL) in the different arrays are 
12um x 8um (large), 3[im x 2|0,m (medium), 0.75(J,m x 8um (narrow - 
minimum width), 12|0,m x 0.5|0,m (short - minimum length) and 0.75|im x 
0.5|0,m (small - minimum size). Wide metal connections and multiple 
contact windows were employed in the layout to lower ohmic drops. All 
of the ten packaged dies out of forty that were characterized showed 
similar mismatch behavior. Fig. 6.4 shows a microphotograph of the test 
chip. 




(6.6.10) 
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Fig. 6.4 Test chip microphotograph, showing PMOS and NMOS transistor arrays 
fabricated in a 0.35 (irn technology. Transistor dimensions (WxL) in the different arrays 
are 12|lm x 8(lm (large), 3(lm x 2(xm (medium), 0.75(lm x 8(xm (narrow - minimum 
width), 12(lm x 0.5(lm (short - minimum length) and 0.75(lm x 0.5(lm (small - minimum 
size). 

Fig. 6.5 presents the mismatch power normalized to the dc power for 
drain-to-source voltage ranging from lOmV (linear region) to 2V 
(saturation) for the medium size NMOS devices. Mismatch was 
measured for six different inversion levels (0.01, 0.1, 1, 10, 100, and 
1000). The bulk terminal was kept at zero volts. Simulated (model) 
curves were determined from expression (6.6.2), with i r calculated 
through expression (3.7.20). 
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In weak inversion (i f = 0.01 and 0.1), mismatch is almost constant 
from the linear to saturation region and independent of the inversion 
level, as predicted by (6.6.6). Measured and simulated curves for weak 
inversion are almost coincident, being hardly distinguishable. From 
moderate (if- 1 and 10) to strong (if- 100) inversion, both the simulated 
and measured curves present similar behavior, increasing from the linear 
to saturation region, where a plateau is reached. Differences between 
measured and simulated curves at saturation may be associated with 
statistical spatial-nonuniformity concentration of dopant atoms. 
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Fig. 6.5 Normalized current mismatch power for the medium-sized (W= 3 urn, 
L= 2 urn) NMOS transistor array. 

Parameter N oi was estimated from measurements in weak inversion, 
using equation (6.6.6), with effective transistor width and length. N* was 
calculated based on parameters provided by MOSIS. The same value of 
N oi , 1.8xl0 12 cm" 2 for the NMOS devices, and 7xl0 12 cm" 2 for the PMOS 
devices, was obtained for both the large and medium transistors. It 



2 1 8 MOSFET MODELING FOR CIRCUIT ANAL YSIS AND DESIGN 
by Galup-Montoro and Schneider 



should be noted that N oi includes both the acceptor and donor impurities 
[27]. As a consequence, N oi is usually higher than the product of the net 
ion concentration and the depletion layer depth. 

At an inversion level i f = 1000, mismatch calculated using (6.6.2) 
deviates considerably from the experimental results. In fact, when the 
inversion level is high, the inversion charge layer (channel) provides a 
"shield" for the gate-bulk electric field. This leads to the influence of the 
random dopant placement on mismatch being small, and the effects of 
other components of mismatch such as variation in gate oxide thickness, 
mobility, and slope factor then play an important role. Therefore, the 
more complete expression (6.6.9) must be used to account for mismatch 
factors other than doping fluctuations. For high inversion levels, 
mismatch flattens out at a minimum value determined by A ISQ , a result 
that was corroborated by the experimental data. 

Parameter A ISQ was estimated from measurements in strong inversion 

and the linear region, using (6.6.9). A ISQ values of the order of 0.89 %- 

um and 0.71 %-|0,m resulted for NMOS and PMOS devices, respectively, 
for both the large and the medium devices. 

The simulated curves presented in Fig. 6.5 and Fig. 6.6 are based on 
the values extracted for both N oi and A ISQ for either NMOS or PMOS 

transistors. Fig. 6.6 shows the measured and simulated dependence of 
current matching on inversion level (or bias current I B ) for the linear and 
saturation regions, for three sizes of NMOS and PMOS transistors. 

From Fig. 6.6, one can see that larger transistors follow the "area 
rule", as shown in our model. We also used the same A ISQ value for 

modeling the matching of both the large and medium devices. The small 
transistors do not follow this rule, presenting a mismatch 55% lower 
(NMOS) and 80% higher (PMOS) than the model estimates using the 
same N oi as that for the large and medium-sized transistors. However, 
values of N oi for the small transistors different from those measured for 
the large transistors were chosen in order to obtain better fitting of the 
curves. For the dies we characterized, small transistors presented an 
unpredictable N oi . In fact, electrical characteristics of short-channel 
devices are very sensitive to fluctuations due to a greater dependence on 
edge effects. This high sensitivity of short-channel devices is one of the 
main reasons for the difficulties found in modeling mismatch, mainly in 
today's very complex submicron technologies. Also, for minimum length 
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devices, drain and source doped regions are very close to each other, 
affecting strongly the shape of the depletion layer below the channel. 



NMOS - LINEAR AND SATURATION REGIONS 
.,1,1, 




10" 

Bias Current (A) 



PMOS - LINEAR AND SATURATION REGIONS 
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V DS = - 2V (m ° del) 

o V DS = -20mV (meas.) 
V = -20mV (model) 
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Fig. 6.6 Dependence of current matching on inversion level (bias current I B ) in linear and 
saturation regions (IV cs l=20mV and IV CS I=2V, respectively) for the large-, medium-, and 
small-sized NMOS and PMOS transistor arrays. 
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The curves presented in Fig. 6.6 have a similar behavior to that seen 
in 1/f noise characterization [14], showing that both phenomena, 
mismatch and 1/f noise, arise from the same mechanism, although the 
first is related to random doping density fluctuation and the second to 
random trapping-detrapping of carriers in the channel oxide-substrate 
interface. 
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Fig. 6.7 Dependence of current matching on inversion level in the linear region for the 
large, medium and small NMOS transistor arrays at two bulk-source voltages. 



Fig. 6.7 shows the measured and simulated dependence of current 
matching on inversion level for the linear region, for three sizes of 
NMOS transistors, at two bulk bias voltages (V BS ). Larger transistors 
follow the "area rule", as our mismatch model predicts. For a particular 
bulk bias, we used the same N oi for modeling the matching of both the 
large and medium transistors. We also used the same A ISQ value for 
modeling the matching of both the large and medium devices under any 
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bulk bias. The small transistors do not follow the "area rule", presenting 
a mismatch 55% lower than the model estimates (at zero volt bulk bias) 
using the same N oi . At V BS = -3V, the mismatch measured for the small 
transistors is in good agreement with the value estimated by our model. 
However, values of N oi for the small transistors different from those 
measured for the large transistors were chosen in order to obtain better 
fitting of the curves. For the dies we characterized, small transistors 
presented an unpredictable N oi , as previously observed in references [7], 
[28]. As experimental data have demonstrated, the model we developed 
for mismatch can also be used for short-channel transistors, even though 
fitting of both N oi and A ISQ is required. A good approach for modeling 
mismatch in short-channel transistors would be to define a range of 
"maximum-minimum" values for N oi [29]. In a conservative design, the 
maximum value of N oi would be chosen to predict the worst-case 
mismatch. 

From Fig. 6.7, one can see that current mismatch increases for reverse 
bulk bias. The reason for this behavior is that, compared to zero bulk 
bias, a reverse bulk voltage deepens the depletion layer, resulting in a 
higher N oi [30], [31], [32], [33]. Owing to the difficulty in developing a 
model for the modulation of N oi with bulk bias, we decided to choose 
values of N oi that fit the measured data for each bulk bias condition. 

For more details about the experimental results we have reported 
here, the reader is referred to [25] . 

Our measurements span a wide range of six decades of current, going 
from very weak to very strong inversion, and fit well the mismatch over 
the whole of this current range. Also, we have demonstrated the accuracy 
of our mismatch model for both the linear and saturation regions. Better 
accuracy could be attained using more fitting parameters, but we 
preferred to keep our mismatch model simple, making it a useful hand- 
design tool that requires only two parameters (N oi and A 1SQ ) to interface 
technology with designers. 

Even though the model we have derived is different from the popular 
Pelgrom's [5] model, we can associate the parameters of the model 
presented in this text with those presented in [5], as given below 

Al=A} S0 . (6.7.1) 
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Kr=^N oi . (6.7.2) 

At this point, we emphasize that the mismatch model presented here 
is continuous in all operating regions and consistent with the distributed 
nature of the MOS transistor. As a result, the mismatch model derived 
here is fully consistent with the series-parallel association of transistors. 
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Problems 

6.1. Determine the expression that gives the mean square value of the 
offset voltage (mismatch of gate voltage for the same current) of a 
differential pair where the transistors operate in saturation. Plot the 
dependence of the deviation in the offset voltage on the inversion level if 
for 0.1< z}<1000. Assume the following parameters to calculate the offset 
deviation: N oi =\0 12 cm" 2 , A ISQ =2%-\im, C' ox = 10 fF/^m 2 , 7 SG =100 nA, 
n=1.25, W= lOum, L=l tim. 

6.2. Assume that mismatch is due only to fluctuations in doping 
concentration. Let us examine the effects of technology scaling on 
matching, specifically in weak inversion, where the normalized current 
mismatch is given by (6.6.6). In the constant-field scaling (R. Dennard et 
al., "Design of ion-implanted MOSFET's with very small physical 
dimensions," IEEE JSSC, vol. 9, no. 5, pp. 256-268, Oct. 1974), 
dimensions are affected by k, the scaling factor, while doping is affected 
by Ilk. Comment on the effect of technology scaling on the normalized 
error in weak inversion (Note: N oi is proportional to A^ 1 ' 2 where N A is the 
doping level [7], [27]). 
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6.3. Assuming that mismatch is caused by random doping only, calculate 
the ratio of the normalized mismatch in saturation to the normalized 
mismatch in the linear region for 0.1< i)<1000. 
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Chapter 7 

Noise in MOSFETs 



This chapter deals with the fundamental noise in MOS transistors. The 
fundamental noise of a device is the result of the spontaneous 
fluctuations in current and voltage inside the device that are basically 
related to the discrete nature of electrical charge. Fundamental noise 
imposes limits on the performance of amplifiers and other electronic 
circuits. In contrast to pickup noise, that can be reduced or eliminated by 
appropriate shielding, fundamental noise cannot be eliminated because it 
is created in the device itself. 

The study of noise in MOS transistors [1], [2] began shortly after the 
basic dc modeling had been carried out [3], [4] and was preceded by the 
study of noise injunction field-effect transistors [5], [6]. 

This chapter begins with a short summary of the various sources of 
noise. The impedance field method for calculating noise in devices is 
then introduced, and the fundamental thermal and flicker noise models 
are developed. Later, the basic requirements for a consistent noise model 
of the MOS transistor are given and design-oriented noise models are 
presented. Finally, small dimension effects on noise are considered. 

7.1 Sources of noise 
7.1.1 Thermal noise 

Thermal noise is present in thermal equilibrium (in the absence of 
current) in any resistor. This is due to the fact that the electrons collide 
randomly with the thermally agitated atoms of the resistor. The effect is 
similar to the Brownian movement of particles suspended in a liquid 
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analyzed by Einstein in 1905 [7]. Brownian movement is basically 
explained by the equipartition theorem of statistical physics that states 
that for a system in equilibrium the average energy associated with each 
degree of freedom of the system is kT 1 2 where k is the Boltzmann 
constant and T is the temperature in Kelvin. 

A suspended particle has three degrees of freedom and, consequently, 
three energy storage modes, each of which stores a mean energy of 
kT 1 2 . For the electron gas in a (semi)conductor the situation is similar. 
In each storage mode in the circuit, such as a condenser or an inductor, 
the electron gas stores a mean energy of kT 12. This means that the total 
mean-square noise current in an inductor L is given by 

1 ~T 1 

-Li=-kT. (7.1.1) 

2 2 

Similarly, for a capacitor C, the mean-square noise voltage is 

-Cv 2 =-kT. (7.1.2) 
2 2 

The thermal noise of a resistor has been determined applying the 
equipartition theorem to a lossless transmission line [8] or to a tuned 
circuit [9]. The thermal noise current of a resistor of value R (-1/G) has a 
mean-square value 

j 2 = 4kT -Af= 4kTGAf , (7.1 .3) 

R 

where Af is the bandwidth in Hertz over which the noise is measured. 

Since the noise current has a mean-square value that is proportional to 

the bandwidth, a noise current spectral density i 2 1 Af that is constant as a 

function of the frequency can be defined. Noise with a constant spectral 
density is called white noise. Equation (7.1.3), which states that the 
thermal noise is directly proportional to the temperature T and to the 
conductance G was introduced and experimentally verified by Johnson 
[10], who measured the thermal noise in resistors made of different 
materials. Two equivalent circuits can represent the thermal noise of a 
resistor, as shown in Fig. 7.1 [11]. The Norton (shunt) equivalent circuit 
represents directly equation (7.1.3), while the Thevenin (series) 
equivalent circuit corresponds to expression (7.1.4) 
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v 2 = 4kTRAf . 



(7.1.4) 



Equation (7.1.4) is very general because it is a consequence of 
thermodynamics, but it is strictly valid only in equilibrium, a condition 
that is only achieved with no current passing through the resistor. 
Because in many situations the electron drift velocities are much lower 
than the thermal velocity of the electron, (7.1.3) or (7.1.4) is also applied 
for biased resistors. 



Fig. 7.1 (a) Norton and (b) Thevenin equivalent circuits of a real (noisy) resistor. The 
resistor R in the equivalent circuits is an ideal (noiseless) resistor. 

7.1.2 Shot noise 

Shot noise is associated with the random flow of carriers across a 
potential barrier. This noise is present in vacuum tubes, diodes and 
transistors. Shot noise was first studied by Schottky who explained the 
random fluctuations in the plate current as the result of the flow of 
discrete charges [12]. The fluctuation of the current / is given in terms of 
its mean-square variation about its average value I DC as 



R 




(a) 



(b) 



i 2 = (l-I D cf- 



(7.1.5) 



Shot noise is given by the Schottky formula as 



i 2 = 2qI DC Af 



(7.1.6) 



230 MOSFET MODELING FOR CIRCUIT ANALYSIS AND DESIGN 
by Galup-Montoro and Schneider 



where q is the electronic charge and Af is the bandwidth in Hertz over 

which the noise is measured. As in the case of thermal noise, it is white 
noise. 

Thermal noise and shot noise are related if the Einstein relation holds 
[13]. Let us consider the idealized diffusion current of electrons in one 
dimension (x-direction). Consider two adjacent boxes with cross- 
sectional areas equal to AyAz and lengths equal to Ax. The electron 
concentrations in the two boxes are n(x) and n(x+Ax). Due to collisions 
with the semiconductor lattice, the electrons can jump randomly from 
one box to the adjacent box. The diffusion current I F from left to right is 
proportional to the charge of carriers enclosed in the left box, i.e., 

l F = —aqn (x)AxAyAz (7.1.7) 
where a is a constant to be determined. The current I R from right to left is 



I R = -aqn(x + Ax) AxAvAz = -aq 
The net current / flowing from left to right is 



t \ dn K 
n[x)-\ Ax 

dx 



AxAyAz. (7.1.8) 



I = I F -I R =aqAx 2 AyAz — . (7.1.9) 

dx 

Since the current density I/AyAz must be independent of the way in 

which the semiconductor is divided, aAx 2 must be a constant; this 
constant is called the electron diffusion constant D n . Therefore, 

dn 

I = I F -I R = qD—AyAz. (7.1.10) 
dx 

Each of the currents is proportional to the local concentration of 
carriers n(x), and the net diffusion current is proportional to dn/dx. For a 
constant concentration n, these two (forward and reverse) currents are 
equal, otherwise, considering that An«n, they are approximately equal, 
i.e., 

I R =I F =-qD n n{x)^. (7.1.11) 
Ax 
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The shot noise associated with each of these currents is given by 
(7.1.6) 1 

i 2 f(r) = 2qI F(R) Af = 2q[qD n n(x)^-]Af . (7.1.12) 

Considering that I F and I R are statistically independent, the mean 
square value of the noise is equal to the sum of the shot noise of each 
current. Thus, from (7.1.12) it follows that 

J = J f +? r = 4q 2 D n n(x)^Af . (7.1.13) 

Ax 



Now if the Einstein relation 



kT 

D n =—jU„ (7-1-14) 

q 

holds, then (7.1.13) can be rewritten as 

i 2 = 4kT[qjU n n(x)]^^Af = AkTAGAf , (7.1.15) 

which shows that the diffusion noise reduces to the thermal noise if the 
Einstein relation holds. AG is the conductance of the box (AxAyAz). 



7.1.3 Flicker noise 

All active devices, as well as some passive devices such as carbon 
resistors, present what is referred to as excess noise, usually called 
flicker noise, in addition to thermal or shot noise. Flicker noise is a low- 
frequency noise which occurs when a direct current is flowing. The 
power spectral density (PSD) of flicker noise varies with frequency in 
the form 

S(/) = -pr (7-1-16) 

with K,EF being constants, EF ~ 1 (for a discussion on EF see [14]). 
Since usually EF ~ 1 , as shown in Fig. 7.2, flicker noise is also called 1/f 
noise. 



1 In this section, i ffr) refers to noise current rather than inversion level. 
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Fig. 7.2 Measured flicker noise spectra for a saturated NMOS transistor fabricated in a 
2.4 um process. W/L=40nm/ 12p.m. 

1/f noise is ubiquitous; however, no universal mechanism, as in the 
case of thermal noise, is fully responsible for it. Consequently, 1/f noise 
cannot be predicted from the dc or other device characteristic as is the 
case with thermal or shot noise. Thus, empirical or semi-empirical 
parameters characterizing flicker noise must be determined from noise 
measurements. High 1/f noise, which has plagued MOS transistors from 
the beginning of the technology, has been studied since that time. 
However, there is still some controversy about its origin, even though 
nowadays the most accepted theory for 1/f noise in MOS transistors is its 
origin through interface traps, which will be the subject of section 7.2.2. 

7.2 Noise modeling using the impedance field method 

The impedance field method [15], [16] is the commonly used method for 
calculating the equivalent noise sources of a device from its structure 
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(technology and geometry) and the microscopic noise process involved 
(Fig. 7.3). 
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Drain 



Fig. 7.3 A local fluctuation propagates to the gate and drain current of a MOSFET. (After 
[16].) 
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Fig. 7.4 The impedance field method applied to a MOSFET. (After [16].) 

The calculation is carried out in three steps. Firstly, the local 
(microscopic) fluctuations are calculated in a generic elementary region 
of the device. A local current or voltage generator represents the local 
fluctuations (Fig. 7.4). Secondly, the transfer from the generic 
elementary region to the output voltage or current of the device is 
determined. The term impedance field is given owing to this procedure. 
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Since in our modeling approach we represent the local fluctuation by a 
current source and we are interested in the equivalent noise sources of 
the MOS, the impedance field in our case is given by a dimensionless 
current gain. Finally, the contributions of the elementary noise sources to 
the fluctuation of the output voltage or current must be combined. Since 
we applied the method to idealized one-dimensional structures, the 
transfer from the elementary region to the output is given in terms of the 
parameters of a generic lumped device. For these reasons, in the 
electrical engineering literature the impedance field method is sometimes 
simply called the circuit model approach [17]. 

The application of the impedance field method to the MOS transistor 
under the gradual channel approximation results in splitting the transistor 
into 3 series elements: the upper transistor, the lower transistor, and a 
small channel element of length Ay and area AA = W.Ay , as in 
Fig.7.5(a). Small signal analysis can be carried out, considering the 
general expression for the source (drain) transconductance g ms(d) given 
in (3.7.25). Thus 

W 

8 msu =-M- Qiy (7-2-1) 

L-y 

W 

8nuU=-»-Qn (7-2-2) 

y 

where Q' IY is the inversion charge density evaluated at a point Y in the 

channel and jl is the effective mobility. We define the resistance AR of 

a small element of the channel of length Ay with the aid of the general 

expression for the drain current, including drift and diffusion, as in 
equation (3.3.9), which is repeated here 

i d =-wmQ' i c ^. a. 2.3) 

dy 

From (7.2.3), it follows that 

AR = AV/I D = -Ay /(juWQj ) . (7.2.4) 
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W/(L-y) 



-Ay 



M,: W/y 



Vd 



(a) 



AR 



gu 



g/ 



(b) 



Fig.7.5 a) The transistor is separated into 3 series components, b) Small signal analysis to 
calculate the noise contribution to the drain current of the noisy element AA. 



Representing the channel element by a resistance and considering the 
transconductance proportional to the inversion charge density in all 
operating regions are both consequences of the quasi-Fermi potential 
formulation for the drain current given by (7.2.3). Denoting the local 
noise current produced by the channel element as i M (Fig. 7.5 (b)), 

small-signal analysis allows one to calculate the resulting effect of i M on 

the drain current noise. As shown in Fig. 7.5(b), current division between 
the channel element and the equivalent small-signal resistance of the rest 

of the channel gives 8l d = (Ay/L).i AA . Thus, the mean-square of the 



total drain current fluctuation is 



SI D 2 = I (^) 2 = lim 0 Z 

channel -length 



'Ay. 



1 r. -r 



\Ayildy (7.2.5) 



since local current fluctuations along the channel are uncorrelated. Note 
that since i M is related to the average of the local fluctuations of the 
carrier density N in the channel in the area AA , its PSD must be 
proportional to l/AA = l/(W.Ay) . Equation (7.2.5) is general and may 



2 8 represents time fluctuations 
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be employed with any model for the noise i M of a single channel 

element such as the thermal noise model, Hooge's model [19], or the 
carrier number fluctuation model usually employed for the derivation of 
physics-based flicker noise models. 



7.2.1 Thermal noise in MOSFETs 

Calculating the mean-square thermal noise of a channel element of 
length Ay using (7.1.3), the Nyquist formula, gives 



.2 



w 



±- = 4kT^-n(-Q' I ). (7.2.6) 
Af Ay 

Substituting (7.2.6) into (7.2.5) yields 



S th =^ r = ^)4kTWjU(-Q' I )dy = -4kT J u^, (7.2.7) 
Af L o L 

where the rightmost term in (7.2.7) holds for the simple case of constant 
mobility. Equation (7.2.7), which states that the thermal noise is directly 
proportional to the total inversion charge Q h was first derived in [20]. 

From (7.2.7) and the expression for the total inversion charge in terms 
of the channel charge densities at the ends of the channel, as given in 
(5.2.16), it follows that 

s ^_ 4kT w % ( Q?s + Qis Q'id +Q? D )-n C 4 ( Qis + Q'id ) 

Expression (7.2.8) is valid in all the operating regions, from weak to 
strong inversion and from the linear to the saturation region, but is rather 
cumbersome. Useful design expressions in different operating regions in 
terms of the transistor transconductances are easily derived and will be 
presented in Section 7.4.1. 



7.2.2 Flicker noise in MOSFETs 

We will adopt the carrier number fluctuation theory [21], which is the 
most accepted approach to model the 1/f noise. Let us consider a small 
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channel element of area AA as in Fig. 7.6. Traps inside the oxide may be 
occupied by carriers from the channel. Electrons in the channel may 
tunnel to and back from these traps in a random process making the drain 
current fluctuate. 



Oxide 



o 
u 

3 




Fig. 7.6 (a) Top view of an NMOS transistor, (b) Electrons in the channel may tunnel to a 
trap, (c) Diagram of an MOS transistor and a differential volume inside the oxide 
dV=W.dx.dy. 

Considering a small volume AV inside the oxide, as in Fig. 7.6(c): 
AV-W.Ax.Ay, the following notation is introduced: 

- jV^ denotes the ratio of the carrier number in the channel element 
AA to the channel element area, which is also called areal carrier density. 

- N' tAA denotes the ratio of the number of occupied traps in the whole 
oxide volume above the channel element AA to the channel element area. 

- N t (E) [eV _1 -cm 3 ] is the density of oxide traps per unit volume 
and unit energy. 
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To calculate the 1/f noise from (7.2.5), one must first determine i M 
through the following steps: 

1) Find the relationship between the local noise current i M and the areal 
carrier density fluctuation SN' M . 

2) Determine the fluctuation SN' M in the areal carrier density in terms 
of the fluctuation in the areal density of occupied traps SN' tAA . 

3) Finally, calculate SN' tAA . 

The local current fluctuation that results from fluctuations in the areal 
carrier density is calculated from (7.2.3) as explained in [22], yielding 

iAA=Io^- (7-2.9) 
Naa 

Equation (6.4.2), equivalent to (7.2.9), has already been used in 
Section 6.4 to develop the transistor mismatch model. For the sake of 
simplicity we will consider only fluctuation in the number of carriers, but 
the analysis could be extended to include fluctuation in the mobility [23]. 
Following the same approach as that in Section 6.4, the ratio r of the 
fluctuation in areal carrier density to the fluctuation in the areal density 
of occupied traps [24] is given by the capacitive divider introduced in 
(6.4.4). 

r= s_N^ = _ c; e; 
sn' im c;+c b +c m iic;j,-q; 

Finally, the power spectral density of the fluctuation SN' tM is 

calculated considering that the oxide traps have a uniform spatial 
distribution and that the probability of an electron penetrating into the 
oxide decreases exponentially with the distance from the interface. As 
shown in [14], under the above two hypotheses, the power spectral 
density of the fluctuation SN' tAA is given by the very simple expression 



(SN' tt J _ 1 N t kT 1 _N ot 1 
Af AA X f AA f ' 
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Parameter N ol is the equivalent density of oxide traps defined by 

Noilcm -^^m, (7 . 2 ,2, 

A 

where X (cm 1 ) is the attenuation coefficient of the electron wave 
function in the oxide. 

From (7.2.10) and (7.2.1 1), it follows that the PSD of the fluctuations 
of the areal carrier density SN'^ is 



n jML _1. (7 . 2 , 3) 

A/ AA.(Q\-nCM 2 f 

We obtain an expression for the PSD of the drain current noise using 
(7.2.9) and (7.2.13) to calculate i M , which inserted into (7.2.5), yields 



Sin Q 2 N ot I n 1 L r 1 

oj_D = H 2LA_| dy _ (7.2.14) 

With the aid of (5.2.3) the integration over the channel length in 
(7.2.14) is changed into the integration over the channel charge density. 
Thus, 



sin q 2 N nf ui n 1 Q 'f 1 

oj_d = h ot£2_D_^ — r d Q> (v.2.15) 

Af nC' 0X L 2 f hnCj> t -$ 

The integration of (7.2.15) results in 

nC'ox<l>t-Q'is 



Slj _ q z N otJ u ln 
I 2 D Af L 2 nC' ox I D 



nC' ox 0 t -Q' ID 



7 



(7.2.16) 



An expression similar to (7.2.16) is used in BSIM [23] to model 
strong inversion noise due to charge trapping, but it must be emphasized 
that (7.2.16) is valid for any inversion level, including moderate 
inversion. 

Approximate expressions can be found for the different operating 
regions. In weak inversion, —Q' ID ,—Q 1S « nC' ox (j) t . Making a first order 

series expansion, it is possible to rewrite (7.2.16) in a more concise 
manner as 
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N ot 1 
WLN* 2 ' / 



(7.2.17) 



where N* =nC' ox 0,/q [23]. Equation (7.2.17) is the same one used in 
BSIM3 and 4 to model flicker noise in weak inversion ( N ol = A.kT/A 
in BSIM3, 4) and it is equivalent to the formula proposed in [24]. 

In the linear region in strong inversion, Q' ID = Q' 1S = —C' ox (V G —V T ), 
and the first order expansion of (7.2.16) leads to 



In this case, the result is also the same as that obtained in [24]. 
Summarizing the bias dependence of the PSD of the drain current noise, 

in subthreshold the PSD increases with I 2 D according to (7.2.17) while in 
strong inversion saturation the PSD increases linearly with I D , as 
predicted by (7.2.16) if one neglects the variation in the logarithmic term. 

7.2.2.1 Measurement results 

Noise measurements were performed in MOS transistors covering all 
regions of operation to experimentally verify the model in (7.2.16). In the 
experiments, the PSD closely follows a 1/f dependence. This is 
consistent with the assumption EF = 1 associated with a uniform spatial 
distribution of the traps inside the oxide [14]. Figures 7.7 and 7.8 show 
the simulation and measurement of flicker noise for an n-channel 
MOSFET of a 0.8(Xm CMOS process. Fig. 7.7 covers all the operating 
regions for the saturated transistor, from weak to strong inversion; note 
here the plateau of the normalized PSD S , /„ in weak inversion. Fig. 

d I 

7.8 was obtained for the same transistor operating in strong inversion and 
in the linear region. Both transistors in Fig. 7.8 and Fig. 7.9 were 
fabricated in the same technology but in different runs, which may 
explain the slightly different values of N ot . 




q 2 N ot i 



(7.2.18) 
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Drain Current l D [A] 



Fig. 7.7 Flicker noise PSD and normalized PSD at f=l Hz, for a saturated NMOS 
transistor (W/L=200u.m/5um). 




Drain Current l D [A] 



Fig. 7.8 Normalized PSD at f=l Hz, for an NMOS transistor (W/L=200u.m/5u.m) in the 
linear region. (The drain-to-source voltage is 100 mV.) 
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In Fig. 7.9 the predicted and measured flicker noise for a 
W/L=20um/10um NMOS transistor covering different V DS values from 
the linear region up to saturation with a gate voltage Vc=3.3V are shown. 



4.0x10 1 



3.0x10 



en 



1.0x10 




Drain Voltage V D [V] 

Fig. 7.9. PSD of flicker noise at f=l Hz for a W/L=20|Am/10|Am NMOS transistor, from 
the linear region up to saturation. 
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1n 10n 100n 1|j 1 0(a 100|i 1m 10m 100m 

Drain Current l D [A] 

Fig. 7.10 Normalized PSD of the drain current noise at f=l Hz for a saturated PMOS 
transistor (W7L=200M.m/5um). 
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In Fig. 7.10 the flicker noise is shown for a saturated p-channel 
transistor of the same technology and with the same aspect ratio as the 
one in Fig. 7.9. As shown in Fig. 7.10, it is also possible to observe the 
plateau in weak inversion. 

Finally, in Fig. 7.11 measurements and simulations of flicker noise 
for a 2.4 \xm technology are presented. In this case the measurements 
were performed for two NMOS transistors of different sizes. Once again 
the measurements show a good agreement with the model and the value 
of the extracted N ot is similar to the values determined for the 0.8 [im 
process. 

: M 2 W/L=40/12(i 

simulated, N =2.6x1 0 7 cm" 2 

1 F-q - • 

; . • measured 

3 




10n 100n 1 n 1 0n 1 00n 1m 10m 

Drain Current l D [A] 

Fig. 7.11 Normalized PSD of the drain current noise at f=l Hz for two saturated NMOS 
transistors in a 2.4 (lm CMOS process. 

7.3 Consistency of noise models 

A noise model is consistent regarding series or parallel associations if the 
composition of the noise contributions from the individual series (or 
parallel) elements is the same as the noise from the series (or parallel) 
equivalent. Clearly, the thermal noise model for a resistor, as in equation 
(7.1.3), repeated here 
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.2 
J_ 

A/ 



AkT 
R 



(7.3.1) 



is consistent [11]. For two series elements R X ,R 2 (Fig. 7.12) the total 

noise current introduced into the circuit: i 2 / Af = AkT f(R l + R 2 ) can 
be obtained by composing the individual noise sources or using (7.3.1) to 
calculate the noise of the equivalent resistor R eq = R } + R 2 . 




Rj R 2 

Fig. 7.12 Circuit for the calculation of total noise produced by two resistors in series. 



The analysis can be extended to MOS transistors, because for these 
devices, series and parallel equivalents are clearly defined [25], [26]. 
Consider, for example, the virtual cut of a transistor that slices it into two 
series elements as in Fig. 7.13. Suppose that the upper and lower 
transistors M u and M, introduce noise currents with PSD values equal to 
S; and S, , respectively. Small-signal analysis (see Fig. 7.13(c)) 

du dl 

allows the calculation of the PSD of the noise current 5,- of the series- 

l d_s 

composed transistor. Considering 5 ; and S- to be the PSD of 

dl du 

uncorrected noise current sources, it follows that 



l + a 



s g ,(/) + 



1 



l + a 



(7.3.2) 
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where a = g ms Jg mdl , and g mm and g mdl are the source and drain 

transconductances of transistors M u and Mi, respectively. For the 
partition of the channel as in Fig. 7.13 we have 



W W 

Smsu = ~M ^—7 Q'lY Smdl = ~^ ~7 Q'lY 

L — a a 



(7.3.3) 



where Q' IY is the inversion charge density evaluated at point Y in the 
channel (Fig. 7.13(b)) and jU is the effective mobility. Consequently, 
a = d I (L-d) depends only on the position in the channel and (7.3.2) 
can be rewritten as 



L-d 



'du 



(7.3.4) 



Vg 



d|ji: W/(L-d) 



W/d 



M u ' 
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Fig. 7.13 Circuit for the calculation of the total noise produced by two transistors in 
series. 



As an example, let us now consider the application of (7.3.4) to 
thermal noise. Calculating the PSD of the upper and lower transistors 
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using the MOSFET thermal noise formula (7.2.7) and substituting the 
result into (7.3.4), yields: 



S th =-4kTjU 



Qn 



d 



+- 



Q 



In 



f L-d^ 



(L-dY 



-4kTjuQ, 



(7.3.5) 



where Qn, Qi u , Qi, are the total inversion charge in the channel of the 
lower, upper, and equivalent transistor, respectively. As expected, the 
classical thermal noise model of the MOSFET is consistent with the 
series association of transistors. 

The flicker noise model of (7.2.16) was deduced from a charge -based 
model integrated along the transistor channel, thus resulting in an 
inherently consistent model for the series and parallel associations of 
transistors. However, some popular 1/f noise models are inconsistent, as 
pointed out in [14], [27]. 



7.4 Design-oriented noise models 

7.4.1 Relationship between thermal noise and transconductance 

In the linear region from weak to strong inversion Q' IS = Q' ID and 

W 

S th = -4kTju-Q' IS = 4kTg ms = 4kTg md . (7.4.1) 

As expected, the channel behaves as a resistance of value Vg ms =l/g m d- 
In weak inversion, \Q' is , d) | « nC' ox <p t , and (7.2.8) becomes 

S th = -4kTjU — ^ QlS + QlD ^ = 4kT 8 ms + 8 md . (7.4.2) 
L 2 2 

For a saturated transistor (g ms »g m d) in weak inversion 

S th = 2nkTg m . (7.4.3) 

In saturation |<2/ S | » \ Q'm\ an< ^' ^ n strong inversion, \Q' IS \ » nC' ox (/) t . 
Thus, it is possible to rewrite (7.2.8) as 
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S th=\ nkT S„ 



(7.4.4) 



In Fig. 7.14 the calculated and measured values of the normalized 
PSD of white noise are shown. These measurements were obtained at a 
frequency of several kHz to minimize the effect of flicker noise. 
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Fig. 7.14 Normalized thermal noise PSD and normalized 1/f noise PSD for a saturated 
NMOS (W/L=200u/5u) transistor. The simulated results for 1/f noise were obtained 
through (a) Equation (7.2.16), (b) Expression (7.4.12) times g m 2 . 



7.4.2 Flicker noise in terms of inversion levels 



A useful alternative expression for (7.2.16) is obtained if the charge 
densities at source (drain) are expressed in terms of the normalized 
forward and reverse currents i f and i r . Using the relationship between 

normalized charges and currents of (3.7.3), expression (7.2.16) can be 
rewritten as 



d 



v 



at 



1 



1 



D 



WLN 



*2 



In 



1 + i f 

1+Ir 



(7.4.5) 
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From weak to strong inversion in the linear region, if ~ i r and 
(7.4.5) reduces to 



(7.4.6) 



I 2 D WLN* 2 fl + i f ' 

In weak inversion, i f «1 and i r «1. The first-order series expansion 
of (7.4.5) leads to 



*2 



I l D WLN* Z f 



(7.4.7) 



Sometimes, designers prefer to represent the channel noise as an 
equivalent noise voltage source in series with the gate rather than as a 
noise current source connected between drain and source. In this case, 
the PSD of the noise voltage source in series with the gate is 



S i 

S - d 



2 " 



(7.4.8) 



The ratio of the drain current to the gate transconductance in terms of 
the inversion level for a transistor operating in saturation, given by 
(3.7.31), is repeated below 



Thus, from (7.4.5) and (7.4.9) it follows that 

2, 



s _ qN ot l , s 



where 



w(i f ) = 



-y 



ln(l + //) 



if 



(7.4.9) 



(7.4.10) 



(7.4.11) 
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Because w{h ) shows very small variation with if as seen in 

Fig. 7.15, the following empirical model results if we consider ^ equal 
to 1: 



Vg= wLc:if 

Expression (7.4.12) is sometimes presented as 

o „ K F 1 

V8 = WLC> 0X f ' 
where the flicker noise constant K F = q N ot I C' ox 



(7.4.12) 



(7.4.13) 



U I 

10' 4 10" 2 10° 10 2 10 4 

Normalized current i f 

Fig. 7.15 Function y/(if) versus normalized forward current. 

Due to its simplicity, the empirical model (7.4.12) is very convenient 
for hand calculations. Moreover, in current designs, the inversion level is 
seldom higher than 10 , thus is a fair approximation. Even though 
the empirical model of (7.4.12) gives a good estimate of the flicker noise 
of a transistor in saturation, it is not consistent with expression (7.3.4). In 
effect, the empirical model does not consider the distributed nature of the 
MOSFET, because it represents noise as a gate voltage source 
independent of the bias condition {y/[}t )=!)• It should be noted that for 



250 MOSFET MODELING FOR CIRCUIT ANALYSIS AND DESIGN 
by Galup-Montoro and Schneider 



high current applications such as those in RF circuits, equation (7.4.12) 
can give large errors. For a gate overdrive V CS -V T of 1.5 V, /f~2000 and 
y/~2. 



7.4.3 The corner frequency 

The corner frequency f c , defined as the frequency at which the flicker 
noise and thermal noise PSD have the same value, can be calculated 
directly in terms of Q' IS ,Q' ID from equations (7.2.8) and (7.2.16). 

However, simpler results were obtained determining f c in weak inversion 
with equations (7.4.3) and (7.2.17) and in strong inversion using (7.4.4) 
and (7.4.5) 

f^JHM-UsL.ZUsLf, (7.4.14) 
' WLC„ N 2 N " 

with OC = 1 / 2 in weak inversion and OC = 9 1 16 in strong inversion. Note 
that the corner frequency in (7.4.14) is proportional to the transition 
frequency f T of the transistor, which is a useful approximation for 
designers. 

The total noise in a frequency band resulting from the 

contributions of thermal and flicker noise can be calculated as an 
equivalent voltage referred to the gate. For a saturated transistor 
operating in weak inversion, the integration of both (7.2.17) and (7.4.3) , 
yields 



2 2nkT 
v„ = 



( ( f \\ 

(.a -./,)+./; in ,: 



v 



fx 



(7.4.15) 



For strong inversion, an analogous formula exists with slightly 
different coefficients. Fig. 7.16 shows the simulated and measured corner 
frequency of a saturated NMOS transistor for various bias currents. The 
solid line represents f c calculated using (7.4.14), together with the 

measured value for g m . The dashed line represents f c calculated using 

the expression of g m in terms of the inversion level. For this transistor, 

the dimensionless factor N ol /N* = 0.5 xlO" 3 . 
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Fig. 7.16 Calculated and measured values of the corner frequency f c , for an NMOS 
transistor with W/L=200p.m/5um. 



7.5 Small-dimension effects on MOSFET noise 

This section presents the derivation of a closed expression for the 
channel thermal noise including the velocity saturation effect in all the 
operating regions of the MOSFET. The procedure used for the derivation 
follows that used in [28], but rather than constraining the result to strong 
inversion, the solution obtained is quite general and is expressed in terms 
of the inversion charge densities at the source and drain terminals. 

7.5.1 Review of the effect of velocity saturation on the drain current 

This subsection reviews some dc equations required for the deduction of 
the thermal noise in short-channel MOSFETs. 

The relationship between inversion charge density Q' ; and channel 

potential V c is given by the unified charge control model (UCCM), 
which in normalized form is given by (3.7.6) and rewritten below 
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v " ^=*;-i+in(*;), 



4 

where q\ = Q'j/Q'jp ■ From (7.5.1) we find that 



(7.5.1) 



dy 



1 + - 



1i 



dy 



(7.5.2) 



To account for the mobility dependence on the longitudinal field, we 
write the expression for the mobility as 



,_£ 

i 7 V 



(7.5.3) 



which results in the following expression for the drain current (see 
(4.2.5)), here written in normalized form 

. /„ 



h = 



I s l _ c dq L 



~ 2 rWM% 



(7.5.4) 



where 



s 2 L 



(7.5.5) 



is the specific current for low-field mobility, £ = y/L is the normalized 
distance to the source, and 



_ <t>t _MA 



LF. Lv, 



(7.5.6) 



is the short-channel factor. The integration of (7.5.4) along the transistor 
channel, from source to drain results in (4.2.9), repeated below 



(7.5.7) 



for the drain current normalized to the specific current I s . The normalized 
inversion charge densities q' m and q' ID in (7.5.7) are calculated at source 
and drain, respectively. 
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7.5.2 The impedance field for short channel MOSFETs 

In order to calculate the channel noise, we now proceed as in [28], with 
local noise represented by two current sources, according to the 
representation in Fig. 7.17. The effect of each current source on the drain 
current is calculated using the impedance field method [15]. The channel 
conductances G; and G 2 are determined from 




(a) (b) 

Fig. 7.17 Transistor partition for calculating the contribution of elementary noise sources 
[28]. 



Since the dependence of the current on the inversion charge is known 
and the relationship between charge and channel potential is given by 
UCCM, we can solve (7.5.8) by using expressions (7.5.4) and (7.5.1). 
Thus, 

G 1(2) = G 0 ^L^L- = -G 0 ^4^> (7-5.9) 
dq ; dV c /0 t dq ; q ; +l 

where G 0 = I s l 0 t is the normalization conductance. 

The derivatives of the currents wrt the inversion charge are calculated 
after we have computed the expressions for i 1(2 ) by integrating expression 
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(7.5.4) between the source (infinitesimal channel element) and the 
infinitesimal channel element (drain), which results in 

\2 / / „\2 



h = 



for ^ and 



u =-- 



{q' !S +l) -(fr+l) 

Z+CWis-q'i) 

(q I+ l) 2 -(q ID+ lf 



(7.5.10) 



(i-^+a^-qj 

for i 2 . The derivatives of the currents wrt the local charge become 

di x _-2( 9 ;+i)+ft 



(7.5.11) 



and 



dq, % + C Wis ~ 1i) ' 
di 2 -2(^+1) + Ch 



dq, {i-g) + C{q',-q', D ) 



(7.5.12) 



(7.5.13) 



Note that the dc current i x = —i 2 . Now, to obtain the effect of the 
elementary channel noise Im. on the drain current AI d , one superimposes 
the effects of the two elementary current sources to give 



G l + G 2 



G x +G 2 



(7.5.14) 



The substitution of (7.5.12) and (7.5.13) into (7.5.9) leads to the 
following result for the current division 



'2 



G, + G 2 



1 +CW,s- ( 1id) 



(7.5.15) 



The result in (7.5.15) is a generalization of the current division 
principle, derived under the assumption that the mobility follows the 
dependence on the longitudinal field as given by (7.5.3). For long 
channel devices, the current division simply states that, for a given 
current source injected into the channel, the fraction of the current that 
flows through the drain is proportional to the distance from the injection 
node to the source end of the channel. If, however, the saturation velocity 
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phenomenon is significant, the current division principle should be 
modified according to expression (7.5.15), derived under the assumption 
of a mobility dependence on longitudinal field according to expression 
(7.5.3). At this point, let us apply (7.5.15) to a transistor operating in 

strong inversion, where q] »1 . Therefore, q\ = {V P — V c ) / (j) t , which 

leads to the following de-normalized relationship for the current divider 



y+ 



cs 



'2 _ 



G 1 + G 2 



v 

L + ^- 
F 



(7.5.16) 



where V C s is the channel-to-source voltage. The result in (7.5.16) is equal 
to that in [28]. 

Using expression (7.5.15) in (7.5.14) results in 

( rl ' ^ 



~ l AA 



AA ■ 



(7.5.17) 



7.5.3 Drain current noise of short channel MOSFETs 

In order to calculate the total drain current noise, recall that the diffusion 
noise, i.e., the noise caused by the collision of carriers with the lattice, is 
given [13] by 

-7- W 

i 2 AA =-4 q D n Q' I {y) — Af (7.5.18) 
Ay 

for an infinitesimally small thermal noise source located between y and 
y+Ay. In (7.5.18), q is the electronic charge and D„ is the carrier 
diffusion coefficient. In covalent semiconductors such as silicon, the 
diffusion constant decreases very slowly with increasing field strength 
[29], [30]. For the sake of compactness in the derivation of the noise 
model, we will assume simply that the diffusion coefficient is 
independent of the electrical field. The use of a constant diffusion 
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coefficient in (7.5.18) implicitly accounts for the hot carrier case in 
which the carriers are heated by the electrical field [28]. 

To normalize equation (7.5.18), the constant diffusion coefficient can 
be expressed in terms of the low-field mobility, as given by the Einstein 
relationship D n = D 0 = jU o 0 t . Rewriting (7.5.18) in normalized form, we 
then obtain 



AA — n ' 



(7.5.19) 



4kTAf A£ 

We can proceed now to determine the total drain current noise by 
adding the contribution of all channel elements, i.e. 

I d = X AI d . (7.5.20) 



channel 



In order to evaluate the mean-square value of the drain current, we 
calculate the following summation along the channel 



I 2 d = 



V channel J 



(7.5.21) 



Using (7.5.17) in (7.5.21) we find that 



I 2 d = 



channel 



+ CWis-<1id) 



(7.5.22) 



If the elementary thermal noise sources are assumed to be 
uncorrelated, then (7.5.22) gives 

f ( 



channel 



>W 2 



J 



i+CWis-q'io) 

Substituting expression (7.5.19) into (7.5.23) leads to 



AA 



(7.5.23) 
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= 2> 



i2 II • 



4kTG 0 Af c tLi [l+C{q ls -q 1D )J 
Making AE,— >0, the summation along the channel becomes 



(7.5.24) 



drain 



2 s ° urce ^ 



4kTG Q Af [l + C ( q > ls - q > ID )] 2 
and using (7.5.4) we find that 

dq'j 



(7.5.25) 



drain 



4kTG Q Af 



\} + ZW, s -<1,d)\ 



(7.5.26) 



The integral in (7.5.26) can be separated into two terms as in [28], the 
first corresponding to thermal noise under equilibrium (the Einstein 
relationship is assumed to hold for strong electric fields) while the 
second corresponds to noise added by the heating effect, i.e., 



j2 = j2 j2 

1 d L d,equ ^ 1 d,heat ' 



(7.5.27) 



where 



d ,equ 



drain 



4kTG 0 Af i D [l + £(q> s -q> m )y 



(7.5.28) 



and 



drain 



d,heat 



4e 



4kTG 0 Af i D [l-f^-^)] 2 



(7.5.29) 



The integration of (7.5.29) along the channel gives for the mean 
square value of the drain current 
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d,equ ^ 

4kTG 0 Af ~ 



{q' IS +lf-{q' ID +lf {q' IS +lf-{q !D + lf 
3 2 



(7.5.30) 



Expression (7.5.7) of the drain current allows us to rewrite (7.5.30) as 

~2 (g;+i)(i+7+7 2 ) 

3 (1 + 7) 



d ,equ 



4kTG 0 Af 
where 7] is given by 



= 2 



(7.5.31) 



(7.5.32) 



One should note that the term in square brackets in (7.5.31) is the 
normalized inversion charge in the channel of the device if £—)0. 

Calculating dq'j/d^ from (7.5.4) and substituting the result into 
(7.5.29) we find that 

drain * ( / ■ i \ 

4/ (<?/+!) 



d,heat 



f ±i L 



dq\ 



4kTG 0 Af = ~ 2Cl [l + C (q IS -q ID )J 
which integrated along the channel gives 



(7.5.33) 



d,heat 



4kTG Q Af [1+C 



-{Wis-^idWis+i'id+Od) 



1 dp 

2 



In 



2 J 



(7.5.34) 



In the linear region, for low drain-source voltages, the inversion 
charge along the channel is almost constant and, therefore, the transistor 
noise is similar to that of a long channel device. 
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Fig. 7.18 Total channel inversion charge in saturation (normalized to the inversion charge 
for V DS = 0) vs. inversion charge density at source for short-channel coefficient equal to 0 
(L->o°), 0.005 (L=lum) and 0.05 (L«0.1^m). 



In Fig. 7.18 the total transistor charge is shown in the case of a 
transistor in saturation, while Fig. 7.19 displays the dependence of % at , 
the "white noise gamma factor," on both the inversion level at source and 
the short-channel factor. y sat for a saturated MOS transistor is defined as 

4^f = L ^ 0 ' (7 - 5 - 35) 

where g d0 is the MOSFET output conductance at V DS -0. It is worth 
noting that, except for long-channel devices and not very high inversion 
levels, the usual expression for the channel noise based on the total 
charge does not hold. 
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Fig. 7.19 Gamma factor vs. inversion charge density at source for short-channel 
coefficients equal to 0 0.005 (L=liim) and 0.05 (L=0.1(Xm). 
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Problems 



7.1. Demonstrate that the PSD of the drain current noise of a long- 
channel MOSFET can be written as 



1+a+a 
l+a 



(P7.1.1) 



where q IS is the inversion charge at the drain normalized to the pinch-off 
charge and OC = (q' ID + l)/(q' ls +l) . Use this expression to calculate the 

approximate thermal noise PSD in weak inversion and strong inversion, 
for both the linear and saturation regions. 

7.2. The following formulas are used to represent the PSD of the 
MOSFET flicker noise: 



'id 



K F C 1 
CL 2 / 



(P7.2.1) 



K F C 1 
C„WL f 



(P7.2.2) 



K F g 



FSmg 



1 



C„WL f 



EF 



(P7.2.3) 



for noiselevel=0, 1, and 2/3, respectively. Verify whether these formulas 
are consistent for the series and parallel association of transistors and 
specify the value of AF required for consistency. Also determine the 
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asymptotic value of the normalized PSD S Id I I D for deep weak 
inversion (for a discussion on the consistency of the models, see [27]). 

7.3. Show that, in weak inversion, the thermal noise of a MOSFET can 
be written as the sum of the shot noise components from the forward (I F ) 
and reverse (I R ) currents (a discussion on this subject can found in R. 
Sarpeshkar, T. Delbriick, and C. A. Mead, "White noise in MOS 
transistors and resistors", IEEE Circuits & Devices Mag., vol. 9, no. 6, 
pp.23-29, Nov. 1993). 
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Chapter 8 

High-Frequency Models 



The dynamic MOSFET model we have presented so far assumes the 
transistor to be in quasi-static operation, i.e., the charge densities at any 
position in the channel are assumed to depend on the instantaneous 
values of the terminal voltages only [1], [2], [3]. If, however, the rate of 
variation of the terminal voltages is high, the quasi-static approximation 
is no longer valid. In fact, the charge densities along the channel depend 
not only on the voltage values at a certain time but also on the history 
leading to the charge densities at that time [2]. The model used for fast 
varying signals is called the non-quasi-static model, which is the subject 
of this chapter. 

8.1 Introduction 

In chapter 5 we described the intrinsic quasi-static charge -conserving 
model. The quasi-static approximation assumes that the charge density at 
any position in the channel changes instantaneously with the applied 
voltages [1], [2], [4], i.e., it assumes the transit time in the channel to be 
zero [4] . Since the channel transit time is not zero, analyses based on the 
quasi-static approximation introduce errors for rapidly changing terminal 
voltages due to the distributed nature of the MOSFET. Models that take 
into account the distributed nature of the transistor are described as non- 
quasi-static (NQS) models. The derivation of NQS models is not a 
simple task since it requires the solution of both transport and continuity 
equations. In addition, the transport equation is non-linear, making the 
problem even more difficult to solve. 
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In the sections that follow, we will describe the equations associated 
with the non-quasi-static model and make simplifying assumptions to 
solve the equations for the particular case of small signals applied to the 
device terminals. More complicated methods that include NQS effects in 
the transistor model are the subject of intense investigation but are 
beyond the scope of this text. The small-signal NQS model for any bias 
regime, that we show in this chapter, is quite similar to those derived in 
[1], [5], [6] for strong inversion. The main modification of our formulas 
is that we define a general saturation index for any operating condition, 
rather than particularizing the saturation index for strong inversion. In the 
last part of this chapter we derive expressions for both the power spectral 
density of the induced gate noise and the correlation coefficient between 
the induced gate noise and the channel thermal noise. The noise models 
we show in this chapter are similar to those presented in [7] and [8]. 



8.2 Non quasi-static operation of the MOSFET 

The NQS operation of the MOS transistor is described by the 
continuity equation and by the transport equation. Neglecting 
recombination in the channel, the current-continuity equation is given by 
Eq. (5.1.3), rewritten below for convenience 

dl(y,t) dQ'Ay,t) 

\l^l = W ' . (8.2.1) 

dy dt 

The channel current l(y,t) is assumed to flow in the direction of the 
negative y-axis. The Pao-Sah current transport equation is given by Eq. 
(5.1.4), rewritten below 

I{y,t) = -juWQ'; ( y,t) C ^ ' (8.2.2) 

dy 

where V c (y,t) in (8.2.2) is the channel potential. Now, using UCCM in 

differential form, (3.5.1), the right-hand side of (8.2.2) can be written in 
terms of the inversion charge density, yielding 
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ijM^M^p^l. ( , 23) 

2 nC ox dy 

The quasi-static approximation assumes that the terminal voltages 
vary slowly enough for the charge stored to follow instantaneously the 
voltage variations [1], [9]; as a result, charge variations along the channel 
are so slow that the right-hand side of (8.2.1) can be made equal to zero, 
which implies that the current does not change along the channel. It has 
been pointed out in [1] that, in strong inversion saturation, the quasi- 
static approximation is valid only if the device transit time is of the order 
of 20 times shorter than the rise or fall times of the waveforms involved. 

The transient performance of the MOS transistor in high-speed 
circuits can be evaluated by solving simultaneously equations (8.2.1) and 
(8.2.3) and using appropriate boundary conditions. Closed-form solutions 
are difficult to obtain for the transient performance; therefore, numerical 
methods are commonly employed to calculate the time performance of 
high-speed circuits. Since in this text the analysis of the MOSFET 
performance will be limited to small-signal analysis, the interested reader 
is referred to [10], [11] for more details about large-signal analysis of 
MOS circuits with rapidly varying signals. 



8.3 Non quasi-static small-signal model 



Differentiating (8.2.3) wrt y and equating the result to (8.2.1) gives 

dQ'Ay,t)_ l ju d 2 (Q',(y,t)-nc;j t ) 2 



dt 



2 nC' 



dy 1 



(8.3.1) 



Before deriving the small-signal NQS model, we calculate the quasi- 
static solution of (8.3.1) by making the time derivative equal to zero. The 
double integration of (8.3.1) results in 



-nC'A 



+ 1 



( 



-nC'A 



+ 1 




q:(l) 



— nC 0, i 



(8.3.2) 
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To derive the small-signal parameters of the NQS model, let us 
assume the external voltages to be sine waves of so small a magnitude 
that the charge and current variations along the channel are also 
sinusoidal and can be computed using small-signal analysis. The 
inversion charge density and current along the channel can then be 
expressed as 

Q I {y,t) = Q' I {y) + Q;{y,co)e j ' a (8.3.3) 

l{y,t) = I D + I i (y,G))e jM . (8.3.4) 

The substitution of (8.3.3) and (8.3.4) into (8.2.3) yields, for small 
signals 

2 nC 0X dy 

(8.3.5) 

where Q' It {y) = Q, (y) - nC' ox 0 t is the shifted charge. In (8.3.5), one can 
readily identify the ac magnitude of the current as 

,, (y , a) = _2" '[gy-°>] . ( ,3„ 

nC ox dy 

The continuity equation given by (8.2.1) along with (8.3.3) and 
(8.3.4) yields 



dy 



jCOWQ'Xy,®). (8.3.7) 



Differentiating (8.3.6) with respect to y and equating the result to 
(8.3.7), we find that 

J'teMfiK^jg^ (8 3 8) 

dy /I 

The solution of (8.3.8) is given in terms of Bessel functions of the 
order 1/3 and -1/3 [12], [13] with complex arguments, but is not of much 
use, especially if one is interested in compact models. Thus, a simpler 
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model to describe the small-signal NQS characteristics is highly 
desirable. 

In the paragraphs that follow, we will derive a set of equations written 
as rational functions of the frequency, which are relatively simple and 
highly useful for determining high-frequency characteristics of MOS 
transistors. The method to be followed, presented in [14], allowed the 
determination of closed-form expressions for the small-signal parameters 
of a saturated MOSFET in strong inversion by iterative integration of 
expressions (8.3.6) and (8.3.7). The method proposed in [14] has also 
been applied by the authors of [1], [5], [6] for all operating regimes, but 
the results are not easily interpreted except for strong inversion. The 
reason for this difficulty is that at the time of these publications, an 
analytic compact dc model of the MOS transistor including all operating 
regions was not available. In the second half of the 1990' s, three 
publications [15], [16], [17] presented a compact small-signal NQS for 
the MOSFET valid in all operating regions. In the following, we 
reproduce the main results of these papers. 

The integration of (8.3.6) and (8.3.7) from an arbitrary position in the 
channel to the drain gives, respectively, 

f /,(;, Co)d y = Q; {L,0})- ( y . <»)] (8-3-9) 

y Hip Hip 

and 

/,. ( y, co) = /,. (L, 0))- joM £ Q\ ( y, a>) d y . (8.3. 10) 

The method used in [14] to find solutions to /, (y,0)) and Q'(y,Q)) 
consists of the iterative integration of (8.3.9) and (8.3.10). To illustrate 
the method, we start with the zero order (quasi-static) approximation 
(ftt=0). In this case, we write (8.3.10) as 

I m {y,0)) = I l {L,(O). (8.3.11) 

The subscript zero refers to the zero order approximation. In the next 
step, the current from (8.3.11) is substituted in (8.3.9) and integrated 
from a generic position y along the channel to the drain end (y-L). The 
integration is calculated after making the following change of variable 
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-juW , , 

dy= — r Q h dQi, 



(8.3.12) 



nC 'oJ D 

The integration of expression (8.3.9) allows the determination of 
Q' iQ (y,G)), the zero order approximation of the ac magnitude of the 

normalized inversion charge along the channel. To find I a ( y, 0)) , the 
first order approximation of the current along the channel, the charge 
density Q' iQ {y,Cd) is substituted in (8.3.10) and integrated. In the next 

step, the first order approximation Q n (y,G)) is found from (8.3.9). For 

more details about the successive approximations of the iterative 
procedure, the reader is referred to [6], [15]. 

Figure 8.1 illustrates the currents of the MOSFET. The channel 
current /, is assumed to flow from drain to source. The gate and bulk 
currents are assumed to enter into the device. 



7,(0, co) = I(co) 




I i (L,a) = I d (a) 



source 



drain 



Fig. 8.1 Illustration of a closed surface enclosing the MOSFET and the terminal currents. 
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The drain current 7,(L,<y)can be determined by substituting the 

preceding approximation of the current and integrating (8.3.9) from 
source to drain. The result obtained after substituting the first order 
approximation of the current in (8.3.9) and integrating from source to 
drain is 



nC ox LD(co) L 



QAL, co) 
D(co) " 



(8.3.13) 



where 



D(co) = l- j(0nC r L2 ± l + 3a + a2 (8.3.14) 
v ; juQ' F 15 {l + af 

2 (2 + a) 

P a =-a± ' T (8.3.15) 

3 (l + a) 2 

Q' F = Q' It {y = o), (8.3.16) 

Q' R =Q' lt {y = L), (8.3.17) 

and 

e;(o) q; 

(8.3.13) is a generalized expression for the ac drain current of a long- 
channel device in any operating region. It includes weak, moderate, and 
strong inversion, through the inversion level at the source, and also 
describes the ac current from the linear to the saturation region, through 
parameter a. In addition, (8.3.13) is similar to the formulas presented in 
[6], which were derived for strong inversion. A close comparison 
between (8.3.13) and the result in [6] reveals that the same expression 
used in [6] for calculating the ac drain current in strong inversion can be 



272 MOSFET MODELING FOR CIRCUIT ANALYSIS AND DESIGN 
by Galup-Montoro and Schneider 



used, by proper interpretation of dc parameters, to determine the ac 
current for any inversion level. 

The source current can be determined from the same expression as the 
drain current by using the symmetry property of the MOSFET, i. e., the 
source current equals the drain current if drain and source are 
interchanged. Using symmetry and expression (8.3.13) we find that 

° X 0(M (8 ' 3 - 19) 

D(co) Ua 

To derive (8.3.19), we substituted Q' R for Q' F , 7/ttfor a, Q'(0,w) 

for Q'(L,a>), and Q'(L,(d) for Q'(0,O>) . In addition, we changed the 

current sign to keep the current flow in the negative y-direction. 

In order to calculate the current associated with the bulk charge 
variation, we rewrite here the approximate relationship between the bulk 
charge density and the inversion charge density 

Q' B =-—Q'i + QL (8-3.20) 
n 

where, 



Q Ba =-rC' ox UV CB -V FB -0 t+ f/4- 7 /2) (8.3.21) 



is the depletion charge density for Q, = 0 ■ 

For the derivation of the bulk current, we have assumed that 
expression (8.3.20) is valid for any instant, i.e., the bulk charge density 
and the inversion charge density track each other instantaneously. 
Moreover, the charge density Q' Ba is assumed to respond instantaneously 
to either the gate voltage or the bulk voltage. 

The substrate current, which is assumed to enter the device, is given 

by 

dQ R {t) d c L , 

lBit)= dT =w Jt* QB{y,t)y (8 " 3 ' 22) 
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or, using (8.3.20), the substrate current becomes 



d cl 



n-l 



dy . 



(8.3.23) 



Since Q' Ba does not depend on y, (8.3.23) can be rewritten as 

I B (t) = W^f-—Q' [ (y,t)dy + WL^-Q' Ba (t). (8.3.24) 



We now write the expression for the substrate current in the 
frequency domain as 

I B {t) = I b (co)e jM , (8.3.25) 
and the depletion charge density for deep weak inversion as 

QB a (t) = Q' Ba + Ql(a>)e ja , (8.3.26) 

Expression (8.3.24) written in the frequency domain then becomes 

n-l 1 f L 



I b {0)) = -j0)WL 



[Q'{y,0})dy-Q' ba {o}) 



(8.3.27) 



n L 

In order to solve (8.3.27), we have used Q'^y,®) , the first order 
approximation of the ac magnitude of the inversion charge density. As 
stated before, the depletion charge in deep weak inversion, Q' Ba (t) , is 

assumed to vary instantaneously with the gate or bulk voltage. The ac 
magnitude of the normalized substrate current is 

n-lr 
n 



I b {to) = -joML—-[Q'XL, co)M a {co) 
2L 



(8.3.28) 



+ jaWLQ' ba {a,) 



with 



M a {a>) 



2a 2 ja>nC' ox L 2 a 



l+a 3 juQ'f {l+af 



(8.3.29) 



and 
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N =<A 



2 l+2a 
3(1 + a) 2 



(8.3.30) 



Finally, to calculate the gate current, we apply the charge 
conservation principle 

«W + ^ + ^W = «M + /,( 0 + / o (0 = 0.(8.3.3 1 ) 
dt dt dt dt 



Now, inserting the value of I B (t) from (8.3.23) into (8.3.31), we find 



that 



I G (t) = -W 



dt 



(-Q;(y,t)dy + LQ' Ba (t) 
M n 



(8.3.32) 



We now write the expression for the normalized substrate current in 
the frequency domain as 

I G (t) = I g (o))e jat . (8.3.33) 
Expression (8.3.32) written in the frequency domain then becomes 

n 

The ac magnitude of the gate current is 
1 



I A a) = - jam 



^Q;{y,co)dy + LQi{co) 



(8.3.34) 



lAco) = jcdWL- 



Q' l {L,ca)M a {ca) + d A-LN„ 



(8.3.35) 



joWLQl{co). 



Having determined the source, drain, bulk, and gate currents, we are 
now in a position to determine the small-signal parameters of the 
MOSFET. Before doing this, we must calculate the variation of the 
inversion charge densities at source and drain in terms of the variations 
of the terminal voltages. For this, we rewrite UCCM in its approximate 
form for the source and drain ends. 



v c (t)-v B {t) v s (t)-v B (t) _ Q:{Qd) 1+ln gHM 



n(f) t 



Qn 



ip 



Qn 



(8.3.36) 



ip 



Chapter 8. High-Frequency Models 
Section 8.4 The y -parameter model 



275 



Vq(t)-V B (t) V D {t)-V B (t) _ Q' I {L,t) i|in g;(L,Q (83 3?) 

"4>, <>>< Qip Qip 

Let us assume that the voltages are exponential signals, i.e. 

V M {t) = V M +V m e j6X (8.3.38) 
where M(m)=S(s), D(d), G(g), or B(b) is any of the MOSFET terminals. 
Now, using small-signal analysis for the charges (Q'(0) « ^Q', (0)| and 

Q'i(L) « \Q[ (£)| ) we find the relationship between the ac magnitude 

of the inversion charge density at source (drain) and the ac magnitudes of 
the voltages V g , V s(d) , V b 



tf(o) = 



q;(l)= 



e;(o) 



ip 



i+e;(o)/e; 

Q'i(L) 



m/> t </> t m/> t 



V V n-\ 



ruj) t <f) t n<f> t 



(8.3.39) 



(8.3.40) 



i+<2;(l)/q; 

The ac magnitude of the depletion charge Q' ba depends on V g and V b 
in accordance with 

n-l 



C (v -v h ) 

ox \ ' g b ) 



(8.3.41) 



Expression (8.3.41) was derived from (8.3.21) assuming a small 
variation of the depletion charge as compared with the quiescent 
depletion charge. The results we have derived in this section will be used 
to determine the high-frequency y-parameter model of the MOS 
transistor. 



8.4 The y-parameter model 

The y parameters of the MOS transistor are defined according to the 
admittance matrix representation [1] given below 
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L dd 
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I db 


I ds 
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Y gd 


Y gg 


Y gb 


Y gs 


y g 


h 




Y bd 


Y bg 


Y bb 


Y bs 


v b 






Y 

^sd 


Y sg 


Y sb 


Y 

.ss J 





(8.4.1) 



The sixteen parameters in (8.4.1) are not independent. In fact, one can 
select nine independent parameters only. As for the capacitive 
coefficients, charge conservation and the fact that only three voltage 
differences out of four can be chosen independently, implies that a 
maximum of nine admittances only are independent. 

To determine the Y parameters we use the results of the previous 
section. Expressions (8.3.13), (8.3.19), (8.3.28), and (8.3.35) give the 
terminal currents in terms of the inversion charge densities at the drain 
and source ends of the channel, and the depletion charge density for deep 
weak inversion. The dependence of the charge densities on the terminal 
voltages are given in expressions (8.3.39), (8.3.40), and (8.3.41). This set 
of seven expressions is enough to determine the admittance parameters. 
The following simplifications will be carried out in our calculations: the 
derivative of the slope factor with respect to the gate voltage will be 
considered negligible while the rational functions representing the NQS 
effects will have the frequency terms of order equal or higher than two 
truncated. 

By applying the definitions of admittances together with expressions 
(8.3.13), (8.3.19), (8.3.28), and (8.3.35) for the terminal currents in terms 
of terminal charges, and (8.3.39), (8.3.40), and (8.3.41), which give the 
terminal charges as functions of the terminal voltages, we obtained the 
set of nine independent (trans)admittances presented in Table 8.1. 

The expressions in Table 8.1 are similar to the corresponding ones 
derived in [5]. However, the NQS parameters shown here are expressed 
in terms of the inversion charge densities at source and drain while the 
parameters in [5] are functions of the surface potentials at source and 
drain. The expressions in Table 8.1, with the exception of T 4 , are similar 
to those given in [1]. However, Table 8.1 is a general description of the 
NQS model for any operating condition, while the results in [1] are 
presented for strong inversion only. 
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Table 8.1 Admittances of the NQS MOSFET model 



. 1+ jO)T 2 . 



. _ 1+ jcot 3 . .. 



l+ja>T 4 



6 ms 6 md m 8 i 

~ yds ~ 1+ jm, ' " 1+ jar, ' y * " 1+ jot, Jg 



t 4 l + 3a+a 2 
Tl "17^15 (i + a) 3 



t 1 2+8a+5er 



l + ^ s 15 (l+a) 2 (l + 2a) 



1 5 + 8a+2a 2 _ - C gs T 2 - C gd r : 



3 



1 + 15 (l + a) (2 + a) 



c -c -c , 

ox gs gd 



T -J^_. fy- . ' _ QlS(D) 



From the expressions in Table 8.1, it can be readily verified that: 

C s d(ds) = ~8 m d(s)t\ ' C m = Cjg ~Cgd = C gs ~C sg = 8 mg Z\ (8.4.2) 

To derive the first equality in (8.4.2), let us assume COT\«\, and use 
the approximation \l(\+j(DTi)=\-j(DTi for y sd , y ds , and y gd . Comparing the 
results thus obtained with the quasi-static model for y sd , y ds , and y gd we 
find the equalities in (8.4.2). 
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Now let us interpret the time constant T\. In the first order analysis of 
the NQS model, the frequency CO^ 1 of the dominant pole of the y- 
parameters is equal to This value of C0 crit sets an upper limit for the 
validity of the quasi-static model, which is an acceptable representation 
of the MOSFET behavior for frequencies well below C0 crit . 

72(3) is always of the order of 7i/2, which allows one to represent the 
first order small-signal NQS model as the simplified schematic shown in 
Fig. 8.2 as long as we neglect the effects of T 4 . 



c,„ 



l+yfl»(tl-T 2 )- 

S 



1 + Jfl»(tl-T 2 )- 



B- 



^ 



1+JfiW, 



Q V 

o ms s 



D 



l + yfi>(zi-T 4 j_ 



■1 + Jfl>(zi-T 3 ) 



Fig. 8.2 Simplified high-frequency MOSFET model. 



Now let us determine the frequency limit of validity of the simplified 
high-frequency MOSFET model in Fig. 8.2 in the case of more practical 
interest, i.e., when the MOSFET is in saturation. For i r —>0, the first-order 
time constant 7j in Table 8.1 can be written in terms of the forward 
current as 



T X =T 



4 2 + ^+ 3^1 + 1 

15 (Vrr^+i) 3 



(8.4.3) 



1 The notation co crit to characterize the NQS model has been used by the authors of [7] and 
[8]. 
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Fig. 8.3 Normalized time constant of high-frequency model in saturation. 

Fig. 8.3 illustrates the variation of time constant % x in saturation, with 
the forward normalized current. Assuming for the moment that the 
transistor will be used up to the intrinsic cutoff frequency, which is 

proportional to ^1+7^ — 1, the non-quasi-static correction of the 

transadmittances is only important for moderate and strong inversion. In 
moderate and strong inversion, the applicability of the quasi-static model 
should be restricted to frequencies up to one-third of the intrinsic cutoff 
frequency [1]. In weak inversion, the time constant T\ is a constant of the 
order of 7/6, while the intrinsic cutoff frequency is proportional to the 
inversion level. Therefore, in weak inversion, the quasi-static model 
predicts dynamic operation with satisfactory accuracy at frequencies up 

to the inverse of the transit time, L 2 / ( 2/LK/) t ) . 
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Finally, as demonstrated in reference [17], and in [1] for strong 
inversion, the dynamic NQS model where -y gb is approximated by the 
constant capacitance C gb represents fairly well the first-order high- 
frequency behavior of the MOS transistor for any operating regime. 

As presented in [17], T 4 is always greater than X\, but in weak 
inversion T4 and Z\ are about the same. Consequently, in weak inversion, 
the non-quasi-static effects in C gb ( bg) are canceled out. 

8.5 Channel segmentation 

One method to model the transistor for fast signal variations is to 
consider it as a distributed transistor consisting of N equal channel 
segments in series, as represented in Fig. 8.4 [1], [3], [4], [18], [19]. 



(1 




v 0 v L 



Fig. 8.4 Representation of the MOSFET as a series combination of segmented elements. 

With the exception of the extreme segments, each of the segments 
consists only of intrinsic parts. The advantage of this method is that each 
of the segments can be modeled quasi-statically provided that each 
section is "short enough". The difficult with the method is to define what 
"short enough" means, i.e., what the number of segments should be in 
order to represent adequately the MOS transistor [18]. The decision 
regarding the number of segments is based on successive simulations of 
the device with an increasing number of segments and comparison of the 
successive results of the simulations. When the simulation differences 
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between successive steps are within an acceptable error, the number of 
adequate segments has been reached. 

8.6 Induced gate noise 

The origin of the gate noise of a MOSFET is the thermal noise of the 
conducting channel that is capacitively coupled to the gate. Due to the 
distributed thermal noise in the channel, noise voltages (or charge 
density fluctuations) will develop along the channel [20]. Because of the 
capacitive coupling between channel and gate, a noise current will flow 
through the transistor gate. This noise is referred to as induced gate 
noise. To understand how to derive the induced gate noise, let us 
consider the MOSFET channel represented as an active transmission line 
at high frequencies, as described in [21] and illustrated in Fig. 8.5. The 
resultant expressions of [21], however, are quite difficult to understand 
and to apply to practical problems. Therefore, we will limit our analysis 
of the induced gate noise to moderately high frequencies, to be quantified 
later, where the quasi-static transistor model is valid. To simplify the 
analysis and arrive at manageable results, we will assume that the gate 
current is substantially smaller than the channel current. This 
simplification is equivalent to saying that the channel current does not 
change along the channel. Each channel element gives rise to channel 
noise which is represented by a current source i M in parallel with the 
channel element. Fig. 8.5 shows just one such a current source. The 
current Ai d that flows in the channel as a result of the elemental noise 
disturbance causes a voltage drop along the channel and a corresponding 
fluctuation of the inversion charge density. This voltage drop is coupled 
to the gate through the gate oxide capacitance, giving rise to a gate 
current. The superposition of all the small channel elements gives rise to 
the total induced gate noise. 

To derive the equations that characterize the gate noise, we apply a 
procedure developed by van der Ziel [20], [22], but we use the 
fluctuation in inversion charge density rather than in voltage to 
characterize noise. The starting point of the analysis is the PSD of the 



282 MOSFET MODELING FOR CIRCUIT ANALYSIS AND DESIGN 
by Galup-Montoro and Schneider 



diffusion noise associated with an infinitesimally small segment 
AA = WAy of semiconductor, which is given [22] by 

^ = -4qD nQ ;(y)^- (8.6.1) 
Af Ay 

for an infinitesimally small thermal noise source localized between y and 
y+Ay. Using the current division property of a MOSFET, as previously 
done in the derivation of flicker noise in Section 7.2 using the three- 
transistor model, the drain current generated by i M is given by 

Ay 

Ai d =-?-i M (8.6.2) 

under the assumption of quasi-static operation. Equation (8.6.2) is valid 
up to frequencies where the current that deviates to the gate is much 
smaller than the channel current. 



t 
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Fig. 8.5 Distributed ac MOSFET model used for calculation of the induced gate noise. 

The relationship between the channel current and the fluctuation of 
the inversion charge density along the channel is found from expression 
(8.3.6), which is rewritten as 

M w <?[6;(y)Ag( y )] 



nC 



dy 



(8.6.3) 



Chapter 8. High-Frequency Models 
Section 8.6 Induced gate noise 



283 



The integration of (8.6.3) from the source to a particular position y<yo 
along the channel results in 

f M d dy = M d (y-0) = -^- Q' h AQ; (y). (8.6.4) 



From (8.6.4), the inversion charge density for 0<y<y 0 is 

nC 

AQ'(y) = 0JL - yAL . (8.6.5) 

By the same token, the integration of (8.6.3) from a generic position y 
such that yo<y<L to the drain results in 

\ L Ai d dy = Ai d (L- y) = J^Q' It A Q ;( y ) . (8.6.6) 

ox 

The noise charge density is then written as 

AQ;{y)= jwz {L ~ y)Aid (8 - 6 - 7) 

for y 0 <y<L. 

A local disturbance AQ' i0 in the charge density at y 0 affects the 
inversion charge densities along the channel in such a way as to ensure 
that the current is continuous along the channel. The variation AQ' iQ in 
the inversion charge density due to local thermal fluctuation is 
represented by the jump in Fig. 8.6. Note that the jump AQ' i0 can be 

calculated from the difference between (8.6.7) and (8.6.5) calculated for 
y-yo, which yields 

A Q ; = nC '»* L Ai « . (8.6.8) 

Now, to derive the gate current that originates from the channel noise, 
we rewrite the gate current in terms of the inversion charge density 

1*1 



/ O (o=-i*4 

dt 



l-Q'dy^dy + LQ'^t) 



(8.6.9) 
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For the particular case under analysis, all the terminal voltages are 
constant. Therefore, (8.6.9) can be simplified to 

I G (t) = -W ^ f - Qi (y, t)dy . (8.6.10) 
dt * n 




Fig. 8.6 Fluctuation in the inversion charge profile due to thermal voltage fluctuation at 

y=yo- 

The inversion charge density along the channel due to a jump AQ' i0 at 
y=yo is given by expressions (8.6.5) and (8.6.7); thus, the gate current in 
the frequency domain becomes 

jO)W rL 



Ai = — 



n 



[ AQ;(y)dy 



joC' ox Ai d 



f.v 0 y A-(L-y) 

h QAy) ho QAy) 



dy 



(8.6.11) 



t^—dy- t^^dy 



In order to solve (8.6.11) in terms of the inversion charge density, let 
us recall (5.2.18), rewritten below as 
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The substitution of (8.6.12) into (8.6.11) and the integration along the 
channel yields 



Ai 



jd)Ai d WL 



3nl r 



2 G ;(o)l±^-3 G ;(y) 

l+a 



(8.6.13) 



for a noise source located at a generic position y in the channel. 
Expression (8.6.13) gives the gate current Ai induced by the small 

perturbation Ai d . We can proceed now to determine the total gate 
current by adding the contribution of all channel elements, i.e. 

i g = £ A/ g . (8.6.14) 



channel 



In order to evaluate the mean square value of the gate current, we 
calculate the following summation along the channel 



(8.6.15) 

\channel J 

Using (8.6.13) in (8.6.15) under the assumption that the elementary 
contributions of the channel current are uncorrelated we find that 



i 2 = 



r OWL? 
K 3nI Dj 



channel 



with 



H(y) = 2Q' It (0) 



l+a+a 
l+a 



-3&(y). 



(8.6.16) 



(8.6.17) 



Using (8.6.2), (8.6.1), and making Ay^O, the mean square value of 
the gate current results in 



AkTAf 



= -jUW 



(ON 
K 3nI D 



£[H{y)] 2 Qr{y)dy. (8.6.18) 
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Inserting (8.6.17) into (8.6.18) and solving the integral yields 

g _ 16 CQ 2 (C' ox Lfw0, 
AkTAf 135 nQ't{0) 

e;(0)l + 5a+10.5a 2 +5a 3 +a 4 15 l + 5a + 5a 2 + a 3 



Q' IP {l+af 8 (\+af 

(8.6.19) 

Expression (8.6.19) gives the mean square value of the induced gate 
noise as a function of both the inversion level at the source and the 
saturation index a for a long-channel device in quasi-static operation. 
Expression (8.6.19) is identical to the one given in reference [7]. 

In strong inversion saturation (Q [t (0) / Q' [P » 1, <2<SCl), expression 
(8.6.19) is approximated by 



i] 16 G) 2 C' 2 WL 3 



AkTAf 135 juQ',{0) ' 



(8.6.20) 



which fully agrees with the result given by van der Ziel in [22] . One can 
also note that, in the linear region, for V DS —£), or equivalently, a—>\, the 
induced gate noise is given by 



il 16 C0 2 C 2 WL 3 22.5 



AkTAf 135 juQj(0) 32 ' 



(8.6.21) 



which is slightly smaller than in saturation. In weak inversion, the mean 
square value of the gate current noise is 

AkTAf 135 jun 2 0 2 128 A ' 24 jUn 2 0 2 ,s 

for both linear and saturation regions. 

Fig. 8.7 displays the normalized mean square value of the gate current 
noise in terms of the normalized inversion level at the source, having the 



2 Expression (5.66) in reference [22] is the same as (8.6.20), given that the drain 
conductance for V DS =0 is g d0 = -flQ'j (o) W j L . 
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ratio of the drain inversion charge to the source inversion charge as a 
parameter. In weak inversion the PSD of the gate current increases 
proportionally with the channel inversion charge owing to the increase in 
the elementary noise current with an increase in the charge. On the other 
hand, in strong inversion, the fluctuation in voltage drop (and in charge 
density) along the channel is less sensitive to the noise current owing to 
the lower resistance of the channel; consequently, the gate current is 
inversely proportional to the inversion charge of the channel. 




QIS/QIP 



Fig. 8.7 Normalized power spectral density of the gate current noise. The values of the 
gate current noise are normalized to the gate current noise for q IS = 1, q' ID = 0. 



We now continue to calculate the correlation coefficient c between 
gate and drain noise 
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To obtain c, one needs to calculate the cross-spectral intensity i i d 
from 



V channel 



(8.6.24) 



\channel J 



Since the noise sources along the channel are assumed to be 
uncorrelated, the substitution of (8.6.13) into (8.6.24) leads to 



jcoWL 



3nl r 



2 Qn (0)^^-32; (y) 
l+a 



AiAL . (8.6.25) 



channel ->' v± j) 

Using (8.6.2), (8.6.1), and making Ay^O, and recalling that 



1nC„ r L 



(8.6.26) 



we find that 



AC' WLo) 



4kTAf J 3Q'*{0)(l-a 2 ) 2 



\Q'Ay) 

g;(o) 



2e; f (o)^^-3 G ;(y) 



which integrated along the channel gives 



Q'Ay)dQ' It , 



1 



■ = -jco{C' ox WL) 
4kTAf 9 y 



(l-a)(l+4a+a 2 ) 



(8.6.27) 



(8.6.28) 



Now, using (7.2.7) (with 2/ given in terms of a as in (5.2.22)), 
(8.6.19), and (8.6.28) we find the correlation coefficient between gate 
and drain thermal noise, which is represented in Fig. 8.8. 
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(8.6.29) 
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Fig. 8.8 Correlation coefficient of gate and drain noise vs. normalized inversion charge 
density at source from the linear region, q' ID I q' IS =1 , to the saturation region, 

q ID I q IS = 0 . 

In strong inversion saturation (Q' It (0)/Q' ]P » 1, OC<Z.l), the 
correlation coefficient is equal to j \j '5/32 = j'0.395 as given in [22]. In 
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weak inversion and saturation, c— > js/3/3 = 7'0.58 . Our result for the 

correlation coefficient is in full agreement with that given in [7] and [8]. 
At first sight, one could infer that Id would be very close to 1. However, 
as commented by van der Ziel in [23], the contributions of the different 
segments of the channel to the cross-correlation between gate and drain 
noise partly cancel each other. 

Figure 8.8 shows the magnitude of the correlation coefficient of the 
drain to gate noise. For very low V D s, Id— >0. In saturation, Id— >0.395 in 
strong inversion and Id— >0.58 in weak inversion. 

The model we have developed for the induced gate noise assumes the 
gate current to be significantly smaller than the channel current. Using 
the expressions for the channel thermal noise and the gate induced noise, 
it can be demonstrated that, in strong inversion, the assumption of small 
gate current is valid as long as the operating frequency is smaller than the 
intrinsic MOSFET transition frequency. 
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Problems 

8.1. Derive expression (8.3.2). Plot the inversion charge density, 
normalized to the inversion charge density at the source, along the 
channel of a saturated transistor, for q ls =0.1, 1, and 10. 

8.2. Verify that the transimpedance — z = — 1/ y g ^ can be represented as 
the series association of capacitor C gs and a resistance R for 
0)t 2 «l. (Hint: Use the approximation (l+ jd)t 2 ) =\-jG)T 2 .) 
Demonstrate that for strong inversion saturation, R = l/5g mg . 

8.3. Let us define (bj = g mg /(C' ox WL/ n^^COj, which is approximately 
equal to the intrinsic cutoff frequency. Show that, in strong inversion 
saturation, the ratio of the PSD of the induced gate noise to the PSD of 
the channel noise is given by 



Chapter 9 

Gate and Bulk Currents 



For oxides below 4nm, high current leakages through the oxide can occur 
due to the quantum mechanical tunneling of electrons. The gate leakage 
current can not only negatively affect the device performance [28] but 
can also significantly increase the standby power consumption of a chip. 
For these reasons a compact model for the gate current is mandatory for 
advanced technologies. Although the compact modeling of the gate 
tunneling currents is a relatively new subject, the characterization and 
modeling of gate tunneling currents is not. Beginning with the pioneering 
work of Lenzlinger and Snow [1], numerous researchers have analyzed 
electron tunneling current in MOS structures, but most of the literature 
has focused on thick oxides and high applied voltages. The tunneling 
models for thick oxides are not adequate for thin oxides because of the 
differences in the potential barrier shapes and transport mechanisms. 

In this chapter we will first briefly review tunneling through a 
potential barrier. A compact model for tunneling in MOS structures is 
then developed and a brief comparison of the main tunneling models is 
carried out. The last topic of the gate current section is the analysis of the 
different components of the gate current. The other subject of the chapter 
is the bulk current. The two main mechanisms at the origin of bulk 
current, namely gate -induced drain leakage (GIDL), and impact 
ionization current, are presented. 

9.1 Gate tunneling current 

Before developing the tunneling current model for the MOS structure we 
will briefly review the basics of quantum mechanical tunneling. 
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9.1.1 Tunneling through a potential barrier [2] 

Tunneling is the quantum-mechanical process of the passage of a particle 
through a classically forbidden region of space. The analysis of tunneling 
is based on the solution of the Schrodinger equation, which describes the 
wave function, associated with the probability of finding an electron in a 
given region of space. 

Consider the simple case of an electron tunneling through a 
rectangular potential barrier. The wave nature of the electron implies a 
non zero probability of the electron penetrating the barrier as shown in 
Fig. 9.1, even if the kinetic energy E of the electron is lower than the 
potential barrier height V 0 . The electron wave function penetrates the 
barrier region, and if the barrier thickness a is thin enough compared 
with the de Broglie wavelength ( X = h/ p , h is the Planck constant and p 
is the electron momentum), a non negligible probability of finding the 
electron on the other side of the barrier results. The analysis of a particle 
tunneling through a rectangular barrier is one of the basic textbook 
examples for the solution of the Schrodinger equation. The transmission 
coefficient T for a particle tunneling through a rectangular barrier of 
width a is given by 



where p mis is the momentum associated with the energy the particle is 
lacking ('missing') in order to penetrate the barrier region, h = hllis is 

the reduced Planck constant and T Q = 1 6 E ( V Q - E ) / V 0 2 . p mis is given by 



where m is the mass of the particle. Comparing the exponent in (9.1.1) 
with the uncertainty principle, (9.1.3), reveals that the tunneling process 
is closely related to the uncertainty principle [2]. 




(9.1.1) 




(9.1.2) 
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Thin Barrier 
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Fig. 9.1 Representation of the incident, reflected and transmitted wave functions of an 
electron tunneling through thick and thin barriers. 

An approximate expression for the transmission coefficient for a 
potential barrier with an arbitrary shape can be regarded as a 
generalization of (9.1.1) and is 



and c and d are the limits of the forbidden region (V(c)=V(d)=E). The 
exponential term gives the attenuation of the wave function in the 
forbidden region. If T 0 in (9.1.4) is made equal to one, then (9.1.4) is 
called the Wentzel-Kramers-Brillouin (WKB) approximation for the 
tunneling probability. T may also be approximated by substituting V(x) 
with the maximum value of the potential in the barrier [2] . 

9.1.2 Compact model for tunneling in MOS structures 



T = T 0 expj-2^ K(x) dx} , 



(9.1.4) 



where 




(9.1.5) 



As shown in Fig. 9.2 [3], there are several paths for electrons and holes 
to tunnel through the oxide of an MOS structure. 
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Substrate current 
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FN tunneling 

^■Direct tunneling 

TAT (elastic) 
FCB 

TAT (inelastic) 
- TAT (hopping) 
EVB 
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Fig. 9.2 Tunneling mechanisms, according to either bias-dependent classification 
(Fowler-Nordheim and direct tunneling) or systematic classification (ECB - conduction 
band electrons, HVB - valence band holes, EVB - interband tunneling, TAT - trap- 
assisted tunneling). (After [3].) 



For electrons, the two main processes are tunneling through a 
triangular barrier, called Fowler-Nordheim (FN) tunneling, and tunneling 
through a trapezoidal barrier, called direct tunneling. For oxide potential 
drops V ox greater than the Si-Si0 2 conduction band discontinuity 
Xb^3.15 V, as is usual for thick oxides, FN tunneling is predominant. 
On the other hand, for thin oxides (tox<3nm) direct tunneling prevails 
and the gate current can be significant, even for V ox substantially less 
than Xb- 
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A compact gate tunneling current model requires the calculation of 
the charge sheet density Q] available for tunneling and the average 

carrier tunneling lifetime r. The tunneling current density can be simply 
given [4] by 

J G =Qi/r. (9.1.6) 

In the case of substrate injection, corresponds to the 

accumulation or the inversion charge. Both Q\ and T depend on bias. 

The value of the inversion charge density is calculated in the same way 
as for the conventional MOS model, considering (quasi)equilibrium. In 
other terms, the number of carriers lost by tunneling is considered not to 
alter significantly the inversion (accumulation) carrier densities. The 
tunneling lifetime is related to the transparency coefficient of the barrier 
(or transmission probability) T and to the frequency / of the impact 
against the barrier by [4] 

l/t = JT. (9.1.7) 
The impact frequency can be regarded as the number of collisions of 
a particle against the barrier per unit time. 
Alternatively we can rewrite (9.1.6) as 

J G =Q' I fT. (9.1.8) 

After introducing (9.1.4) to calculate the transmission probability, the 
only unknown term for the calculation of the tunneling current is the 
impact frequency. 

9.1.2.1 Impact frequency [5], [6] 

Let us consider a carrier confined in a potential well of depth /. To 
calculate the impact frequency in a simple way, let us assume that the 
particle is confined to moving in the x-direction only; therefore, the 
momentum of the particle has a component in the x-direction only. If 
v(x) is its velocity it will take the time 

t=\ v ~ l dx (9.1.9) 
o 
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to cross the well. Consequently, the impact frequency is given by 

_, l 

/ =2\ v ~ x dx. (9.1.10) 
o 

Here, we recall that the kinetic energy E is related to the momentum 
and to the wave number through 

v 1 h 2 k 2 

J^ = HJ^ = E _ (9.1.11) 
2m 2m 

The simplest quantum mechanical model for electrons at the interface 
is an infinitely deep unidimensional well of depth /. The allowed energy 
states for the confined electrons are quantized as 

(9.1.12) 



2m 



nn 



Considering the electron in the lowest energy level (n=l), it follows 
that the "average" velocity in the x-direction is 



2E, 

v = J— L (9.1.13) 



m 



where E x is the energy of the lowest sub-band in the x-direction. 
Substituting (9.1.13) into (9.1.10) yields 



/= & <9U4) 

Finally, writing / in terms of E\ using (9.1.12) it follows that 

f = ^. (9.1.15) 
h 

The very simple approximations that have been used here to derive 
(9.1.15) should be modified for a more realistic confinement model of 
electrons. 
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9.1.2.2 Equations for the tunneling current 

Since each of the terms <2/ , /, and T in the expression of the gate current, 

(9.1.8), can be modeled in different ways, there are a great variety of 
tunneling models available in the literature. 

Until recently, because of the relatively thick oxide employed in the 
MOS structures, researchers were mostly interested in tunneling in strong 
inversion and accumulation, and consequently the charge available for 
tunneling was modeled simply as 



Several of the classical MOS tunneling current formulas have an F ox 2 
pre-exponential term, due to the tunneling charge and the pre -exponential 
factor of the impact frequency both being proportional to F ox . The most 
important of these formulas, the FN tunneling formula (9.1.17), first 
derived to explain the field emission of electrons from a metal electrode 
under vacuum, gives an excellent fit for the gate current in thick oxide 
MOS structures as shown in Fig. 9.3. 



C and (3 are physical parameters. As previously mentioned, to derive 
(9.1.17) it is considered that the electrons tunnel through a triangular 
barrier. 

Expression (9.1.18) [7] was derived considering the trapezoidal 
barrier shape for thin oxides instead of the triangular barrier shape. 



Qi - £ ox Fox - 




(9.1.16) 



J g =CF 0 2 x exp{-/3/F 0X }. 



(9.1.17) 




(9.1.18) 



X B is the Si-Si02 conduction band discontinuity. The BSIM4 model 
[8] uses a slightly modified version of formula (9.1.18). 
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Fig. 9.3 Fowler-Nordheim plots of tunneling currents from Si <100> into SiC>2. The 
solid line, labeled Ref. 3, corresponds to samples with lOOnm of SiC>2 on n-type Si. The 
dashed line, labeled Ref. 1, corresponds to samples with 7nm of Si0 2 on n-type Si. (After 
[10].) 



As noted previously, the two formulas above are valid only for strong 
inversion, because in the two cases the inversion channel charge is 
considered proportional to F ox . Recent studies consider a general model 
of the carrier charge valid in the different operating regions. Regarding 
the terms Tandf, a lot of variations are possible [5], [6], [9]. 

To use expression (9.1.15) for the impact frequency we need to 
calculate the first energy level for the electron at the interface. For a 
triangular potential well the energy levels [10], [11] are 



E n = 



Zn 



,1/3 



1/2 s 



2/3 



(9.1.19) 



Chapter 9. Gate and Bulk Currents 
Section 9.1 Gate tunneling current 



301 



where the Z„'s are the zeros of the Airy function, m s is the electron 
mass in the semiconductor, and F s is the electric field in the inversion 
region. Using (9.1.15), (9.1.19), and the simplest model for the 
transparency coefficient with a constant pre-exponential term (the WKB 
approximation) yields 



frocV^ 3 cxp\-2jK(x)dx\ 



(9.1.20) 



3/2 

A similar and simpler result in [12] gives / .T E l and, 

consequently, V ox appears as the pre-exponential term. 

Expression (9.1.21) adopted in MM11 [13] has the V ox pre- 
exponential term of Weinberg's formula and the value of the tunneling 

d 

integral -2\K(x)dx adopted in B SIM. 

c 



f.T = AV ox exp 



B 



f 



1- 



1 — 



v„ 



3/2 



X 



where A and B are physical parameters given by 

Q £ ox l 2m ox 1 



A = 



m s £ s 



<1Zb h 



, = 4 pqm ox t 3/2 



3 n 

and m nx is the electron effective mass in the oxide. 



(9.1.21) 



(9.1.22) 



(9.1.23) 



9.1.2.3 Comparison between models [14] 

Very different approaches to tunneling current in MOS structures have 
been developed, from the fundamental approach of Bardeen [15] to the 
transparency methods summarized in the last sections. It has been 
recently stated [14] that all these methods, despite their very different 
formalisms, are based on similar physical assumptions and give very 
close results. Fig. 9.4 gives the tunneling lifetime following the main 
approaches. The discrepancies between the different approximations can 
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Gate voltage (V) 

Fig. 9.4 Tunnel lifetime (of the ground state) of a 1.5nm oxide vs. gate voltage. (1) model 
using Weinberg formula for impact frequency and WKB transparency, (2) numerical 
Bardeen's approach, and (3) model based on improved WKB transparency expression. 
(After [14].) 




Gate voltage (V) 
(a) 

Fig. 9.5 Impact of the main parameters (normalized electron effective mass M ox in the 
oxide and oxide thickness) on the tunnel lifetime. (After [14]). 
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Fig. 9.5 (Continued) 



be considered negligible when compared to the high sensitivity of the 
tunneling current expression to changes in physical parameters such as 
the effective mass or oxide thickness as demonstrated in Fig. 9.5. 



9.1.2.4 Partition of the gate current into the source and drain 
components 

For an nMOS transistor operating in inversion, the intrinsic gate current 
is due to electrons tunneling from the inversion layer. The gate current 
density satisfies the continuity equation, given by 

WJ G {y) = f- (9.1.24) 

where I is the channel current. Equation (9.1.24) is similar to the 
continuity equation of (5.1.3). In fact, if we substitute J c in (9.1.24) with 
dQj/dt we obtain Eq. (5.1.3). The Ward-Dutton method, presented in 

Section 5.1.2 to determine the source and drain components of the 
charging currents, is based on the current continuity equation (5.1.3). 
Consequently, we can also apply the Ward-Dutton method to the 
splitting of the gate current between source and drain. The splitting of the 
charging currents, calculated as derivatives of the source and drain 
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charges, results from the splitting of the total inversion charge between 
source and drain given by Eqs. (5.1.12) and (5.1.14) repeated below 

Qs=w)(l-^)Qjdy (9.1.25) 
o L 

Q D =w)^Q I dy. (9.1.26) 
0 L, 

Changing the notation as indicated below 



^J G -T^)^/ G5(D) , (9.1.27) 



dt u dt 
equations (9.1.25) and (9.1.26) are rewritten as 



I G s=Wj l-f J G dy (9.1.28) 



I G D=W L & G dy. (9.1.29) 
0 L 

Equations (9.1.28) and (9.1.29) were first presented in [16] and [17]. 
The total intrinsic gate current is given by 

lG=lGS+I G D=w)j G dy. (9.1.30) 

0 

In accumulation, the intrinsic gate current consists of electrons 
tunneling from gate to bulk. Because no channel current is flowing, the 
calculation of the gate-to-bulk current is straightforward, given simply by 

I G B=w)j GB dy. (9.1.31) 
o 

Overlap currents can be included considering these regions as 
specific MOS structures with their specific flat-band voltage and body 
factor, see for example [13]. Including all the above components, the 
gate current model of MM 11 gives an accurate description of I G , as 
shown in Fig. 9.6. 




Fig. 9.6 (a) The different gate current components in a MOSFET. (b) Measured and 
modeled gate current as a function of gate bias V GS for V ds =V S b=0 V. (After [13].) 
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9.2 Bulk current 

In addition to the bulk current occasionally resulting from tunneling 
through the gate oxide, other mechanisms can create bulk currents. 
Clearly, the drain-bulk and source -bulk diodes contribute with their 
reverse currents, but here we will restrict our analysis to the intrinsic 
transistor. Two mechanisms, namely band-to-band tunneling (BBT) 
under the drain-to-gate overlap region and impact ionization, can 
contribute to the bulk current. 



9.2.1 Gate-induced drain leakage 

A breakdown phenomenon at drain voltages much lower than the 
junction breakdown is detectable in very-thin-gate -oxide MOSFETs [18], 
[19], [20]. This breakdown is caused by the gate-induced high electric 
field in the gate-to-drain overlap region. This phenomenon was initially 
called subbreakdown but it is now recognized as gate-induced drain 
leakage (GIDL). This leakage current can be the dominant drain leakage 
current at zero gate bias in submicron devices. 

For a negative gate-drain bias V CD , a depletion region is formed under 
the gate-to-drain overlap region and the high electrical field in that 
region can make electrons of the valence band tunnel into the conduction 
band. As a consequence, electron-hole pairs are generated, the electrons 
being collected by the drain and the holes by the substrate, as shown in 
Fig. 9.7. Owing to its origin, this leakage current is called gate-induced 
drain leakage. 

The GIDL current can be modeled by the formula given in [13], 
which is similar to the FN tunneling expression 



F ^ 

GIDL 
r ov J 



(9.2.1) 



where F CIDL is an empirical parameter and F ov is the maximum electric 
field in the gate oxide that overlaps the drain region. 

Figure 9.8 shows typical transfer characteristics of an 88 A gate 
oxide MOS transistor. The subthreshold current decreases exponentially 
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Fig. 9.8 Drain current characteristics for a short and a long channel nMOSFET. (After 
[18].) 
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with decreasing gate voltage and were it not for GIDL the current would 
decrease exponentially with gate voltage down to the level of the drain- 
substrate leakage current. The strong dependence of GIDL on the drain 
voltage, as predicted by (9.2.1), is also noticeable, which shows that 
GIDL is highly dependent on the electric field and, consequently, on the 
gate-to-drain voltage. 

9.2.2 Impact ionization current 

Impact ionization is a well studied process because it is one of the most 
important mechanisms in junction breakdown. As shown in Fig. 9.9, as 
the electrons move in the high field region near the drain, electron-hole 
pairs can be generated by impact ionization if the applied bias is strong 
enough. The electrons generated by impact increase the drain current and 
the holes are collected by the substrate, resulting in a substrate current. 




Fig. 9.9 Cross-section of an n-channel MOSFET. (After [23].) 
9.2.2.1 Weak avalanche 

In the case under consideration, far from the junction breakdown voltage, 
only low-level avalanche multiplication occurs; consequently, the 
calculation of the ionization integral [21] is greatly simplified. 
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In order to derive a model for the avalanche phenomenon in the 
MOSFET, we will make some simplifying assumptions. First, let us 
assume that the net motion of both electrons and holes is parallel to the 
semiconductor-oxide interface, as shown in Fig. 9.10, which displays a 
small channel element and the impact ionization phenomenon. Assuming 
dc-current only, the continuity equation is written [22] as 

dl„ dl 

—f = ^ = a n I n +a p I p . (9.2.2) 

The first equality in (9.2.2) means that the sum of the hole and 
electron currents is constant along the region under consideration, as 
dictated by charge conservation. The two terms in the right-hand side are 
associated with the generation by impact of electron-hole pairs by either 
electrons (first term) or holes (second term), as illustrated in Fig. 9.10. 
The ionization rates On and a p are the number of electron-hole pairs 
produced by an electron and a hole, respectively, per centimeter traveled 
in the direction of the electric field. The general solution for equation 
(9.2.2) can be found in [22]. 



< 

F 




y y+^y 



Fig. 9.10 Generation of electron-hole pairs by impact and electron and hole components 
of the current. 

In the following, we will solve differential equation (9.2.2) for the 
particular case of a MOSFET. To that end, we split the channel into two 
parts, one closer to the drain, where high fields are responsible for impact 
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generation of electron-hole pairs and a region closer to the source, where 
the ionization rates and the recombination rates are negligible. We will 
assume that the potential barrier at the junctions prevents secondary 
holes from reaching either the source or drain diffusions [24]. Therefore, 
the secondary holes produced in the high-field region are collected in the 
substrate, as illustrated in Fig. 9.9. We now apply the concept in 
expression (9.2.2) to the saturation region of the MOSFET, closer to the 
drain. For the n-channel device, pure electron current initiates the 
multiplication, which implies that the hole current at the drain end of the 
channel is zero. In the analysis here, we shall be concerned with the 
particular case of low-level multiplication, where generation of electron- 
hole pairs by secondary holes is negligible compared to generation by 
primary electrons [24]. Therefore, for low-level multiplication we can 
apply expression (9.2.2) to Fig. 9.10, which results in 

dl„ dl , , 

~T = ~~r = ~ a nh = -<*nh (L) • (9-2.3) 

ay ay 

since I n » I and, for silicon, Ct n > Ct p . Note also that I n (L) = I D . 
The boundary condition for solving (9.2.3) is 
I p (L) = 0 or I n (L) = I n (y) + I p (y). The integration of (9.2.3) along 

the high-field region [L — AL,L] yields 

l--J-= J a n dy, (9.2.4) 

M n L-AL 

where M n = I n (L) j 'l n {L- AL) is the multiplication factor of 

electrons. The integral in (9.2.4) represents the fraction of the drain 
current which is injected into the bulk, that is 

M -1 

I B =-TL—I D . (9.2.5) 

The ionization rate of electrons a n is a strong function of the electric 
field F. One of the most commonly used formula for it [25], [26] is 

( fA 

a„=4.exp , (9.2.6) 

I F ) 
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where A, and F t are called the impact ionization constants and F is the 
electric field. Values of A F 2.45xlO~ 6 cm" 1 and F,=1.92xl0 6 V/cm have 
been experimentally determined for electrons at the silicon surface [25]. 

Due to the exponential dependence of a„ on electric fields, impact- 
ionization dominates at the region where the electric field is at its 
maximum. The calculation of the maximum field in the MOSFET 
requires a two-dimensional model. Using a compact quasi-two 
dimensional model, reference [26] demonstrates that (9.2.5) can be 
approximated by 

, „j MYDSzYDSsat) ( IF: 



-exp 



VdS ^DSsat J 



(9.2.7) 



where / is an effective ionization length, given by I 2 =(£ s /£ ox )t ox X j 

and Xj is the junction depth. 

Figure 9.1 1 shows the two components used to evaluate the substrate 
current. The first component is the channel current which is an increasing 
function of the gate voltage. The second component is the multiplication 
factor which decreases with the gate voltage for a drain voltage held 
constant. In effect, as V C s increases, so does V DSsa „ and this in turn 
reduces the maximum electric field. The product of the two components 
produces a substrate current with a peak as shown in Fig. 9.11. 
Experimental and simulation results for the substrate impact ionization 
current are given in Fig. 9.12. 

For advanced CMOS technologies, because the supply voltage is of 
the same order as, or even lower than the band-gap of silicon, the carriers 
are no longer able to attain enough energy to create electron-hole pairs. 
Consequently, impact ionization is no longer important for advanced 
silicon technologies. 

Finally, the bulk current for an nMOS transistor simulated using 
MM11 [13] is displayed in Fig. 9.13. GIDL is dominant for negative 
values of the gate-to-source voltage, while impact ionization dominates 
for the conducting transistor. 
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Fig. 9.11 Qualitative representation of substrate current vs. gate voltage V G for a fixed 
drain voltage V D . (After [23].) 




Fig. 9.12 Bulk current I B as a function of the gate to source bias V GS for different values 
of the drain-source voltage V DS and V SB =0V (n-MOS, W/L=WjimlQ.5 pm, t ox =5.0nm). 
(After [13].) 
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9.2.2.2 Breakdown 

In most MOS transistors, drain-source breakdown is neither simple 
junction breakdown nor source-to-drain punchthrough but avalanche- 
induced breakdown [27]. Junction breakdown can be one of the 
breakdown mechanisms, especially when the transistor is OFF, but even 
in this case, the proximity of the gate electrode affects the junction 
breakdown (see previous discussion on GIDL). When the transistor is 
ON and the drain voltage is high, impact ionization of electrons in the 
high electric field close to the drain generates both secondary electrons 
and holes, as explained before. Holes collected by the substrate contact 
cause a voltage drop across the substrate resistance that tends to forward 
bias the source-to-substrate junction. The parasitic lateral npn bipolar 
transistor can turn on and generate an additional electron current which, 
in turn, increases the drain current and the number of holes injected into 
the substrate by avalanche multiplication. The action of the lateral 
bipolar transistor, together with the current plotted against the drain 
voltage is illustrated in Fig. 9.14. 
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Fig. 9.14 (a) Cross-section of a short-channel MOSFET showing impact ionization 
currents. (After [27].) (b) Output I-V characteristics. 
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Another important effect that originates from the substrate current is 
the so-called substrate current-induced body effect (SCBE) [27]. In fact, 
when the voltage across the source-to-substrate junction increases due to 
the substrate current, the amount of depleted charge closer to the source 
diminishes, giving rise to an increase in the electron charge and, as a 
result, an increase in the drain current. In the technical literature, this 
phenomenon is considered to be caused by a reduction in the threshold 
voltage. 
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Problems 

9.1. Using the current division principle (see problem 3.4), derive 
equations (9.1.28) and (9.1.29). (Hint: Suppose that an elementary gate 
current dl c (y) = WJ G (y)dy flows into node Y. Calculate the fraction of 
the current that flows to the drain and source ends). 
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Chapter 10 

Advanced MOSFET Structures 



In the previous chapters we developed the models for the conventional 
bulk CMOS transistor. This chapter presents, in some detail, different 
MOSFET structures and their modeling issues. Firstly, we summarize 
some (deep) submicron planar MOS structures. We then review the 
silicon-on-insulator (SOI) MOSFET. Finally, we introduce some 
innovative MOS devices that may replace the conventional MOS 
transistor in deeply scaled CMOS technologies. It is shown that the 
charge based model, with some minor variations, is appropriate for all 
the different MOS structures herein. 

10.1 Introduction 

Physics places constraints on the conventional bulk MOS transistor for 
deeply scaled technologies. To keep pace with the MOSFET scaling 
predicted by the International Technology Roadmap for Semiconductors 
[1], new materials and devices have been and will have to be introduced. 
Shrinking MOS transistors beyond the 50 nm technology node poses 
some challenges for the semiconductor industry such as (i) quantum- 
mechanical tunneling of carriers through the thin gate oxide, from source 
to drain, and from drain to the body of the MOSFET; (ii) control of the 
dopant number fluctuations; (iii) increased short-channel effects such as 
DIBL, and (iv) a reduction in the on-off current ratio [2], [3]. To 
overcome these challenges, modifications to the classical bulk MOS 
transistor have been proposed. We will focus the next sections on 
modeling such non-classical CMOS devices as fully depleted SOI 
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transistors, surrounding-gate transistors, and multiple -gate FETs. Before 
presenting these non-classical CMOS devices, we will discuss some 
technological modifications to the conventional bulk CMOS transistor 
that have allowed it to be scaled to channel lengths below 100 nm. 

10.2 Deep submicron planar MOS transistor structures 

In the previous chapters, the model for conventional planar bulk CMOS 
transistors was described. In this section, we introduce some limitations 
of conventional MOS transistors for sub- 100 nm devices and discuss 
modeling aspects associated with some of the improvements in the 
transistor structure. 

When the MOSFET channel length is scaled down, the vertical 
dimensions, i.e., the gate oxide thickness and the source -drain junction 
depth must be scaled down as well, in order to keep the short-channel 
effects (SCE) within acceptable limits. Ideal scaling is, for several 
reasons, not always possible and SCE can be worse in the scaled-down 
technology. One of the main SCE is the reduction in the threshold 
voltage with decreasing channel length. Threshold voltage reduction 
causes the off-current of an MOS transistor to increase significantly, thus 
giving rise to higher static power dissipation. To comply with the 
requirements of technology scaling, devices have been designed with 
more complex doping profiles in an effort to maintain long channel 
behavior at short channel lengths. 

To illustrate some differences with respect to the idealized CMOS 
technology, in which the channel doping profile is uniform, the 
schematic cross section of a 0.1-|0,m CMOS technology is shown in 
Fig. 10.1 [3]. The gate oxide thickness is 35-A. Shallow p-t- (or n+) 
source-drain extensions are used in conjunction with deeper p+ (or n+) 
source-drain regions implanted after thick oxide spacers. A medium- 
dose, counter-doping implant (halo) is obtained with the extension 
implant to increase the channel doping level to limit short-channel 
effects. The resulting impurity concentration near the source and drain is 
non-uniform and the average doping concentration in the channel is a 
function of the channel length. As a result, the SCE are reduced due to 
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a more effective control of the channel by the gate terminal. For a more 
detailed description of the technology associated with Fig. 10.1, the 
reader is referred to [4]. 



p+ n+ 




p-type substrate 



Fig. 10.1 Schematic cross section of 0.1-|J.m CMOS devices. (After [3].) 

Current CMOS technologies make use of halo or pocket implants to 
reduce short-channel effects [5], [6], [7], [8]. These processes, which 
enable gate lengths in the sub- 100 nm region, result in non-uniform 
profiles such as the pocket-implanted profile in Fig. 10.2 [8] or the halo 
implant in Fig. 10.3 [9]. 

The transistor resulting from typical halo processes can be modeled 
as a series connection of three transistors formed by a central device and 
two edge devices, whose characteristics differ from the central device, as 
shown in Fig. 10.4. This partition of the transistor for calculation and 
simulation purposes, even though physically sound, has the following 
drawbacks: (i) two additional nodes are required in the three -transistor 
counterpart; (ii) the parameters associated with the center and the edge 
transistors must be characterized, namely, length, threshold voltage, and 
mobility. 

A second approach [5], [8] used to model the MOSFET fabricated 
with the halo/pocket process is to divide the transistor as illustrated in 
Fig. 10.4 and then find an "equivalent" transistor with a uniform doping 
that is dependent on the doping profile of the halo or pocket-implanted 
MOS transistor. Even though the calculation of the uniform doping of the 
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equivalent transistor is slightly different in references [5] and [8], for a 
first-order calculation one can think of the equivalent transistor as having 
a uniform doping equal to the average doping of the halo/pocket- 
implanted transistor. Using the average doping profile for the calculation 
of the uniform doping in the equivalent transistor, the authors of [8] 
found that the deviation between measured and modeled threshold 
voltages for both p- and n-channel transistors does not exceed 5 mV in 
0.1 |0,m CMOS technologies, thus confirming the model's suitability for 
the threshold voltage. 




Fig. 10.2 Pocket profiles extracted from measurements (a) 2-D extraction from process 
simulator (b) Extracted model for circuit simulation (thick solid line). The dashed curves 
are the results from the process simulator for various depths. (After [8].) 
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Fig. 10.3 Channel impurity profile of a halo-implanted MOSFET. (After [9].) 




Fig. 10.4 Schematic representation of the MOSFET fabricated with halo process, formed 
by a center device and two edge devices. (After [5].) 
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Figure 10.5 displays the measured and modeled threshold voltages of 
pocket-implanted transistors in a 0.1 um CMOS technology [8] for 
several channel lengths. Even though the modeled threshold voltage fits 
the experimental results very well, the same cannot be said of the current 
dependence on the voltages, due to mobility differences in the center and 
edge regions as well as relative differences in the weights of the regions 
in weak and strong inversion. 

0.40 ,— — ,— — , 




0.20 



0.1 



10 



Fig. 10.5 Threshold voltage of MOSFETs for a pocket-implanted 0.1 [im CMOS 
technology. (After [8].) 



10.3 Silicon-on-insulator (SOI) CMOS transistors 

Since the 1970s, SOI CMOS has been identified as one alternative for 
increasing the transistor performance over that offered by conventional 
bulk CMOS technology [10]. Prior to the 1990s, the barriers to its 
widespread use were poor SOI material quality and device design, and 
the steady progress in bulk CMOS performance through scaling [10]. A 
huge investment by some companies [10] has led to SOI technologies 
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mature enough to enable the launch of products to compete with those 
fabricated with bulk CMOS technologies. 

Figure 10.6 shows a schematic cross-section of a pair of CMOS 
transistors in SOI technology, built on very thin body regions. The 
transistors are separated from the silicon substrate by a relatively thick 
layer of buried silicon oxide, which electrically isolates the devices from 
the substrate and from each other [12]. 

NMOS PMOS 



T ox =15~25nm 
V T soi =220~520nm 
T 

T ox -400nm 

V 



Fig. 10.6 Schematic cross-section of SOI CMOS transistor pair. (After [11].) 

The advantages of SOI transistors over bulk transistors are increased 
radiation hardness, reduction in parasitic capacitances, higher packing 
density, latch-up-free operation, and possibility of 3-D integration. 

Disadvantages of SOI transistors compared with bulk transistors are 
the floating-body effects and self-heating. This latter factor is usually not 
of major concern in bulk CMOS technologies since the underlying 
substrate material has good thermal conductivity. On the other hand, in 
SOI technologies, the existence of an isolating buried oxide layer of very 
low thermal conductivity between the devices and the silicon substrate 
can give rise to important temperature gradients even at moderate power 
levels [13]. The resultant temperature gradients can adversely affect the 
circuit performance. 

SOI transistors can operate as partially depleted (PD) or fully 
depleted (FD) devices, depending upon the silicon film thickness and 
doping. If the silicon film is sufficiently thick, it is never completely 
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depleted, and as a consequence there is no electrostatic coupling between 
the front and back interfaces of the semiconductor film. The conduction 
in the front and back channels is modeled by conventional bulk MOS 
theory, but the (local) substrate potential exhibits the so-called floating- 
body effect. The floating-body effect is caused by storage of carriers of 
the same type as the body, which are generated by impact ionization near 
the drain region [12]. In an n-channel transistor, the storage of carriers in 
the neutral body increases the body-to-source voltage which, in turn, 
results in a reduction in the threshold voltage or, equivalently, in a sharp 
increase in the output conductance of the device, usually known as the 
kink effect. Under dynamic conditions, the body-to-source voltage 
depends not only on the instantaneous voltage but also on the previous 
electrical "history" of the device [10]. 

One method used to overcome floating-body effects is to fabricate 
FD SOI devices. In FD transistors, the silicon film thickness is thinner 
than the channel depletion width [10], [12] and, therefore, the body 
capacitance is close to zero. Hence, the value of the subthreshold slope 
can be theoretically very close to the ideal value of 60 mV/dec at 300 K 
which, however, occurs only in long-channel devices. In fact, it has been 
shown that for a given channel length, FD SOI devices exhibit increased 
SCE compared to PD SOI devices unless the silicon film thickness 
becomes much smaller than the junction depth [10], [14]. To obtain 
reduced SCE in FD SOI transistors, the silicon film thickness must be 
considerably smaller than the junction depth of a comparable bulk 
technology because of an additional phenomenon due to charge-sharing 
through the thick buried oxide [14]. Even though the control of the 
threshold voltage in FD transistors is not as simple as in PD transistors 
[10], FD transistors are not prone to the kink effect. In FD transistors, the 
conventional bulk MOS transistor model is not valid because of the 
electrostatic coupling between the two gates. For this reason we will 
develop the fundamental equations for charge and current of the FD 
transistor. 

Figure 10.7 illustrates the schematic cross section of an n-channel 
SOI transistor. To derive the basic equations for the SOI transistor, we 
initially assume it to be a long-channel device, i.e., the y-component of 
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Fig. 10.7 Cross-section of an SOI MOSFET structure, electric field, and electrostatic 
potential along the SOI structure. 



the electric field is negligible compared to the x-component. 
Additionally, the uniformly doped silicon film is assumed to be fully 
depleted, from the front surface to the back surface. Taking into account 
the depletion approximation together with the 1-D approximation of the 
transistor, we can derive the electric field and electrostatic potential at 
a given y-coordinate inside the enclosed dashed box, as shown in 
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Fig. 10.7. The front <f) sf and back <p sb surface potentials are the band 
bending from a (hypothetical) neutral film body point to the respective 
surface. The continuity of the electrical displacement at the front and 
back interfaces (£ ox F ox = £ S F S ) yields [15], [16], [17] 

V Gf -V FBf =0 sf +^ L , (10.3.1) 
V Gb -V FBb =0 sb -^, (10.3.2) 

^ob 

where F, f and F sb are the front- and back-surface electric fields, C 0 / and 
C ob are the front- and back-gate oxide capacitances per unit area, and V FB f 
and V FBb are the front- and back-gate flat-band voltages, respectively. 
Equations (10.3.1) and (10.3.2) are analogous to the bulk MOS equation 
(2.3.34) for potential balance, but for an FD device we must solve a 
system of equations to obtain the charges because of the electrostatic 
coupling between the gates. 

Using the charge sheet approximation for both the front and back 
interfaces we can write the charge density along the silicon film as 

p = -qN A + Q nf S{x) + Q nb S(x -t b ), (10.3.3) 

where <?(•) is the Dirac impulse, Na is the film doping, Q nf is the 
electron charge density at the front interface, and Q nh is the electron or 
hole charge density at the back interface. Both Q nf and Q nb have been 
approximated as charge sheets [16]. 

Now using the Poisson equation in the silicon film, and the 
relationship between electric field and potential, yields 

F = F sf for x = 0 , (10.3.4) 
Q r aN 

F = F sf+ ^L-?-^ x for Q<x<t b , (10.3.5) 



1 In this chapter, C and Q represent capacitance and charges per unit area. We decided to 
keep the symbols as usually represented in the technical literature on SOI and multiple- 
gate devices rather than using C' and Q' of the previous chapters for capacitance and 
charge densities. 
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(10.3.6) 



^ = ^ v/ -(F s/ +^)x + ^x 2 for 0<x<t h , 



Qn, 



", b = ~(F sf + =f)t b + t 2 b for x = t„. 



From (10.3.8) it follows that 



0sf-</>s b =F | Qnf qN A t b 



(10.3.7) 



(10.3.8) 



(10.3.9) 



Substituting the value of F s/ from (10.3.9) into (10.3.1) we obtain 



Q f =-C f 



V -V 

Y Cf FBf 



sf 



V 



C 



"f J 



^of LK ^of 



(10.3.10) 



where Q b = -qN A t b is the depletion charge density of the silicon film 
and C b =ejt b is the semiconductor film capacitance per unit area. 

Thus, according to the charge-sheet model, for a long-channel FD 
device, the relation between the inversion charge density and the surface 
potentials is linear. 

In a similar way we obtain 



Q nb = -c 



oh 



V -V 

v Gb FBb 



' c A 

a, 



2C 



(10.3.11) 



The validity of analytical expressions (10.3.10) and (10.3.11), which 
describe the charge densities at the front and back channels assuming the 
charge-sheet model, has been verified in reference [18] through 
comparison with numerical analysis. 

To simplify the two-dimensional problem of the non-equilibrium 
long-channel SOI MOS transistor to a one -dimensional problem, we use 
the gradual channel and the quasi-equilibrium approximations [17]. The 
quasi-equilibrium approximation, which is illustrated in Fig. 10.8, 
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assumes that the quasi-Fermi levels are constant across the silicon film 
[17]. The quasi-equilibrium approximation is used to analyze the one- 
dimensional SOI MOSFET for the case in which the front surface is 
inverted and the back surface is accumulated or depleted. In other words, 
the analysis will be restricted to cases in which the back surface does not 
contribute to the device current. 




Fig. 10.8 Diagrams of electron energy-bands perpendicular to the channel in a specific y- 
coordinate: (a) thermal equilibrium (V D = 0), (b) non thermal equilibrium ( W D > 0 ) , and 
(c) non thermal equilibrium (Vo > 0) using the quasi-equilibrium approximation. (After 

[17].) V = {^E F p - Ep n f/ q represents the splitting of the quasi-Fermi levels along the 

channel. 
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Fig. 10.9 Capacitive model of the SOI transistor using the quasi-equilibrium 
approximation for the back surface either in accumulation or in depletion. 



By analogy with the capacitive model of the three-terminal bulk 
MOS transistor, the capacitive model of the SOI transistor is shown in 
Fig. 10.9. Adopting the same approximation of the inversion capacitance 
C n f = — Q„f /</>, as that adopted for the bulk transistor, in the following 
we will derive the basic equations for finding the inversion charge 
density in terms of the terminal voltages. In particular, we assume that 
the back surface is in depletion, a condition that allows us to determine 
very simple expressions for the inversion charge at the front surface and 
to gain an insight into the influence of the physical parameters on the 
device characteristics. 
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Assuming that the back surface is depleted, we can write Q„b-0. The 
substitution of Q nb -0 into (10.3.11) leads to the following relationship 
between the back- and front-surface potentials 

r ^ ~ \ 



4 



1 



sb 



^Gb ^FBb 



V 



^ob LK ^ob J 



(10.3.12) 



Now we substitute the value of <j) sh from (10.3.12) into (10.3.10), 
which gives 

f ~ \ 
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ob J 
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(10.3.13) 



where C bb = C ob C b /{C oh + C h ) is the series association of the film 
capacitance and the back-oxide capacitance. 

According to (10.3.13), for constant front and back-gate voltages, the 
variation in the inversion charge density dQ nf in the channel follows the 
variation in the front-surface potential according to 

dQ nf ={C of +C bb )d0 sf . (10.3.14) 

In an FD SOI MOSFET, the capacitive coefficient in (10.3.14), i.e., 
the derivative of the inversion charge density with respect to the surface 
potential is constant for any inversion level [19]. In practice, usually 

c of »c bb . 

Recalling that the drift and diffusion components of the channel 
current are 



Id - 1 drift + Idiff 



do . dQ nf 
- MnWQnf ^L + Mn W ti- 



dy 



dy 



(10.3.15) 



we can determine, similarly to the case of the bulk MOS transistor, the 
channel pinch-off charge density Q fP as being that at which the drift and 
diffusion components of the current are equal [20]. Then, using (10.3.14) 
and (10.3.15) we find that 
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Q f P=-(C of +C bh )0, =-n f CJ„ (10.3.16) 

where n f =l + C bb /C of =1 is the (front-gate) slope factor. Now, 

inserting the value of Qfp from (10.3.16) into (10.3.13), we determine the 
value of the front-surface potential <p sP at which the inversion charge 
density equals Q fP . 



C C 

i^Gf ~ ^FBf ) + ~p, n {Vcb ~ ^FBb ) 



W 

fsP \ Uf CD] I (-<!(-< 

° f bb ° f " b (10.3.17) 

I C hb + C ob Q h 

C +C 2C 

Note that, for the usual case of C of » C bb , the effect of the back 
gate on the surface potential at pinch-off is significantly smaller than the 
effect of the front gate. 

To determine the charge-to-voltage relationship we use the capacitive 
model of the SOI transistor represented in Fig. 10.9. For constant front- 
and back-gate voltages, and for a depleted back-surface (Q„b-0), we can 
write 

dQ nf C nf (C of+ C bb ) 



dV C of +C bb +C nf 
The substitution of C nf =-Q nf l<l> t into (10.3.18) yields 



(10.3.18) 



■ + - 



dQ nf =dV. (10.3.19) 



^ Q nf C of + C bb j 

The integration of (10.3.19) from the pinch-off voltage in the channel 
to a generic voltage leads to 

V -V Q f Q f 

^_L = ^_l + ln^- ; (10.3.20) 

<p t Qfp 

which is the unified charge control model (UCCM) adapted to SOI 
transistors [19]. As shown in the next section the approximate pinch-off 
voltage is given by 
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V P =0 sP -0 t ln-f-20 F 



and the equilibrium threshold voltage by 



™ Q !' +2c>,+0 ; 



c 



of 



1 + ln 



C 



of 



c, 



(10.3.21) 



(10.3.22) 



b J 



Finally, using the approximate linear relationship of the pinch-off in 
terms of the gate voltage, UCCM is written as 



V Gf V TQ n f V _ Q nf Q nf 
n f <t> t Q fP Q fP ' 



(10.3.23) 



where the values of V T o, «/and Q fp are given in (10.3.22) and (10.3.16). 

Once we have determined the relationship between inversion charge 
and external voltages, we can write the drain current as 



W 

^ d =M„—0 t 



Q\ -Q 2 



,f.d 



2n f C of <p t 



{Qnf,s Qnf,d) 



(10.3.24) 



Based on equations (10.3.23) and (10.3.24), the charges and 
capacitances of the long-channel SOI transistor can be calculated as 
shown in [19]. Expressions for the computation of small-geometry 
effects are also presented in [19]. 

10.3.1 Pinch-off voltage calculation 2 



To calculate V P , we use the "refined depletion approximation" [17], [21], 
which can be described as follows. Firstly, as in section 2.2.2 we write 
Poisson's equation as 



dF 2 
dip 



2p 

£. 



(10.3.25) 



where 



2 This section can be omitted in an introductory study, without loss of continuity. 
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p = q[p-n-(p 0 -n Q )] = qp 0 





C <j)-V \ 




e* -1--^- 


e* -1 




Po 


V J 





(10.3.26) 



n 0 and p 0 being the electron and hole equilibrium concentrations. 
Integrating (10.3.25) from 4> sf to 0 we obtain 

(10.3.27) 



F 2 -F}=G\</>,V)-G 2 (0 sf ,V) 



where 



G 2 (0,V)=-jl*p{0,V)d0. 



(10.3.28) 



The refined depletion approximation consists of neglecting the 
contribution of the minority carriers to the charge density, i.e. 

p da = <i[p-p 0 \ = m e *' - 1 • do.3.29) 

Similarly to (10.3.28), we define the following function 

As presented and explained in [17] and [21], the key approximation 



Fj-G 2 (^,V)~ F'-G 2 d M f ) 



(10.3.31) 



can be used to calculate the relationship between the front-surface field 
F s f and the depletion electric field F sfda at an infinitesimally small depth 
in the silicon film. Now, using again Gauss' law we can calculate the 
approximate electron charge density Q nfa as 

Q nfa =£ s (F sfda -F sf ). (10.3.32) 

Expression (10.3.31), along with the solutions to the integrals in 
(10.3.28) and (10.3.30) and expressions (10.3.31) and (10.3.32), allows 
writing the expression of the inversion charge density in the front- 
channel as 



336 MOSFET MODELING FOR CIRCUIT ANALYSIS AND DESIGN 
by Galup-Montoro and Schneider 



Q nfda ={cl f [V cf -V FBf -0 sf J-2kTn o e s 



V 


( <hs_ 


\ 




e ' 


-1 




K 





0, 



1/2 
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(10.3.33) 



To calculate the pinch-off voltage, we use the definition of the pinch- 
off charge together with (10.3.33), which gives 



Qf P = Q nfd Mf=&p> v = Vr) = -{ c of+c bb )<?> l 

=c of (v Gf -v FBf -(i> SP y 



i— 



2kTn 0 e s 



cl f (y Gf -v FBf -<p sP ) 



( tp=L 
e *< 

v 



0* 



-1 



(10.3.34) 



The approximation (f) sF , I <f) t » 1 has been used in (10.3.34). The 
value of 0 sP in (10.3.17) allows the calculation of the term 

C u 



V G f- V FBf-0sP = 



c c 

^of+^bb 



(v Gf -v FBf -v Gh +v FBb ) 



-^^^+^^{v Gf -v FBf -v Gb+ v FBb )-^ + ^> t 



(10.3.35) 



In (10.3.35), the approximations C of » C oh and C h » C ob have 

been assumed. The term in (10.3.35) can be further simplified for usual 
cases, where the following approximation holds: 



C, 



^ L (V Gf -V FBf -V Gb +V FBb )-^ + ^ l =-^. (10.3.36) 
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Note that the term in braces in (10.3.34) is multiplied by a factor 
approximately equal to the film charge. Since the pinch-off charge is 
approximately -C of (/) t and —Q b » C of (/) t , then the term in braces is 
much less than one. Thus, using 

(l-x) 1 ' 2 = l-x/2 forx«l 



Chapter 10. Advanced MOSFET Structures 

Section 10.3 Silicon-on-insulator (SOI) CMOS transistors 



337 



(10.3.34) becomes 



-c o A 



kTn 0 £ s 
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( <?sP-V 



<t> sf 



C b 0, (10.3.37) 



Since C b and C of axe of the same order of magnitude and n/N A «l, 
the term in parenthesis is much greater than one, which means the 
prevalence of the exponential term over the linear term. Recalling that 



^=#ln^ = #ln^ 

n. n. 



(10.3.38) 



the pinch-off voltage determined from (10.3.37) is then given by 



(10.3.39) 



with (j> sP calculated from (10.3.17). Recalling that the equilibrium 
threshold voltage V T o is the (front-) gate voltage for V P -0, one can 
immediately calculate V T o from (10.3.39) and (10.3.17). 
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(10.3.40) 



The threshold voltage, as expected, depends on the (front-gate) flat- 
band voltage and is almost independent of the back-gate bias as long as 
the back-oxide capacitance is much smaller than the front-oxide and 
silicon film capacitances. The threshold voltage also depends, to a large 
extent, on the silicon film charge and on the front oxide capacitance. The 
expression we have obtained for the threshold voltage is in close 
agreement with the one presented in [19]. 
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10.4 Undoped surrounding-gate transistors 

To obtain reduced short-channel effects in SOI devices in comparison to 
those in bulk technologies, the silicon film thickness must be smaller 
than the bulk junction depth [14]. In FD SOI transistors, the close to 
ideal 60 mV/decade subthreshold slope occurs because the back gate 
does not have control over the front channel owing to the large buried 
oxide thickness. On the other hand, the depletion layer in source and 
drain cannot terminate in the buried oxide but must be counterbalanced 
by either charge in the back gate or in the channel [3], [14]. Since the 
buried oxide is thick, a portion of the depletion region associated with 
the drain junction will terminate in the channel, thus resulting in 
increased short-channel effects. As a consequence, the lack of back gate 
control over the channel results in a poor short-channel effect in FD SOI 
devices. The PD SOI transistor, in turn, does not present the close to 
ideal subthreshold slope of FD devices and is prone to exhibit the kink 
effect. Additionally, the random dopant fluctuations in the silicon film of 
SOI devices can cause severe mismatch between devices. 

The scaling down of MOSFETs to sub-50 nm channel length requires 
the engineering of new device structures. Symmetric/asymmetric double- 
gate structures, tri-gate transistors, finFETs, and surrounding-gate 
transistors have been the focus of many research groups due to their 
improved current drive capability, close to ideal subthreshold slope, 
improved mobility (due to volume inversion and elimination of impurity 
scattering) and reduction of statistical dopant fluctuation owing to the use 
of lightly doped silicon films. 

One of the most promising structures for future VLSI devices is the 
surrounding-gate (SG) MOSFET [22], [23], [24], [25], [26], which is 
fabricated on a cylindrical pillar of silicon surrounded by the gate 
electrode. Among the various candidate devices previously mentioned, 
we have chosen the SG MOSFET for the calculation of the charge 
density and the current. The reasons for such a choice are two-fold: i) the 
SG MOSFETs exhibit characteristics, at least with regard to the long- 
channel device, quite close to those exhibited by multiple-gate 



Chapter 10. Advanced MOSFET Structures 
Section 10.4 Undoped surrounding- gate transistors 



339 



transistors; (ii) the solutions for charge density and drain current are very 
simple and closely resemble the equations derived for the bulk transistor. 

In this section, we present a charge -based model for the undoped (or 
lightly doped) surrounding-gate MOSFET valid in all transistor operating 
regions. In particular, we derive expressions for the channel charge and 
current, which result from the analytical solution to the Poisson equation 
in a cylindrical structure. The expressions presented here can be found 
elsewhere [26]. 

The application of the Poisson equation to the cylindrical undoped 
device shown in Fig. 10.10 yields 



is the intrinsic Debye length. In expression (10.4.1), the gradual-channel 
approximation is assumed to be valid and the hole density is considered 
negligible compared with the electron density. 

Expression (10.4.1) must satisfy the following symmetric boundary 
condition 



dr 2 r dr l3 Di 
where V is the electron quasi-Fermi potential and 




(10.4.1) 





(10.4.2) 



The surface potential (p s is 



0 s =0(r = R). 



(10.4.3) 



Assuming that the current flows along the y-direction only, then V 
does not change along the r-direction. The solution of (10.4.1) with the 
symmetric boundary condition in (10.4.2) yields [25], [26], [27] 



340 MOSFET MODELING FOR CIRCUIT ANALYSIS AND DESIGN 
by Galup-Montoro and Schneider 



Gate 















Drain 
n 






Channel 

(un doped or 










lightly doped) 

y 












i 












r 








n + 
Source 





Gate 



Fig. 10.10 Cross-section of a surrounding-gate MOSFET. (After [26].) 



» = V + 0> 



(l + Br 2 f 



(10.4.4) 



where B is a constant that must be determined from the boundary 
conditions. 

The expressions that follow are similar to those derived in [26] 
except for a slight change in the symbols. In order to find B in (10.4.4) 
we write the total electron charge per unit gate area as 3 



Q = -C ox (V G -A<p-0 s ) 



(10.4.5) 



where A(p is the work-function difference between the gate electrode 
and intrinsic silicon and C ox = £ ox /(Rln(l + t ox / R)) . From Gauss' law 
we can write 



d(j) 
dr 



(10.4.6) 



3 As for SOI transistors we use Q(C) instead of Q'{C') for charge (capacitance) per 
unit area. 
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Equation (10.4.6), along with the derivative of the electrostatic 
potential calculated from (10.4.4), allows us to write 



d4_ 
dr 



r=R 



-4BR 
l + BR 2 



Q 



(10.4.7) 



Expression (10.4.7) allows us to determine B in terms of the electron 
charge density Q enclosed in the cylinder. Now, inserting the value of B 
into (10.4.4) and recalling that n = n t exp((0-V)/$) results in the 
following profile of electron concentration 
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where Q Q = -4e^ t I R is a normalization charge density. The electron 
concentration distribution depends strongly on the ratio Q/Qo, which is a 
measure of how inverted the device is. Deep in weak inversion, 
Q/Qo«l, and both the electrostatic potential and the electron 
concentration are independent of the radius r, a characteristic of the 
volume -inversion phenomenon [28] that is not captured by standard 
charge-sheet models [29]. For increasing inversion levels, the electronic 
charge tends to be more concentrated at the silicon film periphery. 
Now, inserting 



t=*(r = R) = V + 4\n 

(l + BR 2 ) 

into (10.4.5) and using (10.4.7) we finally find that 
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</>, Go 

where 7] = (4f 5 1 R)l C ox is a structural parameter. Expression (10.4.10) 
represents a charge control model for the surrounding-gate MOSFET, 
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which is very similar to the UCCM previously derived for bulk and FD 
SOI transistors [26]. 

In weak inversion (Q/Qo«l), the relationship between charge and 
voltage in (10.4.10) becomes 



Q = 



R 



V G -A(p-V -20 t ln(2y[2 LJR) 



(10.4.11) 



while, in strong inversion (Q/Qo»l) 

Q = -C ox (V c -Ap-V-fy ln(2V2 L a /tf)) . (10.4.12) 

For cases where the accurate meaning of the equilibrium threshold 
voltage V T o is not essential, we can define it as the gate voltage, for V-0, 
such that the extrapolated charge in (10.4.12) equals zero 

V T0 =A(p + 2<f> t In {i42L d JrY (10.4.13) 



The drain current is calculated from the Pao-Sah expression in 
cylindrical coordinates 

L 

The derivative of the voltage wrt to the charge derived from (10.4.10) 
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(10.4.16) 



after substitution of (10.4.15) into (10.4.14). 

The first term in the right-hand side of (10.4.16) is dominant in 
strong inversion; thus, the drain current is approximated by 



^ d Mn ^ C ox (V G V T0 V s ) (V G V TQ Vq) 



(10.4.17) 
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in strong inversion. On the other hand, both the second and third term of 
(10.4.16) must be accounted for in the subthreshold regime, yielding 



%X£< , 2 

h=^n—^^ eX P 

V 

= {i n ——n i kTexp 



y -v -V 



ro 



4 

V c -A<p-V s 



1 



exp 



1-exp 



-V, 



DS 



4 , 



(10.4.18) 



In weak inversion, the current is proportional to the device area, 
owing to the uniform distribution of carriers along the cross-sectional 
area, and independent of the oxide thickness [26] . This is a characteristic 
of volume -inversion devices, where the carriers are distributed along the 
silicon film rather than concentrated at the film periphery. 



10.5 Multiple-gate transistors 

The International Technology Roadmap for Semiconductors anticipates 
that advanced non-classical MOSFETs, such as ultra-thin body multiple- 
gate structures with lightly doped channels, will be utilized for very short 
channels. The main goal of such devices is to reduce short-channel 
effects in deeply scaled technologies. Essentially, multiple -gate 
transistors reduce SCE by preventing the electric field lines originating at 
the drain from terminating under the channel [30] . 

Figure 10.11 shows some of the existing gate topologies for thin-film 
MOSFETs: 1) single gate; 2) double gate; 3) triple gate; 4) quadruple 
gate (or gate all-around); 5) Pi-gate (triple-gate) MOSFET [30]. 




Fig. 10.11 Different gate configurations for multiple-gate devices: 1) single gate; 
2) double gate; 3) triple gate; 4) quadruple gate, 5) Pi-gate MOSFET. (After [30].) 
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Fig. 10.12 Triple-gate non-planar transistor and current versus gate voltage characteristic 
of n-channel transistor: L G = 60 nm, T si = 36 nm, W si = 55 nm, T ox =1.5 nm. (After [35], 
[36].) 

Much research work has been published [30] -[39] on how to 
optimize the device performance by changing gate length, channel width, 
and silicon film thickness, besides channel doping in the case of SOI 
transistors. One of the most promising devices to be used in future 
CMOS technologies is the non-planar tri-gate transistor [35]-[38], whose 
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topology is sketched in Fig. 10.12 together with the current versus 
voltage characteristics of an n-channel device [35], [36] which has 
exhibited excellent performance as demonstrated by the close to ideal 
slope factor, DIBL, and large Ion/Ioff ratio. The PMOS transistor has a 
subthreshold slope of 69.5 mV/decade, DIBL = 48 mV/V, Ion = 520 
uA/|im and Ioff= 24 nA/|am at 1.3 V. 
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Problems 

10.1. Estimate the threshold voltage of a fully-depleted n-channel SOI 
transistor with the following parameters: t ox =5 nm, f s ,=30 nm, A^lxlO 18 
cm 3 , V FB f=-0.9 V. Assume the back oxide capacitance to be negligible. 

10.2. Assume that an undoped surrounding gate transistor has the 
following parameters: R-40 nm, L Di -40 |im. Assume also that V-0. Plot 
the curves 0(r)/0, vs r/R and n(r)/rii vs r/R for Q/Qo-OA, 1, 10, and 100. 
As you can see, as the inversion charge density decreases, the carriers 
tend to occupy the whole volume of the cylinder rather than concentrate 
at the surface. 



Chapter 11 

MOSFET Parameter Extraction 



MOSFET parameters are fundamental for the correct analysis, design, 
and simulation of MOS circuits. The accuracy of the transistor 
characteristics depends not only on a good device model but also on the 
accuracy of fundamental parameters. This chapter describes some 
procedures to extract fundamental parameters of MOSFET models. 

11.1 Introduction 

The consistent and accurate determination of model parameters plays an 
important role in device design, process control, and technology 
characterization [1] . Also, the transistor model and the associated set of 
model parameters are of utmost relevance for interfacing integrated 
circuit designers and silicon foundries. The accuracy of the device 
characteristics and, as a consequence, the prediction of the performance 
of a circuit depends not only on the device model but also on the 
parameter values being used [2], [3] . Hence, the procedures employed to 
extract the device model parameters are of prime importance. 

Determining the values for the full set of parameters of a MOSFET 
model is not a simple task. As pointed out in [2] and [3] , difficulties in 
determining the values for the model parameters arise because: (i) the 
approximations employed to derive the device model are, in some cases, 
far from reality; (ii) the accurate determination of a given parameter 
sometimes depends on the value of another parameter or parameters 
which is or are not accurately known. The extraction of a full set of 
transistor parameters, a must in a production environment, generally 
involves some kind of optimization, which is, however, beyond the scope 
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of this text. The extraction of parameters presented here, limited to a set 
of dc parameters of the intrinsic transistor, is based on a guiding 
principle enunciated in [3] : a common way to determine a parameter is 
to concentrate on a particular operating region where this parameter has a 
dominant effect. This guiding principle avoids the need for the accurate 
determination of other parameters, gives an insight into how that specific 
parameter affects the transistor characteristics, and generally results in an 
extraction procedure that is simple. 

11.2 Threshold voltage and short-channel effects 

The threshold voltage V T is a fundamental parameter in the modeling and 
characterization of MOS transistors. Different definitions of threshold 
voltage have been presented in the open literature [4]. Sometimes, 
qualitative concepts such as "V T represents the onset of conduction in the 
channel or the onset of significant drain current flow" are given as 
definitions. Even if these definitions are appealing, they have limited 
value because of their ambiguity. To make things worse, most of the 
studies on extraction use a simple model of the drain current limited to a 
specific operating region. To analyze a V T extraction procedure, it is 
essential to use a model that includes both the drift and diffusion 
transport mechanisms, because both phenomena are important near the 
threshold condition. 

At least a dozen methods [1], [4], [5], [6], to extract the threshold 
voltage, such as the traditional ELR (Extrapolation in the Linear Region), 
the TC/SDL (Transconductance Change/Second Derivative Logarithmic), 
the constant -current (CC), and the gJI D (transconductance -to-current 
ratio), are available. The ELR, although simple, is not accurate since it is 
based on the extrapolated current versus gate voltage curve in strong 
inversion. The extrapolated threshold voltage determined using the ELR 
method is ambiguous since the drain current versus gate voltage 
characteristic is not a straight line; thus, the tangent to the curve depends 
on the choice of the operating point (see Fig. 11.1). 
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Fig. 11.1 Determination of the extrapolated threshold voltage (V Text ) using the ELR 
method. 

Contrary to the ELR method, the TC, SDL, CC, and g„/I D methods 
have the advantage of being based on a physical property of the device, 
thus being independent of a specific model, and they determine 
univocally the threshold voltage. Unfortunately, both the TC and SDL 
methods are very sensitive to noise in the measurements and in the 
numerical processing. On the other hand, the simplest method, the CC 
method, relies on the definition of the specific current per aspect ratio 
and on the proper determination of the channel length and width. 

In the following, a methodology for the extraction of the threshold 
voltage [7] based on the MOSFET model developed in previous chapters 
is presented. The procedure proposed for the extraction of V T , which is 
based on the transconductance -to-current ratio, is performed over the 
weak and moderate inversion regions with small drain-source voltages so 
that short channel effects impose no drawbacks. Even series resistances 
of source and drain may be disregarded owing to the negligible voltage 
drops across them. The threshold voltage is determined according to a 
clear physical definition and its value closely agrees with the threshold 
voltage extracted through other methodologies [7]. 
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The procedure described next satisfies the three major criteria for the 
definition and extraction of V T , namely simplicity, unambiguity, and 
consistency [5]. 

Neglecting the dependence of I s on gate voltage, the 
transconductance -to-current ratio, Eq. (3.7.27), becomes 
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For V DS much lower than the thermal voltage <f) t , i f = i r and (11.2.1) 
becomes 
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Now, if one assumes n to be almost constant over the measurement 
range, (11.2.2) can be written as 

§ pio § mo - 



mg o mg 



1 D 



(11.2.3) 



+ l f 



In expression (11.2.3), the maximum transconductance -to-current 
ratio is the value of the transconductance-to-current ratio deep in weak 
inversion (i f — > 0). For i f = 3 , the transconductance-to-current ratio is 
one -half of its peak value. 

Equation (11.2.3) is the basis of a very simple and quick method for 
determining both the threshold voltage and the specific current I s using a 
single current-voltage characteristic, as will be shown next. For a 
MOSFET biased at low V DS , (11.2.3) shows that the deviation of the 
transconductance-to-current ratio from the maximum value in weak 
inversion depends on the inversion level only. The slight variations of the 
slope factor and mobility with gate voltage are negligible over the 
measurement range. 

For both long-channel and short-channel transistors submitted to low 
V DS voltages we rewrite below Eq. (3.7.20) for the sake of convenience 



Chapter 11. MOSFET Parameter Extraction 

Section 11.2 Threshold voltage and short-channel effects 



353 



^ = JT+77-JTh +in v f 



For z' r — > i. expression (11.2.4) becomes 
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The measurement of both V r and I s is taken from the g m /I D vs. Vg 
characteristic according to expressions (11.2.3) and (11.2.5). The gate 
voltage at which the value of g m ^Io drops to one-half of its peak value 
corresponds to L = 3 , Recalling that for L = 3 and V s -0, the pinch-off 

voltage Vp-0 or, equivalently, V c -V T o, the equilibrium threshold voltage 
V TQ is the value of V G at which g m /I D ^0.5 (g m /I D ) max - Now, using (1 1.2.5) 
we find that the value of the specific current is, for i. = 3 , calculated as 



<t>, 



2V 



2V n 



(11.2.6) 



If one chooses V DS /0,= l/2, then Is-Id- The circuit for the 
determination of both the threshold voltage and the specific current is 
shown in Fig. 11.2. Figure 11.3 displays the g m /I D vs. V c characteristic. 
The circle in Fig. 11.3 corresponds to the point at which g mg /lD drops to 
one -half of its peak value. The gate voltage thus measured is the 
equilibrium threshold voltage and the corresponding current is the 
specific current I s . 

.Vdb 

IdJ 



Vgb 



Fig. 1 1.2 Circuit configuration for measuring the common-source characteristics. 
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Fig. 11.3 Transconductance-to-current ratio for V DS = <j>/2 and V s =0. Dotted line: 
measured g m /I D ; solid line: filtered g m /I D ; circle: g m /I D M).5 (g m /I D ) max . L m = 0.2 \lm 
(mask channel length), W m = 20 itm (mask channel width) in 0.18 itm CMOS 
technology. 

In order to account for the error introduced by a non-negligible 
difference between the forward and reverse currents, a small correction 
can be included in expressions (11.2.3) and (11.2.6), as shown in [7]. 

For modeling purposes, the determination of the reduction of 
threshold voltage with decreasing channel length, named short-channel 
effect (SCE), and with increasing drain voltage, called DIBL, is also 
required. The threshold voltage shift due to SCE measured at a given 
drain-to-source voltage is defined [9] as 

AV T (L) = V T (L)-V T (L^<*>), (11.2.7) 

where L is the channel length. The threshold shift due to DIBL for a 
given channel-length is given by 

AV T (DIBL) = V C (V DS =V dd )\ Id -V c (V ds =50mV)| /o . (11.2.8) 

In (11.2.8), the gate voltages are measured for a specified drain 
current, usually a value around the specific current I s , which means that 
the measured values of gate voltages are around the threshold voltage. 
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V DD is the maximum voltage for the technology under evaluation. 
Fig. 11.4 illustrates the dependence of the threshold voltage on the 
channel length for pocket-implanted and non pocket-implanted devices 
for two values of drain-to-source voltage. The threshold shifts can be 
readily determined from the curves shown. 




11.3 Specific current and effective channel length and width 

We have demonstrated that, for a uniformly doped substrate, the specific 
current is proportional to the aspect ratio W/L. If the methodology for 
extracting I s is performed for several large-width devices with different 
channel lengths, the plot of the reciprocal of the measured specific 
current per unit width vs. mask channel length, i.e., W/I s vs. L m (circles in 
Fig. 1 1.5), allows the determination of the channel length shift AL = L m - 
L, where L m is the mask channel length and L is the electrical channel 
length [8]. 
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Fig. 11.5 Reciprocal of the specific current per unit width vs. mask channel length. 
Circles and squares are extracted values of W/Is', solid line: fitting straight-line; triangle: 
L m = AL. NMOS and PMOS devices were fabricated in 0.35 urn and 0.18iim CMOS 
technologies [8], respectively. 
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Fig. 11.6 Specific current length product vs. mask channel width. Squares: extracted 
values of L.I S ; solid line: fitted straight-line; triangle: W m =AW. NMOS devices were 
fabricated in a 0.35 (lm CMOS technology [8]. 
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Similarly, the shift of the channel width AW = W m -W may be 
evaluated through the fitting of a straight-line to the plot of L.I S vs. W m , 
where I s is extracted for several devices with different channel widths, as 
shown in Fig. 11.6 [8]. 

11.4 Slope factor and subthreshold slope 

One important parameter for the characterization of MOS transistors is 
the slope factor. The "ideal" slope factor is equal to one. Some of the 
structures we have presented in Chapter 10 have close to ideal slope 
factors; the bulk MOS transistor, however, is characterized by a slope 
factor a few percent to tens of percent higher than one. As previously 
explained, the reason for the deviation from the ideal slope factor in the 
bulk transistor is that a change in the gate voltage is not only 
accompanied by a change in the inversion charge but also by a change in 
the bulk charge. 

Some methods can be devised to measure the slope factor. For long- 
channel devices, a very simple methodology is described in [10], [11] 
and repeated here. To explain the procedure employed to determine V P 
and n, let us recall the UCCM: 



Let us assume that the transistor specific current is constant; thus, the 
constant bias current in the common-source amplifier shown in Fig. 11.7 
implies that i f -3. An examination of (11.4.1) shows that V P =V S for «}=3. 
Hence, the value of the source voltage in the circuit of Fig. 11.7 gives the 
pinch-off voltage for the measured value of the gate voltage. The result 
of the measurement of the variation of the pinch-off voltage as well as 
n=l/(dVp/dV G ) is shown in Fig. 11.7. Recalling that for a uniformly 
doped transistor the slope factor is 




-y/l + i, -2 + ln(^lT^ -l). 



(11.4.1) 



n = l + 



r 



(11.4.2) 
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the variation of n with V P can be used to extract both the body-effect 
factor and the Fermi level. 



3 5 




I 1 1 1 1 1 1 1 

0 0.5 1 1.5 2 2.5 3 3.5 

vg[V] 



Fig. 11.7 Common-source circuit driven by a constant current source used for the 
determination of the pinch-off voltage and the slope factor, as functions of V G . NMOS 
transistor W=20 \lm, L=2 [im, 0.18 |J.m CMOS technology. 

The subthreshold slope (SS), which gives the percent variation of the 
drain current as a function of the gate voltage in weak inversion, was 
extracted from measurements as shown in Fig. 11.8 for the same device 
described in Fig. 11. 7. SS = 77 mV/decade, which is equivalent to 
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n = 1.3 at 25°C. As can be noted, n = 1.3 is also the value of the slope 
factor for low values of gate voltage, i.e., in weak inversion, that can be 
seen in Fig. 11.7. 
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Fig. 11.8 Drain-current vs. gate voltage and determination of the subthreshold slope. 



11.5 Mobility degradation with transversal field 

In this section, we assume the MOSFET to be a long-channel device. 
Thus, the mobility degradation is caused by the transversal field only 
since the longitudinal field is assumed to be very small. 
The Pao-Sah expression of the current is 

l D =M{y)W&j^-. (11.5.1) 
ay 

Since the mobility is no longer constant, the integration of (11.5.1) 
along the channel results in 
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W 
L 

where 



>d=M* T 1 a<V)dV, (11.52) 



Mb) 



I 

Now, assuming as in Chapter 4 [3], [12] the mobility to be given by 



M(y) = z ^r— (H-5.4) 



and the average electric field 

F ave =-^±M (1L5 . 5) 

the following expression results for the effective mobility 

Meff = ff> (11.5.6) 

Qb+VQi 



l-a a 



eWL 



The term in parenthesis in the denominator of (11.5.6) is the average 
along the channel of the average fields in the x-direction. Q B and Q r are 
the total depletion and inversion charges in the semiconductor. 

In order to determine parameter a e associated with mobility 
degradation, we carry out the following measurement procedures: 
(i) Measure the variation of the normalization current I s with respect to 
the gate voltage. The value of I s (V c ) can be determined from the circuit 
in Fig. 11.9 (a) [13]. To describe the methodology, we rewrite the 
expression of the source-transconductance -to-current ratio derived in 
Chapter 4 

^=^- = ^=L . (11.5.7) 

i F v 1+z V +1 
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Fig. 1 1.9 Circuits for the measurement of (a) the specific current and (b) the slope factor. 

Since the transistor in Fig. 11.9 operates in saturation, IpM D . To 
measure I s , we note that for z)=3, the transconductance -to-current ratio 
drops to 2/3 of its maximum value [13]. The specific current is 1/3 of 
the drain current thus measured. Fig. 11.10 shows an example of the 
variation of the specific current with respect to the gate voltage. The 
specific current ranges from 22 nA to 35 nA for a gate voltage variation 
between 0.5 V and 5 V. 

(ii) Measure the slope factor n = l/(dV s I dV G ) using either the circuit 

in Fig. 11.7 or the one in Fig. 11.9 (b). Owing to the low sensitivity of 
the slope factor to the drain current, the accuracy of the drain current is 
not important. 

(iii) Calculate the mobility from 




(11.5.8) 



Now, we write expression (11.5.6) as 
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Fig. 11.10 Specific current of an NMOS transistor, 0.75 [im CMOS technology 
(t ox = 280 A), W=L=25 um, versus gate voltage. 



where 

0 = M£^_ (11.5.10) 

is the mobility degradation factor. To derive (11.5.9) we have assumed 
that the depletion charge is much larger than the inversion charge, a quite 
reasonable approximation for the low inversion level (z/=3) for which we 
perform the measurements. In addition, we have approximated the 
depletion charge density in the channel by a constant value, which is also 
acceptable for low inver sion levels. Finally, we have used the expression 
Q' B = —yC' ox yJV P + 2(j) F derived in Chapter 3 for the depletion charge 
density. 

The mobility calculated from measurements of specific current 
and slope factor is represented by open circles in Fig. 11.11, while the 
solid line is given by the fitting expression (11.5.9), with jUo = 
645 cm 2 /V-s and 0= 0.21 V" 1/2 . 
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Fig. 11.11 Transconductance parameter (flC' nx W I L) of an NMOS transistor, 0.75 \lm 

CMOS technology (t ox = 280 A), W=L=25 (xm, versus gate voltage, extracted from 
specific current and slope factor measurements. 
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Problems 



11. 1. (a) Using the linear approximation of the inversion charge density 
with the surface potential, the relationship between the pinch-off voltage 
and the surface potential at which the inversion charge tends to zero, and 
UCCM, verify that 

f „/ \ 



-Q', 



(»-i)a 



(pi l.i.i) 



(b) A classical definition of the equilibrium threshold voltage is "V T0 
is the gate voltage at which the surface potential equals 2(j) F ." Calculate 
the corresponding inversion charge density for this definition. 

(c) Calculate the value of the surface potential (for V c -0) which 
corresponds to Q' ; = -nC' 0X (j) t . 
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(d) Now, assume that the threshold voltage is the gate voltage for 
which either (f) s = 2(f) F or Q' ; = —nC' ox </> t . Determine the difference in the 
threshold voltages using these two definitions. 

11.2. A common method employed to determine the threshold voltage is 
the so-called constant current (CC) method, (a) Demonstrate that, for low 
V DS voltages, i.e., V DS I <f) t « 1 , the following relationship holds 

(b) Verify that for V DS l(j) t = S, the drain current for V G -V T o (or 
q IS =1) is given by 

. Id =2SI so . (PI 1.2.2) 

(W/L) Q 

(c) Comment on how to use the result in (PI 1.2.2) to determine the 
threshold voltage. Also comment on the use of (PI 1.2.2) to determine the 
threshold voltage of short and/or narrow channel devices. 

11.3. Assume that a long-channel MOS transistor is connected as a 
diode, (a) Demonstrate that, for I D = 31 s , the normalized charge at the 
source equals 1. Comment on the following statements: (b) If V s =0, then 
the value measured for the gate voltage in item (a) is the equilibrium 
threshold voltage, (c) If VstO, then keeping I D = 31 s allows one to 
determine the variation of the slope factor n with V G . (d) An interesting 
circuit proposed in the literature is the specific current generator, a circuit 
that generates the specific current I s of a transistor using combinations of 
transistors with different aspect ratios and current ratios (Reading: E. M. 
Camacho-Galeano, C. Galup-Montoro and M. C. Schneider, "A 2-nW 
1.1 -V self-biased current reference in CMOS technology," IEEE Trans. 
Circuits and Systems II: Express Briefs, vol. 52, no. 2, pp. 61-65, 
February 2005). The use of a specific current generator in item (b), 
instead of a constant current source, as usually done, allows one to 
determine the threshold voltage for any temperature. 
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Chapter 12 



Advanced MOSFET Models for Circuit 
Simulators 



The modeling of MOS transistors for integrated circuit design has been 
driven by the needs of digital circuit simulation for many years. The 
trend toward mixed analog-digital chips creates a necessity for MOSFET 
models appropriate for analog and RE design [1]. Strong inversion used 
to be the prevailing MOS operation region, but as a consequence of the 
technological trend toward shorter channel lengths, off-state leakage 
constraints, and reduced supply voltages, MOS devices now often 
operate in the moderate and weak inversion regions [2]. 

Most of the MOSFET models for computer simulation, from the 
SPICE Level 1 model to BSIM4, have relied on approximate solutions 
that are only valid in particular regions of operation connected 
mathematically to provide continuous solutions. Because the threshold of 
strong inversion V T is the key parameter in these regional models, they 
are also called Vj-based models. The regional approach leads to 
inaccuracy between regions and consequently this class of models is not 
accurate enough to represent the moderate inversion region [3], widely 
employed in low supply voltage circuits. 

For the above reasons the industry is turning away from Vj-based 
MOSFET models. The two main approaches as candidates to replace 
BSIM3-4 models are inversion-charge based and surface -potential based 
models. This chapter provides an overview of the approaches taken by 
the developers of this new generation of models. A summary of the 
fundamental properties of advanced MOSFET models is presented in [4], 
a joint paper written by the developers of the main advanced models. 
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12.1 Surface potential- vs. inversion charge-based models 

In the early 70s, when SPICE MOSFET models began to be developed, 
the available computing power was very limited. Consequently, simple 
Vybased models were adopted in which the surface potential is a very 
simple function of the input voltage: it is constant for V GS above V T and it 
is a linear function of gate voltage below V T . This results in separate 
solutions for the different operating regions of the MOSFET, requiring 
smoothing functions to connect the regions. Despite their limitations, 
such models have been successfully used for much circuit design work. 
BSIM4 and MOS Model 9 are modern versions of threshold voltage- 
based models. 

Currently, there are essentially two alternative approaches to Vj- 

based MOSFET models, namely surface potential-based (^,-based) [5], 

[6], [7] and inversion charge -based (Q'j -based) [8], [9], [10] models. In 

these two alternative models, the drain current and the terminal charges 
are indirect functions of the terminal voltages through either the surface 
potential or the inversion charge density. 

Conventional surface potential models based on the original charge- 
sheet approximation of [11] do not lead to a practical result due to 
difficulties in introducing velocity saturation effects for short-channels 
and obtaining closed-form self-consistent charges for the device 

terminals. Practical ^-based compact models (MM11 [6], SP [7]) use 
linearization of the surface potential vs. inversion charge density in a 
similar way as Q]- based models do [4]. With regard to Q] -based 

models, the inversion charge density is approximated using the unified 
charge control model (UCCM) [9]. 

Briefly, <^-based and Qj -based models have a common background, 

but enough differences exist between them to motivate model developers 
to support one approach rather than the other. In this chapter we will, 
following the joint paper by model developers [4], briefly review several 

recent Q' ; -based and <^ s -based models. 

After selecting an approach to solving the fundamental differential 
equations, the model developer faces many more challenges due to the 
non-ideal real devices. These include complex doping profiles and small 



Chapter 12. Advanced MOSFET Models for Circuit 
Section 12.2 Charge -based models 



369 



dimensions that lead to a variety of physical effects. Because the 
complete transistor model, including the different physical effects 
relevant to advanced technologies, is rather complex, we will limit our 
presentation to the core models. The reader will find abundant literature 
concerning most of the models reviewed in this chapter. Here, for the 
sake of conciseness, we will give only the main references. 



12.2 Charge-based models 



A practical compact model requires efficient and accurate algorithms to 
calculate currents, charges and derivatives. Maher and Mead [8] showed 
that the drain current I D can be expressed as a very simple function of the 
area densities of the inversion charge at the source, Q' IS , and the drain, 
Q' ID . This important result is expressed for a long channel transistor by 
(3.5.3), repeated below for convenience 



Q?s 



Q?d 



(12.2.1) 



where <fi t is the thermal voltage and n is the slope factor. 

Cunha et al. [10] derived expressions, which were shown in Chapter 
5, for the total charges and small-signal parameters as a function of the 
source and drain channel charge densities. Shur's group proposed a 
single equation for the charge densities as a function of terminal voltages 
[9], called the Unified Charge Control Model (UCCM). An improved 
version of UCCM is given by (2.4.58) repeated below 



v P -v c =i 



q' 1p -q: 

nC'J t 



+ ln 



Q' IPJ 



(12.2.2) 



where V c is the channel voltage, V P is the pinch-off voltage and Q' IP is 
the value of Q] at pinch-off. 

Recently, Gummel et al. [12] rediscovered basically the same charge 
equation and proposed a charge -based model called USIM. Qj -based 

models rely on the gradual channel assumption and a linearization of the 
bulk and inversion charges with respect to the surface potential at a fixed 
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gate bias. Because the charge-sheet approximation is not essential in the 
case of Q'j -based models, they can accurately represent volume 

inversion and, as a consequence, they are appropriate to represent 
multiple gates FETs [13], [14]. 



12.2.1 The ACM model 

The initial motivation for the ACM modeling approach came from an 
analog design in digital CMOS technology carried out in the late 1980's. 
The use of the MOS gate as a linear capacitor required the calculation of 
the weak nonlinearities of the MOS capacitor in accumulation and strong 
inversion. The classical strong inversion (SI) approximation was clearly 
not appropriate and improved capacitive models of the MOS gate valid 
for moderate inversion (MI) and accumulation were therefore developed 
[15]. 

The use of the new gate capacitor model to achieve a four terminal 
MOS model accurate in SI and MI, was a natural step forward. The 
model in [16] used lengthy surface potential-based expressions for 
current and charges and it was not satisfactory for analog design. The 
necessity for a symmetrical MOSFET model to describe the series 
association of transistors became clear at that time [17]. 

An appropriate MOSFET model was finally achieved in [10]. The 
symmetry of the transistor with respect to source and drain was obeyed. 
Rigorous definitions of pinch-off and threshold voltages, essential for 
consistent and precise models, were given as follows. 

The channel charge density for which the diffusion current equals the 
drift current, designated the pinch-off charge density Q' IP , is given by 

e;=-<i (12.2.3) 

The channel-to-substrate voltage (V c ) for which the channel charge 
density equals Q' 1P is called the pinch-off voltage V P . 

The accurate expression for the pinch-off voltage is given by (2.4.49), 
repeated below 



f 

1 + ln 

v 



f ™ "\ 



n-1 



(12.2.4) 



J) 
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where <p sa is the value of the surface potential deep in weak inversion, 
neglecting channel charge. 

The equilibrium threshold voltage V T0 , measured for Vc=0, is the gate 
voltage for which the channel charge density equals Q' IP . 

The linear approximation of V P can be written as 



■V, 



TO 



(12.2.5) 



Equation (12.2.5) is useful for hand analysis, but the exponential 
dependence of Q' ; on V P in weak inversion precludes (12.2.5) or 

expressions based on approximations of the pinch-off voltage from being 
used for accurate modeling. 

The unified charge control model (UCCM) was derived in [20] 
adding a new basic approximation to the model in [10]. Considering the 
inversion capacitance C\ proportional to the inversion charge it follows 
that 



dQj 



1 



nC'ox Qi 



(12.2.6) 



Integrating (12.2.6) between an arbitrary channel potential V c and the 
pinch-off voltage V P , yields the UCCM, equation (12.2.2). As shown in 
Section 2.4.6, the use of the UCCM in conjunction with the pinch-off 
charge definition, (12.2.3), and the pinch-off voltage expression in 
(12.2.4) gives a model of the inversion charge essentially equivalent to 
the conventional surface potential charge-sheet model. 

The dc, ac and non-quasi-static models were developed in [18]. The 
long-channel drain current expression is obtained combining expressions 
(12.2.1) and (12.2.2). The result was given by equations (3.7.1) and 
(3.7.7), rewritten below as 

(12.2.7) 



I D =I F -I R =I(V G ,V S )-I(V G ,V D ) 



V p- V S(D)=0t 



1 + 



l F(R) 



■2 + ln 



1 + 



'F(R) 



(12.2.8) 
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where I s is the normalization current given by 

d 2 W 

I S =M n C' ox n^-. (12.2.9) 

Explicit expressions for the current, charges, transconductances and 
the 16 capacitive coefficients valid in weak, moderate and strong 
inversion were made available in [18]. All transistor parameters were 
given as very simple (rational) functions of the inversion charge densities 
at the channel boundaries. 

A computer-implemented version of the model, called ACM 
(Advanced Compact MOSFET), has been included in a circuit simulator 
since 1997 [19]. 

Table 12.1 A complete set of capacitive coefficients for the MOSFET: 

v'is(d) = Q'is(d) I Q'ip and a = ( Q'id + Q'w )l (Q'is + Q'w ) 



c =-r 1+2a q ' IS 

S s i ox , \2 1 , ' 

3 (1+ar) 1+9/s 



= 2 g 2 + 2a g' ID 
sd 3 ox (l + afl + q ID 



n-l 

Cbe ~ C s b — (C ox — C — C d ) 



ox gs 

n 



_A_ a+3a 2 +a 3 q ID 

C sd -. c n( -ox . .3 , , / 

15 (l+a) l + Qm 



j_ r Ma+a 2 q IS 
15 (l+a) 3 l + q IS 

Cd g ~ C g d = C m = (C sd - C ds ) I n 
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ACM has a hierarchical structure that facilitates the inclusion of 
different phenomena into the model. Because of its very simple 
expression for the derivative of the channel charge density (12.2.6), 
ACM was the first, and is still the only model, to furnish simple explicit 
expressions for all the intrinsic capacitive coefficients (given in Table 5.3 
and repeated in Table 12.1). 

Parameters of the ACM model can be easily extracted, as shown in 
[20]. Recently, unified 1/f noise and mismatch models were presented in 
[21] and [22], respectively. 

12.2.2 The EKV model 

The EKV model was initially developed for the design of very low- 
power analog ICs, in which transistors operate not only in strong 
inversion but also in weak and moderate inversion. The EKV model [2] 
was the first to introduce single -piece analytical expressions for the 
current, transconductances, intrinsic capacitances, non-quasi-static 
transadmittances, and noise valid in weak, moderate and strong inversion 
and from the linear to the saturation region. 

The EKV model was obtained from the following approach: the weak 
and strong inversion asymptotes are first derived; the relevant variables 
(currents, conductances, etc.) are normalized and finally linked using 
appropriate interpolation functions. In contrast to most MOSFET models, 
the EKV model exploited the inherent symmetry of the MOSFET by 
referring all the terminal voltages to the substrate. As a consequence of 
the symmetry of the device, the drain current I D is expressed as the 
difference between a forward component I F and a reverse component I R . 

Id = If-Ir- (12.2.10) 

Among the important results in [2], the following are worth 
highlighting. 

The normalized forward and reverse currents are defined as i f - 

^F^spec 

and i r =I R /I sp ec, respectively. I spec is the specific current defined as 

l spec = 2ll n C' 0X n$\- (12-2.11) 
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Observe that I spec in EKV is four times larger than I s in ACM. 

The inversion charge density Q' ; is controlled by the voltage 
difference V P -V C , where V P is the pinch-off voltage and V c is the channel 
voltage (difference between the quasi-Fermi potentials of the carriers). 

The normalized currents are given in terms of the single variable 
function G as 

j^ = i m =CKy P -V S(B) ). (12.2.12) 

spec 

EKV evolved into a charge-based formulation when the interpolation 
function for the continuous gJI D characteristic was substituted by a 
physics-based expression covering weak to strong inversion [23]. A 
detailed derivation of the current inversion charge modeling in EKV can 
be found in [24]. 

The main equations of ACM and EKV are similar, but there are some 
differences concerning the pinch-off potential and the slope factor 
definitions that have some impact on the precision of the inversion 
charge modeling and consequently deserve some comments. The EKV 
model uses some empirical parameters to fine tune the inversion charge 
model that are not necessary in the ACM model. 

The pinch-off voltage is defined as the channel voltage for which the 
inversion charge becomes zero under the strong inversion assumption. 
The pinch-off voltage in EKV is then computed as 1 

V P =0 s -20 F -m0 t (12.2.13) 

where m can be considered as a constant, typically ranging between 1 
and 4 [24]. 

In the EKV model, two slope factors are defined, n q and n v . n q is 
called the inversion charge linearization factor and is given by 

n q = l+ I 7 I ■ (12.2.14) 

yl 2 0F + ^0sa 

riq can be interpreted as a secant between two points on the Qj vs. <fi s 
curve. n v is defined in terms of the derivative of the pinch-off voltage as 



'in the EKV documentation, <j) sa is called the pinch-off surface potential ($>). 
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-1 

= 1 + — t =. (12.2.15) 
2jV P +2fi F + m0 t 

Sometimes the nuance between n q and n v is disregarded (n q = n v = n). 
Finally, there is a small difference between ACM and EKV models 
concerning the value of the inversion charge at pinch-off, i.e., when 

v P -v S(D) =o. 

The normalization charge is defined in the EKV model as 

Q: pec =-2n q C' 0 J r (12.2.16) 

The normalized charges q s{cj) = Q' lsiD) /Q' spec are dependent on the 
normalized terminal voltages according to [24] 

V P ~ v s(d) = 2 q.s(d) + ]n <ls(d)> (12.2.17) 

where the voltages are normalized with respect to the thermal voltage. 
The inversion charge for v p - v 5(d) =0 is 

Q'i(y p =v s(d) ) = 0.852(-n q C' o J t ) (12.2.18) 

while in ACM the inversion charge at pinch-off is equal to the 
normalization charge -nC' ox (f) t . 

The EKV charge -based model has now evolved into a full-featured 
compact model that includes all the major effects that have to be 
accounted for in deep submicron CMOS technologies (for details, visit 
http://legwww.epfl.ch/ekv). 

12.2.3 The BSIM5 model 

The BSIM5 model was introduced in [25]. It uses the standard charge- 
based expression for the current given by Eq. (12.2.1). The inversion 
charge density is calculated through the UCCM using a linearized 
expression of the pinch-off voltage in terms of the gate voltage. In the 
literature available on BSIM5 there is some ambiguity concerning the 
exact expression used for the slope factor n. Poly-depletion and quantum 
effects are handled by using correction terms for the slope factor and the 
effective bulk potential. Velocity saturation, velocity overshoot and 



dV P 
dV n 
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source-velocity limits are modeled in a unified way. An interesting 
feature of BSIM5 [26] is the use of a simple empirical expression for the 
bulk charge valid from accumulation to strong inversion (see problem 
12.1). 

12.3 Surface potential models 

The development of 0 s -based models for circuit simulation began soon 
after the development of the charge-sheet theory in 1978-79. In [27] 
short- and narrow-channel effects were included in the surface potential 
model of the drain current. Other surface potential models were 
developed [28], [29], but until recently c^-based models were considered 
too complicated for compact modeling. 

Applying the gradual channel and charge-sheet assumptions yields 
the implicit relation for the surface potential presented in Section 2.4.2 
and repeated below for convenience 



The accurate solution of (12.3.1), once a big issue, is no longer a 
problem; in fact, the surface potential can be calculated within machine 
tolerances and with no significant burden in relation to the overall 
compact model calculations [30]. 

After determining the surface potential, the charge-sheet 
approximation allows a straightforward calculation of the charge 
densities. The charge-sheet approximation neglects the potential drop 
across the inversion layer for the calculation of the bulk charge density 
Q' B . According to the charge-sheet approximation, Q B is given by 



Expression (12.3.2) gives a continuous model from accumulation 
through depletion to inversion, unlike the simplified form (12.3.3), which 
is invalid in accumulation. The even simpler form (12.3.4), often 



(v G -v FB -0 s f = r 2 0 t [e- m + AM -i+ 



(12.3.1) 




(12.3.2) 
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employed for calculations of <2/ » is invalid even in weak accumulation 
as can be seen in Fig. 12.1. 



The inversion charge density Q' ; is given by (2.4.33), repeated below 



(12.3.5) 



Finally, the gate electrode charge per unit area is given by 

Q' G = ~Qb - G; = C ( V c - V ra - (/> s ) . (12.3.6) 

Summarizing, for 0,-based models, one can calculate <p s iteratively 
using (12.3.1) and the resultant value is used to calculate Q' B , and, 

Q' G from (12.3.2), (12.3.5) and (12.3.6), respectively. 




Fig. 12.1 Inversion charge density calculated with (12.3.2), full line, (12.3.3), dashed line, 
and (12.3.4), dotted line. Circles are results from full numerical solutions of the Poisson 
equation. (After [4].) 
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12.3.1 The HiSIM model 

HiSIM (Hiroshima-University STARC IGFET Model) calculates the 
potentials by solving the Poisson equation iteratively at both the source 
and drain sides. An accuracy of 10 pV has been achieved with faster 
simulation times than some threshold voltage -based models [5]. Such an 
extreme accuracy in the surface potential calculations has turned out to 
be absolutely necessary for maintaining sufficiently accurate solutions 
for transcapacitance values as well as for achieving stable circuit 
simulations. 

HiSIM is based on the charge-sheet approximation, as are other 
surface potential models, but avoids the inversion charge (Q'j) vs. 
surface potential linearization (</>,) employed in MM 11 and SP models. 
The basic drain current law (for constant mobility) in HiSIM is given by 
equations (3.4.8), (3.4.9) and (3.4.10), repeated below for convenience 

lD = Idrifi + Idiff (12-3.7) 

hrift =V„Y C{(Vb -VfbMl -^)-\^sL-fy 

(12.3.8) 

-^(^-« 3/2 -^o-^) 3/2 ]| 
W 

hiff =M n -r c oA{(</>sL-0so) 

L (12.3.9) 

+n(^-^) 1/2 -(^,o-^) 1/2 ]}- 

Without linearization of Q'j vs. cj) s , the model equations, particularly 

those for the intrinsic charges, are complicated. As an example, the total 
depletion charge for V BS -0 is given by 
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+ C ox ( ! N S ub L D 



+ 



3/? 

(qN sub L D Jl) 



|(^-l) 5/2 + (^-l) 3/2 



(12.3.10) 



f(3-/%) 



where is the substrate doping, L D is the extrinsic Debye length, /J is 
the reciprocal of the thermal voltage, the other symbols have their usual 
meaning, and V' G , given below, is a shifted gate voltage that accounts for 
short-channel effects. 

In a surface potential model, short-channel effects can no longer be 
accounted for by simply adding new terms to the expression for the 
threshold voltage. This problem has been gradually solved in the modern 
0 s -based models by accumulating the necessary experience and trying 
different approaches. In both HiSIM and SP models, the bias and 
geometry-dependent lateral-gradient factor originally introduced in [31] 
[31] are employed. In this approach [5], the gate-to-source voltage V gs is 
shifted by a value that depends on the lateral electrical field F yy as shown 
below 

V' = V +AV' -V 




' k(v)-v<.-^]/-; (12.3.11) 



The gradient of the lateral electrical field F yy is assumed to be 
independent of position owing to a parabolic approximation of the 
electrostatic potential along the channel. Fyy is extracted from measured 
threshold voltage vs. bias characteristics. 
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12.3.2 MOS model 11 

MOS Model 11 (MM11) [6] is the successor to MOS Model 9 [32]. Its 
development, started in 1994, is aimed at fulfilling the requirements for a 
model that satisfies the accuracy demands of analog and RF circuit 
design but with a computational complexity which allows its application 
in digital designs. 

To obtain efficient expressions for model outputs, several 
approximations were developed mainly based on a linearization of 

the inversion charge as a function of cj) s . In MM11, a linearization is 

performed around the average of the source and drain surface potentials 
[6], which results in simpler expressions without loss of accuracy. 

The basic drain current expression in MM11 is the same as that given 
in equation (3.4.16), repeated below for convenience 

W — 

Id = ~M„(Qi ~ n e C'ox0t ) {0sL ~0 s o)- (12-3.12) 
In the MM1 1 documentation, (12.3.12) is written as 2 

I D =-P^ L &y (12.3.13) 

^ox 

W — — 

where j3 = Mn C' 0X j, Q * inv = $ - n e C' 0 J t , A W = {0 sL -0 sO ) and C' ox 

is the gate oxide capacitance per unit area. Q'j , the "average" charge 
density and the effective capacitance n e C' ox are calculated at the average 
surface potential (^ vi + 0 sO ) / 2 . 

In addition, the MM 11 approach also ensures that the model 
symmetry with respect to source-drain interchange is maintained. Note 
that this approach is not unlike the symmetric linearization method used 
in SP [7], which made it easy to merge MM11 and SP into one model 
called PSP. 

For the description of realistic devices, however, the model has to be 
extended with an accurate description of mobility effects and 
conductance effects. In MM11, these effects have been added with a 
particular emphasis on distortion modeling. 



2 In the MM 11 manual, C' ox is written as C, 
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V GS (V) 

Fig. 12.2 MM11 gives an accurate description of distortion behavior. Measured 
(symbols) and modeled (lines) higher-order derivatives (=d 1 I D /dV cs l ) as a function of 
gate bias V GS for W/L=10um/0.1um device (w-MOS, V DS =0.73V, V SB =0V). (After [4].) 

For an accurate description of distortion, the model should accurately 
describe the drain current and its higher-order derivatives (up to at least 
3 ld -order). MM11 was specially developed for this purpose. MM11 
contains improved expressions for mobility reduction, velocity saturation 
and various conductance effects [6]. The distortion modeling of MM 11 
has been extensively tested on various MOSFET technologies, and it 
gives an accurate description of modern CMOS technologies, as seen in 
Fig. 12.2. 

For modern CMOS technologies several physical effects that did not 
affect circuit design in the past have become important. All these effects 
should be described by the compact MOS model. MM 11 includes an 
accurate description of all important physical effects, such as poly- 
depletion, quantum-mechanical effects, the effect of pocket implants, 
gate tunneling current, and gate -induced drain leakage [6]. 

The total source and drain charges for the dynamic modeling of the 
transistor in MM11 are given by expressions equivalent to (5.2.20) and 
(5.2.21), repeated below 
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Q D = WL 



6gg + 12Q' f Qr + ZQ'fQ'r + *Qf , n 




(12.3.14) 



^(Q'f+Q'rT 



Q S = WL 



6Q' F 3 + 12Q' R Q' F 2 + SQ'M + 4Q' R 3 n 




(12.3.15) 



^{Q'f+Q'r) 2 



Rewriting (12.3.14) and (12.3.15) changing the notation as indicated 
below 



the charge expressions as written in MM 11 documentation are obtained. 
Clearly, the total charge expressions used in MM 11 use the inversion 
charge density as the key variable and not the surface potential. If, 
concerning the input equation, MM11 is surface potential-based, 
concerning the output equations it is a mixed model. The current is given 
by (12.3.13) which combines surface potential and charge while the total 
charges (12.3.14) and (12.3.15), and even the 1/f noise expression, are 
given in terms of the inversion charge densities at the channel ends. 

12.3.3 The SP model 

The main characteristics of the SP model can be summarized as follows 
[7]: ^-based, substrate-referenced with analytic (non-iterative) 
computation of <p s from accumulation to inversion, symmetric with 
respect to source -drain interchange, and physics-based modeling of 
small-geometry effects via lateral field gradient, as in HiSIM. 

The search for an approximate analytical solution of the surface 
potential master equation was initiated in [28] using smoothing functions 
to connect the asymptotic solutions in subthreshold and strong inversion. 
However, even the best approximations of this type [33] have an 
accuracy of 2-3 mV which is not sufficient for the modeling of 
transconductances and transcapacitances. By using a different approach, 
SP obtains an approximate solution of (12.3.1) with accuracy better than 




Q F (R)=Q'is(D)-nCoJt^Q 




(12.3.16) 



mvO(L) 
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1 nV [34]. As shown in Fig. 12.3, the accuracy of the SP algorithm is the 
same as that in [34], but now the accumulation region is included. 




-3-2-10123 

v GB (v) 

Fig. 12.3 Comparison of the analytical approximation of the surface potential in the 
channel area with numerical solution: N sub =5xl0 17 cm" 3 , t ox = 25 A, V FB = -1 V, T=300 K. 
(After [7].) 
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Problems 



12.1. (a) Verify that, in inversion, the bulk charge density can be written 

as 



Q' B =-rc' ox Ji s =-rc' ox ^ 



v -v + ei + £-L 

G FB c , 4 2 



(b) What is the asymptotic value of the bulk charge deep in 
accumulation? 

(c) Combine the results of items (a) and (b) to demonstrate that the 
smoothing function 

Q'i 



Q'b = -c 



^FB + 




with S«\ represents correctly the asymptotic behavior of the bulk 
charge. This result for the bulk charge was previously presented on page 
19 of reference [26]. 



Appendix A 

Electrostatics in One Dimension 





A 



p(x) 



D(x) 



D(xj) 





x 



Fig. A.l Rectangular Gaussian box parallel to a one-dimensional electric field. D is the 
electric displacement and p is the charge density. 

The outward flow, or flux, of a field through an element of surface is 
equal to the outward component of the field perpendicular to the surface 
times the area of the surface. Gauss' law states that the flux of the 
electric displacement D flowing out of a closed surface is equal to the net 
charge Q enclosed within the surface: 



For the cases of interest in this book, the relation between the electric 
field F and the electric displacement D is given by 



where eis the permittivity of the material, assumed to be a scalar. 

Let us consider in the case of a one -dimensional vector field a 
rectangular Gaussian box parallel to the field direction as shown in 



The flux of D through any closed surface = Q . 



(A.l) 



D = eF 



(A.2) 
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Fig. Al. Since the field runs parallel to the lateral sides of the box, there 
is no flux contribution from the lateral sides and Gauss' law reduces to 

•x 

AD(x) -AD(x l ) = A\ p(x)dx (A3) 

x i 

where A is the area of the lateral side of the box as indicated in Fig. A. 1 
and p is the volumetric charge density. Considering a constant 
permittivity £ across the sample and canceling the common term A gives 

1 x 

F(x)-F(x l ) = -j p(x)dx. (A.4) 

Let us consider the case (common in bulk MOS modeling) where the 
electric field is zero in X\. 
Equation (A.4) reduces to 

1 x O' 
F(x) = - f p(x)dx = — (A.5) 

where Q' = Q I A is the charge per unit area or areal charge density. 

The differential form of Gauss's law is obtained taking the derivative 
of (A.4) with respect to x 

(A.6) 

ax £ 

The electrostatic field is given by the gradient of the electric potential 

cj) as 

^ = -F. (A.7) 
dx 

Combining (A.6) and (A.7) yields the Poisson equation 

d 2 d> p 

TT = --- (A. 8) 

dx £ 

Electrostatics in one dimension reduces to the study of the solutions 
of (A.8). In other terms, the Maxwell equations for the electrostatic field 
are equivalent to the Poisson equation (A.8). 
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To finish, let us consider two materials with different permittivities £\ 
and e 2 as indicated below 

£ = £ | for x < x n 

(A.9) 

£ = £ 2 for x > x 0 . 

Considering that there is no charge sheet of zero thickness at x 0 , 
Gauss' law (A.3) gives the boundary condition 

lime 2 F(x) = £ l F(x 0 ). (A.10) 
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Appendix B 

Electrostatics in Semiconductors 



To calculate the charge density p inside a semiconductor let us recall 
some basics of semiconductors. Two types of foreign atoms called 
impurities are introduced into semiconductors in order to modify the 
electron and hole carrier densities. This process, called doping, is the 
most important feature of semiconductors; the fabrication of 
semiconductor devices is only possible because of it. Donor atoms can 
donate an electron to the crystal lattice and acceptor atoms can accept an 
electron from the valence band producing a hole. Donor materials come 
from group V of the periodic table; the most commonly used materials 
for n-type silicon are phosphorus and arsenic. Acceptors are elements 
from group III of the periodic table; the most common acceptor material 
is boron. Because the dopant atoms are originally neutral, donors become 
positively ionized when donating an electron while acceptors become 
negatively ionized when accepting an electron. As a consequence, in the 
general case, four types of charge are present inside a semiconductor: the 
fixed positive charge of ionized donors, the fixed negative charge of 
ionized acceptors, the positive mobile charge of holes, and the negative 
mobile charge of electrons. We will consider the situations in which all 
donors and acceptors are ionized, i.e. 

N D =N + D and N A =N~ A , (B.l) 

where yN^ )N D and (N A }N A are the (ionized) donor and acceptor 
atoms per unit volume. On this basis, the net positive charge density is 
given by 

p = q(N D -N A + p-n). (B2) 
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Let us analyze the small deviations from neutrality in the simple case 
of a homogeneous semiconductor (p-type semiconductor with N D -0) in 
thermal equilibrium. The carrier concentrations are given by 
Boltzmann's law, equations (2.1.5) and (2.1.6). Thus, the charge density 
in (B.2) is given by 

p = q(p 0 e- u -N A -n 0 e u ), (B.3) 

where u is the normalized (to thermal voltage) electrostatic potential. The 
origin of the potential (u-0) in (B.3) has been chosen to be in the neutral 
region, where po-N A +n Q . For a reasonably extrinsic p-type material 
(p 0 >>n 0 ) and for a small departure from neutrality (|w|<7), 

p 0 e~ u » n 0 e u . (B.4) 

Thus, (B.3) can be approximated by 

p = qN A (e~ u -V = -qN A u. (B.5) 

Finally, substituting (B.5) into the Poisson equation (A.8) yields 

' 2 - ~\. 

u . (B.6) 



d u _q N A 



dx 2 kTe s 

The solution of (B.6), which vanishes properly as x^+oo, is of the 
form 

u = Constant. exp(— xj L D ) (B.7) 

where 



IkTe 



A 



is the extrinsic Debye length, a measure of a characteristic distance for 
departure from charge neutrality. 
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Appendix C 

Drift-Diffusion Current Model 



The motion of a carrier in a semiconductor is affected by the interaction 
of the carrier with the periodic crystal forces. This interaction is 
accounted for by the use of an effective mass, which differs from the free 
electron mass. The motion of electrons and holes in semiconductors can 
thus be approximately described by the effective mass approximation, 
which assumes that the electrons and holes behave as free particles 
where the influences of crystal forces are incorporated into this effective 
mass. 

Electrons (and holes) have the thermal energy of classical free 
particles, that is, kT/2 for each degree of freedom, where k is the 
Boltzmann constant and Tis the temperature in Kelvin. 

For electrons (moving in three dimensions), the kinetic energy is 

1 2 3 

-™ n v th =-kT (C.l) 

where v lh is the thermal velocity and m n is the effective mass for free 
(conduction-band) electrons. For electrons in silicon at 7=300 K, v,/i=10 7 
cm/s. 

A very simple model of carrier transport or current flow in 
semiconductors is obtained considering the carrier mean time between 
collisions (or mean scattering time) T and the mean free-path I- v,h T. To 
simplify further, we consider transport in one dimension. 

When a weak electric field F is applied to a semiconductor the 
carriers acquire a drift velocity Vd added to their random (thermal) motion 
which is proportional to the applied field, the proportionality constant /J, 
called the mobility. For electrons it holds that 
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v d =-ju n F. (C.2) 

Considering that in steady state the momentum gained by the 
particles between collisions is lost to the lattice after each collision, the 
expression below holds 

ju n = — - (C3) 

m n 

This result is as simple as possible; the mobility is proportional to the 
mean scattering time rand is inversely proportional to the effective mass 
of the carriers. 

The current density can be found through the sum of the product of 
the charge of each electron times its velocity over all electrons per unit 
volume n, which together with (C.2) gives 

J n =-mv d =nqjU n F . (C.4) 

For a uniform concentration of carriers the thermal agitation results in 
thermal noise, but in zero steady state current for F-0. For a non uniform 
concentration of carriers, a net current results from the thermal agitation 
of carriers, due to the net flux of carriers moving from the higher 
concentration regions into the lower concentration regions. This 
diffusion current is (with a very good approximation) proportional to the 
concentration gradient as follows 

dn n dn 
J n = qlv th — = qD—. (C.5) 
ay ay 

The proportionality constant D n , called the diffusion coefficient, is 
proportional to the thermal velocity and to the mean free-path. Again this 
is the simplest possible model. 

Drift and diffusion are different transport mechanisms, but both are 
related to the random thermal velocity of the carriers. To make this link 
explicit, let us rewrite the diffusion coefficient in terms of the mean 
scattering time using I- v th r 

F>n=K=tvl. (C.6) 

Applying the theorem for the equipartition of energy to the motion in 
one dimension 
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1 2 1 , T 

-m n v th =-kT 



yields the Einstein relationship 



2 TkT kT qr 

D n = ™* = = — — = 0tMn 

m„ 



(C.7) 



(C.8) 



In the presence of a field F=-d<p/dy and of a gradient of 
concentration, we have a drift current and a diffusion current. In this 
case, the total current density at any point is the sum of the drift and 
diffusion components 



J n = WMn 



' dy 



„ dn 
dy 



A similar expression holds for holes 



J n=<]PM, 



d4) 
'dy 



dp 

~dy 



(C9) 



(CIO) 



where the negative sign in front of the diffusion component arises from 
the positive charge of the hole. 
The total current density is 

(Cll) 



J = J n + J p - 
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Appendix D 

Continuity Equations 



To derive the continuity equation for holes, let us consider a 
unidimensional current flow and the box shown in Fig. D.l, where J p is 
the hole current density, and G p and R p refer to the generation and 
recombination rates for holes, per unit time per unit volume. The 
continuity equations result from the charge conservation principle. 




Fig. D.l Illustration of the continuity equation for a one-dimensional flow of holes. 

Conservation of holes implies that the net number of holes entering 
the volume of cross section A and length Ay per unit time, namely, 

-A[J p (y)-J p (y + Ay)] (D.l) 
q 

plus the number of holes generated within the volume per unit time 

[G p -R p ]AyA (D.2) 
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equals the increase in the number of holes in the volume per unit time 

^-{pAAy). (D.3) 
at 

Thus, equating the above terms, and dividing by the volume Ay.A, 
gives 

_i [/,(,+*w,m + » (D4) 

q Ay dt 

In the limit case as Ay^O, we have 

A similar relation holds for electrons 

ia k + G.-« . = * (D.6) 
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Appendix E 

Basics of pn Junctions 



This appendix summarizes the basic properties of the pn junctions that 
are relevant to the intrinsic MOS transistor. Thus, the current-voltage and 
capacitance-voltage characteristics of the pn junction are not addressed 
here. We focus on the pn junction as a contact with the inversion layer; 
therefore, only the electrostatics of the junction necessary to establish the 
boundary conditions for the inversion channel is reviewed. 



P-type 


Si 16 3 


15 3 N 


type Si 


N A =10 cm 


N D =10 5 cm 3 





©Ions (N A ") 




Space charge region or 
depletion region 

.quasi- neutral regi ons 
p = F = Q 



Fig. E.l Diagram of carrier densities across a pn junction. 
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E.l Electrostatics in equilibrium 

A pn junction is present when a transition between p-type and n-type 
doping occurs in adjacent regions of a semiconductor (crystal). Junctions 
are called abrupt when the transition from the p-type to the n-type doping 
is very narrow. The doping profile and the carrier densities of an abrupt 
junction, with constant doping densities on either side of the junction, are 
shown in Fig. E.l. As a consequence of the carrier concentration 
differences between the p-type and n-type regions, electrons (holes) 
diffuse from the n (p) side to the p (n) side, leaving behind ionized donor 
(acceptor) atoms and, consequently, a charge imbalance and a net charge 
density. The space charge region near the metallurgical junction where 
the mobile carrier concentrations have been reduced below their values 
far from the junction is called the depletion region. Far from the 
metallurgical junction, neutrality prevails as shown in Fig. E.l. The 
electric field produced by the charge imbalance counteracts the diffusion 
current so that in thermal equilibrium the electron and hole currents are 
zero. Setting the total electron current to zero yields 

( ja\ 

J n = Wn 



dn 

+ qD n — = 0. (E.l) 
dy 



d(f) 

v dy j 

Solving for the electric field and using the Einstein relationship 
D n =0/l n , yields 

dd) I dn 

-r = t--r- CE.2) 
dy n dy 

Integrating (E.2) between any two points gives 

0b-0a = 0M n b /n a)- (E.3) 

Far from the junction on the p-side we have 

n a =n p =n(-oo) = nf/N A , (E.4) 

and far from the junction on the n-side 

n h = n n = n(+oo) = N D . (E.5) 

Thus, from (E.3)-(E.5) we obtain the internal potential barrier height 
or built-in potential of the junction 
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v n i J 



(E.6) 



calculated between two points far from the junction. The ideally ohmic 
contacts of the metal with the p-type and n-type semiconductor have 
contact potentials V P and V N , respectively, such that the potential drops 
around the loop (metal, p-type and n-type semiconductor) add up to zero. 

E.2 Electrostatics of forward- and reverse-biased junction 




'V 



P - side 



N - side 



-° V 




Fig. E.2 Potential barrier inside a biased junction. 

In the fundamental model of the junction it is considered that the 
contact potentials of the ohmic contacts are unchanged under bias and 
also that the ohmic potential drops in the quasi-neutral n-type and p-type 
regions can be neglected. That is, all ohmic drops in the bulk and contact 
are negligible compared to the resistance presented by the semiconductor 
junction itself. As a consequence, all the applied bias will drop in the 
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depletion region. The applied voltage is (algebraically) added to the 
built-in potential, increasing (decreasing) the internal potential barrier for 
reverse (forward) bias. Thus, the barrier height for an applied bias V 
(considered positive for a reverse biased junction) is 

barrier height = <p hi + V (E.7) 

as shown in Fig. E.2. 



E.3 Quasi-Fermi potentials in the pn junction 

Let us consider a biased pn junction, as shown in Fig. E.3. The 
definitions of quasi-Fermi levels of expressions (2.4.1) and (2.4.2) are 
repeated below for convenience. 

p = (E.8) 

n = n . e (*-m_ (E9) 

From the definition of quasi-Fermi levels given in (E.8) and (E.9), 
the differences (0 — (/)) and (</> — (/> n ) in the neutral regions far from the 
metallurgical junction must be the same as in equilibrium, because the 
majority carrier densities are (almost) the same as in equilibrium. 

Given that the applied reverse (forward) voltage appears as an 
increase (decrease) in the potential barrier inside the semiconductor, the 
quasi-Fermi levels must split by the amount of the applied reverse 
(forward) bias, to keep the majority carrier concentrations in the neutral 
regions on both sides of the junction constant as shown in Fig. E.3, i.e., 

t~t= V (E.10) 

where V is the voltage applied to the junction, which is positive for a 
reverse biased junction. 

Since the hole current is carried by a high hole concentration in the p- 
region and by a low hole concentration in the n-region, the gradient of 
0 must be much greater in the n- than in the p-region, as shown in Fig. 
E.3. For the same reason, the variation in <j) n occurs mainly in the p- 
region. 
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Appendix F 

Hall-Shockley-Read (HSR) Statistics 



Recombination of carriers plays an important role in transistor physics. 
Imperfections within the semiconductor crystal can introduce energy 
levels in the forbidden gap, usually called traps or recombination centers. 

The four possible transitions of an electron between an energy level 
in the forbidden band and the conduction or the valence bands are 
indicated in Fig. F.l. 




n 



(d) 



Fig. F.l The basic processes involved in recombination by trapping: (a) electron capture, 
(b) electron emission , (c) hole capture, and (d) hole emission (After [2].) 



The rate of electron capture r a is proportional to the concentration of 
free electrons n and to the concentration of traps not occupied by 
electrons. Thus, 

r a =v th CT n nN t (l-f HSR ) (F.l) 

where r a is the electron capture rate, v th is the thermal velocity, a n is the 
capture cross-section for electrons, n is the electron concentration, N, is 
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the trap volumetric density and/ HSS is the probability of occupation of a 
center by an electron. 

The rate of electron emission r b is proportional to the concentration of 
traps which are occupied by electrons. Thus, 

r b =e n N t f HSR (F.2) 

where r b is the electron emission rate and e n is the emission probability of 
an electron. 

The rate of capture of holes, by analogy to process (a), is given by 

r c= V th^ P P N t f H SR ( R3 ) 

where r c is the hole capture rate, a p is the capture cross-section for holes, 
and p is the hole concentration. 

Finally, the rate of hole emission, process (d), is 

r d =e p N t (\-f HSR ) (F.4) 

where r d is the hole emission rate and e p is the emission probability of a 
hole. 

In equilibrium, the occupation of the traps is given by Fermi statistics, 
thus HSR statistics reduces to Fermi-Dirac statistics f FD as indicated 
below 

fusR ~ Ifd ~ i + exv[{Et _ Ep) i m (R5) 

where E, is the energy level of the trap and E F is the Fermi level. 
Considering that in equilibrium 

r a- r b = r c- r d =0 ( R 6) 

and using Boltzmann statistics to calculate the free carrier densities 

n = n t exp[(£ F -E t )l kT] p = n t exp[(£. - E F ) I kT] (F.7) 
where E t is the intrinsic Fermi level, it follows that 

e n = v th a nni exp(^-^) (F.8) 
kT 
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e p =v th <J pni ex V (^±). (F.9) 



and 

kT 

Out of equilibrium, but in steady state 

r a -r b = r c -r d (?0). (F.10) 

Assuming that out of equilibrium (F.8) and (F.9) continue to be valid, 
it follows from (F.l- 4) and (F.8-9) that 

<V* + <V/exp<— ^) 

fllSR _ rp. J? — J? -(F-ll) 

o n [n + n, expC^^)] + o p [p + n, expC^^)] 

Substituting (F.ll) in (F.l) and (F.2) and assuming that the capture 
cross-sections for holes and electron are equal ( <7 p = <7 n = <7), one finds 
that the net recombination rates of electrons and holes in steady state are 

r a -r b =r c -r d =av th N t pn ~^ — — ^ . (F.12) 

p + n + 2n t cosh I ( E i -E t )lkT J 
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Appendix G 

Interface Trap Capacitance 



In equilibrium, the probability of occupancy of interface traps is given by 
the Fermi-Dirac distribution function which gives the probability of a 
given energy state being occupied by an electron, 



E 
i 

' +- x 

Fig. G.l Energy band diagram of a p-type substrate at flat band. (After [2].) 
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I 



l + cxp[(E t -E F )/kT] 



(G.l) 



where E, is the energy level of the interface trap and E F is the Fermi 
energy level (Fig. G.l). The probability of occupation of an energy state 
at the Fermi level energy is one -half . 

Defining the potential of the interface trap with respect to the intrinsic 
energy level E is at the surface as 

E t -E is =-q<p t , (G.2) 
the Fermi-Dirac distribution becomes 

fpD= 1 , 

FD 1 + expHXw, +u t )-u F )]} 



(G.3) 



where the variable u represents the potentials normalized to the thermal 
voltage. Out of equilibrium the occupancy of the interface traps is given 
by the Hall-Shockley-Read statistics (see Appendix F), according to 
expression (F.ll), which is simplified to 



Ihsr 



I ■ 



p + n i exp(-w f ) 
n + n t exp(u t ) 



(G.4) 



for equal capture cross-sections of electrons and holes. For a p-type 
semiconductor, the electron and hole densities are given by (2.4.9) and 
(2.4.10) repeated below 

(G.5) 



p = n t e 



n = n.e 



(G.6) 



At the surface of the semiconductor, u=u s ; thus, the substitution of 
(G.5) and (G.6) into (G.4) yields 

-i-l 

exp(w F - u s ) + exp(-u t ) 



Ihsr 



1 ■ 



exp(w s - u F - u c ) + exp(w ? ) 



(G.7) 



which can be written as 
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f HS R=il + 



exp(w F - u s ) + exp(-w ? ) 



exp(u F - w v + u c ) + exp(-w, ) 
x[exp{-[(u s +u t )-(u F + w c )]}]} 



(G.8) 



A detailed analysis of (G.8) is presented in [2], where it has been 
shown that for small channel voltages and high inversion level, 



(G.9) 



exp(w f - u s ) + exp(-w ? ) 
exp(a F - u s + u c ) + exp(-M ; ) 

Therefore, (G.9) reduces to 

/ FZ) = [l + exp{-[(w, + u t ) - {u F + u c )]}] _1 , (G. 10) 

where we have written f FD instead off HSR . In effect, (G.10) is similar to 
(G.3) with u F +u c in the place of u F . Thus, (G.10) can be viewed as a 
quasi-Fermi-Dirac distribution function, in which the quasi-Fermi level 
of the electrons substitutes the Fermi level of equilibrium. It can be 
shown [2] that (G.10) gives a good approximation over the whole 
operating region of the transistor, provided that the drain voltage is 
limited to about one volt. 

Considering the zero Kelvin approximation of the Fermi-Dirac 
distribution, that is, 

f FD =\for E t <E Fn ft + n^+Vc) 

f FD =0 for E t >E Fn (0, + ft<0p+V r c ) 

(G.ll) states that all the surface states below the quasi-Fermi level of 
minority carriers are occupied by an electron while the surface states 
above are unoccupied. 

Now that the statistics of occupation of the surface states has been 
determined, let us proceed to calculate the effect of the surface states on 
the MOS capacitance. Let us first recall that the effective fixed oxide 
charge per unit area contains a component <2 VV that represents the 
interface charge. The presence of interface states will be responsible for 
changes in the interface charge in response to the applied voltages. Let 
AQ' SS be the supplementary interface charge with respect to the flat-band 
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condition. For a normalized band bending potential equal to u s and a 
splitting of the quasi-Fermi potentials equal to u c , the supplementary 
interface charge is written as 



AQ' ss = $ N'JE)f FD (E)dE 



Ey 



~ J K(E)f FD (E)dE 



(G.12) 



u =0 




Using the Fermi-Dirac statistics in (G.ll) and assuming that A^' s is 
constant, (G.12) is simplified to 
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E F 




*QL = K 




-\dE 








u s u c * 


u s -u c -0 


= K 


Ey(U s 


= 0)-E v {u s ) + E 1 



= -qN'M-v c ]- 

The meaning of the potentials and energies in expression (G.13) are 
explained in Fig. G.2. The interface trap capacitance C' ss is then given 

by 



(G.14) 
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